
 
 
 
 

Heriot-Watt University 
Research Gateway 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 

Asymmetrical Impedance Inverter for Quasi-Optical Bandpass
Filters With Transmission Lines of Fixed Length

Citation for published version:
Loo, PK & Goussetis, G 2018, 'Asymmetrical Impedance Inverter for Quasi-Optical Bandpass Filters With
Transmission Lines of Fixed Length', IEEE Transactions on Microwave Theory and Techniques, vol. 66, no.
11, pp. 4794-4802. https://doi.org/10.1109/TMTT.2018.2873396

Digital Object Identifier (DOI):
10.1109/TMTT.2018.2873396

Link:
Link to publication record in Heriot-Watt Research Portal

Document Version:
Peer reviewed version

Published In:
IEEE Transactions on Microwave Theory and Techniques

Publisher Rights Statement:
© 2018 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other
uses, in any current or future media, including reprinting/republishing this material for advertising or promotional
purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any
copyrighted component of this work in other works.

General rights
Copyright for the publications made accessible via Heriot-Watt Research Portal is retained by the author(s) and /
or other copyright owners and it is a condition of accessing these publications that users recognise and abide by
the legal requirements associated with these rights.

Take down policy
Heriot-Watt University has made every reasonable effort to ensure that the content in Heriot-Watt Research
Portal complies with UK legislation. If you believe that the public display of this file breaches copyright please
contact open.access@hw.ac.uk providing details, and we will remove access to the work immediately and
investigate your claim.

Download date: 23. May. 2023

https://doi.org/10.1109/TMTT.2018.2873396
https://doi.org/10.1109/TMTT.2018.2873396
https://researchportal.hw.ac.uk/en/publications/724fce37-af1f-4d5c-95bf-9d27a537e5be


> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

1 

 
Abstract—Quasi-optical filter design is commonly based on the 

direct coupled bandpass filter topology with distributed resonator 
elements. Conventionally, prototypes with symmetrical impedance 
inverters are employed during synthesis, and as a result this leads 
to resonators with custom lengths across the filter. This can be 
impractical from a quasi-optical filter implementation 
perspective, since spacers of arbitrary thickness may not be 
readily available. In this paper, we propose a novel impedance 
inverter equivalent network which allows the development of 
prototypes where transmission lines across the filter structure to 
have predefined fixed lengths. Based on this technique, we 
developed a fourth order quasi-optical filter prototype that 
composed of two-dimensional periodic arrays with subwavelength 
features. Its performance is verified with free-space measurement 
and the measured results shows good agreement with both full-
wave and circuit simulation. Thus, it is shown that the proposed 
impedance inverter circuit can simplify the implementation of 
quasi-optical filters of higher order. 
 

Index Terms—Quasi-optical filter, impedance inverter, 
frequency selective surfaces, periodic structures 

I. INTRODUCTION 

UASI-OPTICAL (QO) filters is a class of engineered surfaces 
that selectively transmit or reflect different frequencies of 

incoming free-space waves. They are employed in diverse 
applications including e.g, earth observation radiometry [1], 
[2], antenna radomes [3], [4], spatial filter [5] and imaging 
systems [6]. Dichroic film is an established technology for QO 
filter realization applicable more commonly at optical [7], [8] 
and THz frequencies [9], [10]. At lower frequencies, periodic 
metallized patterns supported by dielectric substrates, as 
depicted in Fig. 1 is a preferred technology for QO filters. They 
benefit from mature manufacturing processes (e.g. 
photolithography), thereby providing significant design 
flexibility with the geometries that can be etched. This class of 
structures has been used for the implementations of several QO 
filters [11]–[13] and other derivative applications such as 
absorber [14]–[16], polarizer [17]–[19] and as beam splitters 
[20]–[22] across RF and mm-wave frequencies. 
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A single planar periodic metallized array is able to provide 

up to first-order bandpass response. This response may not be 
suitable for more broadband applications or for those 
application out of band rejection level is desirable.  In order to 
achieve higher order responses and to address the poor out of 
band rejection level, multiple arrays can be cascaded. One 
classical approach for the design of higher order responses 
relies on coupling successive resonant metallized arrays with 
quarter-wavelength spacers, which act as admittance inverters 
[23]. 
 

 
 
Fig.  1. General topology of quasi-optical filters comprises of multilayered 
stacked two dimensional periodic surfaces. 

 
To elaborate further on the limitations of the approach 

presented in [23] we note that the aforementioned filter 
implementations rely on admittance inverter (J-inverter) values 
that are all equal to the characteristic impedance of the quarter-
wavelength spacers (J = Z0) [24]. The coupling coefficient 
value, p, between resonators (n, n+1) is therefore determined 
by the reactance slope parameters, x of the resonators according 
to [24] 
 

𝑝𝑝 =
𝐾𝐾

�𝑥𝑥𝑛𝑛𝑥𝑥𝑛𝑛+1
 (1) 

 
While full-wave techniques allow the estimation of the 
reactance slope parameter associated with a 2D periodic 
metallized pattern, the inverse problem of designing a unit cell 
geometry that produces a specific reactance slope parameter 
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value and a given resonant frequency is not trivial. As a result, 
this implementation is not readily compatible with a 
deterministic synthesis technique, thereby posing challenges 
for transfer functions of higher order and heavily relying on the 
experience of the designer. Additional challenges related to the 
aforementioned implementation strategy arise as operating 
frequencies shift to mm-waves and beyond. On one hand, as the 
operating frequency increases the etching tolerances of 
conventional processes give rise to the increased degradation of 
the unloaded quality factor (Q-factor), which deteriorates the 
filter selectivity. Moreover, and as discussed in more detail in 
[25], this approach has ultimate limits in the upper values of the 
reactance slope parameters than can be achieved. As a result, 
the realization of narrowband transfer functions becomes 
cumbersome. 
 An alternative realization based on resonant metallized 
arrays is described in   [26], [27]. This design strategy exploits 
transmit and received antennas coupled to a planar filter 
implementation where frequency selectivity is performed. 
These filters, printed in a non-radiating layer between two 
antenna layers, can be tailored to achieve higher order filter 
response. This approach has enabled simple and compact QO 
filter structure. The frequency response demonstrated in [26], 
[27] shows high selectivity and promising polarization 
characteristics. While recognizing the advantages of this 
approach, it is noted that the realization of this class of filter 
also strongly dependent the substrate thickness and elaborate 
manufacturing processes to achieve desirable external Q-factor. 
 

 
Fig.  2. Generalized impedance inverter (K-inverter) structure with series 
coupled-resonator bandpass filter circuit. 

More recently based on the framework presented in [28], the 
authors exploited direct coupled cavity filter prototype that 
enables the deterministic design of this class of filters using 
classical equivalent circuit approaches, e.g. [23]. According to 
this approach, the inverters are realized as periodic grids and 
the resonator as half-wavelength cavities. This strategy enables 
higher quality factors even at mm-wave frequencies and the 
realization of narrowband filters. This approach however leads 
to the requirement for each dielectric spacer to have a custom 
electrical length. This poses practical difficulties in the 
manufacturing as dielectric spacers at custom thicknesses are 
not readily available in standard PCB technology. 
Consequently, the demonstration of QO filters with this 
approach is limited up to 2nd order response [28]. 

Addressing the aforementioned challenge, this paper 
proposes a new class of impedance inverters that enable direct 
coupled cavity filter prototypes with transmission lines of 
predefined fixed length. The proposed impedance inverters 
employ an asymmetrical π-equivalent network comprising a 
transmission line and two shunt susceptances at pre-selected 
electrical separation. It is demonstrated that by careful selection 
of the shunt susceptances, this class of impedance inverters 

enable filter prototypes where all resonators have a fixed and 
predefined length. Exploiting this class of prototypes, we 
demonstrate for the first time experimental results using 
conventional PCB technology for a QO filter based on direct 
coupled transmission line resonators of 4th order. The rest of the 
paper is organized as follows; section II reviews the classical 
impedance inverter prototype for direct coupled filters and 
introduces the proposed impedance inverter circuit. 
Subsequently by means of a specific example involving a filter 
at 15 GHz with fractional bandwidth 5%, section III 
demonstrates the design procedure for the proposed filters and 
validates the design by means of experimental results. 

II. THEORY 

A. Definition of the Problem 
Impedance inverters enable bandpass filter prototypes with 

only series resonators, thereby facilitating the implementation 
of direct-coupled cavity filters using the generic equivalent 
prototype shown in Fig. 2. By definition, an impedance inverter 
is a two-port network, which presents at its input an impedance 
value, Zin , that is dual of the load impedance, ZL, connected at 
the other end [29]: 
 

𝑍𝑍𝑖𝑖𝑛𝑛 =
𝐾𝐾2

𝑍𝑍𝐿𝐿
 (2) 

 
where the scaling factor, K, is a real value referred to as 
characteristic impedance of the inverter. As discussed in the 
introduction, a quarter wavelength transmission line acts as a 
narrowband impedance inverter. Another commonly employed 
impedance inverter comprises a susceptance symmetrically 
embedded in a transmission line of electrical length ϕ, Fig. 3(a). 
Substituting for the circuit of Fig. 3(a) to the prototype of  
Fig. 2 leads to the equivalent prototype shown in Fig. 3(b) for 
the direct coupled filter. 
 

 
(a) 

 

 
(b) 

 
Fig.  3. (a) Equivalent circuit for a typical impedance inverter involving a shunt 
suscptance between transmission lines of a given electrical length. (b) Bandpass 
filter network exploiting the impedance inverter of Fig. 3(a). Note that the ith 
resonators absorb electrical lengths associated with impedance inverters Ki-1,i 
and Ki,i+1 and hence has electrical length αi. 
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As shown in Fig. 3(a), the K-value and the electrical length, ϕ, 
are dependent on the susceptance value. For illustration 
purposes, the range of K-values and phase, ϕ values are plotted 
against the normalized susceptance, B/Ys for a range of  
([-10, 10]) in Fig. 4. 
 

 
Fig.  4. Graphical representation for a range of attainable numerical values for 
the normalized impedance inverter, K/Zs and phase, ϕ of the classical 
impedance inverter in Fig. 3(a) for different value of normalized susceptance, 
B/Ys.  

 
It is observable from Fig. 4 that when the susceptance is 
capacitive (positive value), the phase ϕ is positive. Contrarily, 
the phase, ϕ is negative for an inductive susceptance (negative 
value). The electrical length, ϕ contributed by the impedance 
inverter is absorbed within the adjacent resonators (which are 
otherwise half wavelength) such that the electrical length, αi of 
the ith transmission line resonator in Fig. 3(b) becomes 
 

𝑎𝑎𝑖𝑖 = 𝜋𝜋 +
𝜙𝜙𝑖𝑖−1,𝑖𝑖 + 𝜙𝜙𝑖𝑖,𝑖𝑖+1

2
 (3) 

 
For filters of higher order, K-values across the filter respect 

the symmetry condition: 
 

𝐾𝐾(𝑖𝑖,𝑖𝑖+1) = 𝐾𝐾(𝑁𝑁+1−𝑖𝑖,𝑁𝑁+2−𝑖𝑖)          𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 0, 1, …𝑁𝑁/2 (4) 
 
but otherwise vary for different values of i. Consequently, the 
length of the resonator in the equivalent prototype of Fig. 3(b) 
respect the symmetry  
 

𝛼𝛼𝑖𝑖 = 𝛼𝛼(𝑁𝑁+1−𝑖𝑖,𝑁𝑁+2−𝑖𝑖)          𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 0, 1, …𝑁𝑁/2 (5) 
 
but otherwise vary for different values of i. As discussed in the 
introduction the requirement for resonators with custom 
dimensions places challenges in the cost efficient 
implementation of direct coupled cavity QO filters based on 
periodic metallized arrays. 

 
(a) 

 

 
(b) 

 
Fig.  5. (a) The proposed asymmetrical impedance inverter consists of 
transmission line with electrical length, ϕl and susceptance of Yp and Yq that can 
be implemented using either lumped capacitor or inductor. (b) Bandpass filter 
network using proposed asymmetrical impedance inverter where now all 
resonators have the same length as all resonators are absorbing a constant phase. 
Note also that ϕl is constant for all impedance inverters. 

B. Principles of the Proposed Solution 
The solution we propose targets the derivation of an 

equivalent prototype that maintains the compatibility with the 
classical direct coupled prototype shown in Fig. 2, where all 
transmission lines have a fixed length that can be predetermined 
within a given range. As will be shown in the remaining of this 
paper, this can be achieved by exploiting the impedance 
inverter of Fig. 5(a). This asymmetrical circuit comprises a 
transmission line with a predefined electrical length, ϕl, in a π-
network layout involving shunt susceptance, Yp and Yq. 
Transmission lines of electrical lengths of ϕp and ϕq are 
respectively considered at the two ends of the network. We are 
considering the generic case, where the network is terminated 
with different characteristic impedances, Zp and Zq, 
respectively. 

Unlike the classical impedance inverter network of Fig. 3(a), 
which has a single degree of freedom (namely the selection of 
the shunt susceptance, B) the proposed asymmetrical 
impedance inverter equivalent network provides two degrees of 
freedom, namely the selection of the two shunt susceptance, Yp 
and Yq. Using this equivalent circuit, a required equivalent K-
value from the prototype of Fig. 2 can be obtained from several 
combinations of Yp and Yq values. Significantly, each pair of Yp 
and Yq values leads to a different pair of electrical lengths ϕp 
and ϕq. This flexibility enables to select the electrical lengths 
associated with the ith resonator such that 
 

𝜙𝜙𝑞𝑞(𝑖𝑖−1,𝑖𝑖) + 𝜙𝜙𝑝𝑝(𝑖𝑖,𝑖𝑖+1) = 𝑐𝑐 (𝑐𝑐𝑓𝑓𝑐𝑐𝑐𝑐𝑐𝑐𝑎𝑎𝑐𝑐𝑐𝑐) (6) 
 
Once this condition is satisfied, and upon substituting for the 

proposed K-inverter of Fig. 5(a), the original prototype of Fig. 
2 is transformed to the one shown in Fig. 5(b). In this prototype 
all resonators have electrical length of 
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𝛾𝛾 =  𝜋𝜋 + 𝑐𝑐 (7) 
 

The quasi-optical implementation of Fig. 5(b) therefore will 
only require two values of the electrical lengths of the dielectric 
spacers, namely ϕl and γ. It is noted that the values of both ϕl in 
the equivalent network of Fig. 5(a) and γ in equation (7) can be 
preselected within a range of values, such that the final 
equivalent prototype in Fig. 5(b) matches the available 
dielectric spacers.  

In practice, when low-cost manufacturing is targeted using 
conventional PCB technologies it is convenient to select for ϕl 
the value that corresponds to the preferred dielectric substrate. 
This will allow etching the K-inverter on either side of a doubly 
metallized PCB substrate and therefore there is no additional 
complexity in the dielectric stack when compared e.g. with 
([27], Fig. 4). The choice of γ relies on the design priorities; it 
can be based on the availability of high permittivity substrates 
when profile and angular stability are performance priorities or 
the availability of low permittivity low loss substrates (e.g. 
honeycomb or foam) when high unloaded Q is preferred. 
 

C. Analysis of the Proposed K-Inverter 
The equivalent K-value from the prototype of Fig. 5(a) can 

be obtained by exploiting its ABCD matrix to establish a 
relation with the ideal K-type inverter. In particular, the ABCD 
matrix for the asymmetrical two-port network shown in Fig. 
5(a), can be express as: 
 

� 𝐴𝐴 𝑗𝑗𝑗𝑗
𝑗𝑗𝑗𝑗 𝐷𝐷 � = [𝑇𝑇]𝑝𝑝 × � 𝐴𝐴 𝑗𝑗𝑗𝑗

𝑗𝑗𝑗𝑗 𝐷𝐷 �𝜋𝜋
× [𝑇𝑇]𝑞𝑞 (8) 

 
where the middle term represents the ABCD matrix of the 
asymmetrical π-network: 
 

� 𝐴𝐴 𝑗𝑗𝑗𝑗
𝑗𝑗𝑗𝑗 𝐷𝐷 �𝜋𝜋

= [𝑌𝑌]𝑝𝑝 × [𝑇𝑇]𝑙𝑙 × [𝑌𝑌]𝑞𝑞 (9) 

 
In (8) and (9), [𝑇𝑇]𝑚𝑚 (m = p, l, q) are the ABCD matrices 
associated with transmission lines: 
 
 

[𝑇𝑇]𝑚𝑚 = �
cos 𝜙𝜙𝑚𝑚 𝑗𝑗𝑍𝑍𝑚𝑚sin 𝜙𝜙𝑚𝑚

𝑗𝑗
1
𝑍𝑍𝑚𝑚

sin 𝜙𝜙𝑚𝑚 cos 𝜙𝜙𝑚𝑚
� (10) 

 
while [𝑌𝑌]𝑝𝑝,𝑞𝑞 is the ABCD matrix of the shunt susceptances 
 

[𝑌𝑌]𝑝𝑝.𝑞𝑞 = �
1 0

𝑗𝑗𝑌𝑌𝑝𝑝,𝑞𝑞 1� (11) 

 
In order for the network of Fig. 5(a) to act as K-type inverter, 

the following condition, which accounts for the entire K-
inverter equivalent circuit, should hold 
 

�
0 𝑗𝑗𝐾𝐾
𝑗𝑗
𝐾𝐾

0
� = � 𝐴𝐴 𝑗𝑗𝑗𝑗

𝑗𝑗𝑗𝑗 𝐷𝐷 � = [𝑇𝑇]𝑝𝑝 × � 𝐴𝐴 𝑗𝑗𝑗𝑗
𝑗𝑗𝑗𝑗 𝐷𝐷 �𝜋𝜋

× [𝑇𝑇]𝑞𝑞 (12) 

 

It can be shown that equation (12) holds once electrical 
lengths at either ends of the network of Fig. 3(b) are selected as 
[29]: 
 

𝜙𝜙𝑝𝑝 =
1
2

tan−1

⎣
⎢
⎢
⎡ 2 �𝑗𝑗𝐷𝐷𝑍𝑍𝑞𝑞

− 𝐴𝐴𝑗𝑗𝑍𝑍𝑞𝑞�

𝐴𝐴2
𝑍𝑍𝑞𝑞
𝑍𝑍𝑝𝑝

+ 𝑗𝑗2
𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞

− 𝑗𝑗2𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞 − 𝐷𝐷2 𝑍𝑍𝑝𝑝
𝑍𝑍𝑞𝑞⎦
⎥
⎥
⎤
 (13a) 

 

𝜙𝜙𝑞𝑞 =
1
2

tan−1

⎣
⎢
⎢
⎡ 2 �𝑗𝑗𝐴𝐴𝑍𝑍𝑝𝑝

− 𝐷𝐷𝑗𝑗𝑍𝑍𝑝𝑝�

𝐷𝐷2 𝑍𝑍𝑝𝑝
𝑍𝑍𝑞𝑞

+ 𝑗𝑗2
𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞

− 𝑗𝑗2𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞 − 𝐴𝐴2
𝑍𝑍𝑞𝑞
𝑍𝑍𝑝𝑝⎦
⎥
⎥
⎤
 (13b) 

 
The normalized impedance inverter, 𝜅𝜅 is obtained as  

 

𝜅𝜅 =
𝐾𝐾

�𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞
=

1
|𝑆𝑆21| �1 −�1 − |𝑆𝑆21|2� (14) 

 
where, S21 is refer as the transmission coefficient of the 
asymmetrical two port network, which can be expressed as [30] 

1
|𝑆𝑆21|2 = 1 +

1
4
��𝐴𝐴�

𝑍𝑍𝑞𝑞
𝑍𝑍𝑝𝑝

− 𝐷𝐷�
𝑍𝑍𝑝𝑝
𝑍𝑍𝑞𝑞
�

2

+ �
𝑗𝑗

�𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞
− 𝑗𝑗�𝑍𝑍𝑝𝑝𝑍𝑍𝑞𝑞�

2

� 

(15) 

  
Equations (8) - (15) enable to identify pairs of (Yp, Yq) which 

produce a required K-value. Importantly, each pair of (Yp, Yq) 
corresponds to different values for the pair of electrical lengths 
(ϕp, ϕq); as a result a range of (ϕp, ϕq) pairs is available for every 
K-value that is prescribed in the equivalent circuit. Since the 
resulting set of equations are non-linear and transcendental, it 
is practical to solve these equations numerically. This is 
reported in Fig. 6, which plots the equivalent normalized K-
values and associated electrical lengths, (ϕp, ϕq) when the shunt 
susceptance (Yp, Yq) vary in the range ([-0.03, 0.03], [-0.03, 
0.03]). The plots is produced for a prescribed ϕl value of 40°. 
As shown in Fig. 6, for each pair of (Yp, Yq) there is a 
corresponding pair of electrical lengths (ϕp, ϕq) for which the 
equivalent circuit of Fig. 5(a) acts as a K-inverter. It is noted 
that with appropriate selection of (Yp, Yq) this network can 
produce the entire range of the normalized κ ∈ [0, 1]. It is 
further noted that the plot of Fig. 6 exhibits symmetry 
associated with the exchange of Yp  ↔ Yq, hence the 2nd and 4th 
quadrants of Fig. 6 are equivalent. Unlike the conventional 
impedance inverter, the proposed impedance inverter allows 
flexibility to select range of (ϕp, ϕq) that can satisfy equation (6). 
Of more practical interest are regions of Fig. 6, where the 
phases of either side of the K-inverter are of opposite sign. This 
is so since for this range ϕqi-1,i will be of opposite sign to ϕpi,i+1 
and therefore equation (6) can be satisfied for a wider range of 
(ϕp, ϕq) values.  By means of a design example, the next section 
demonstrate how the Fig. 6 (and other equivalent figures for 
different values of ϕl) can be used to derive a filter prototype as 
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in Fig. 5(b), where all transmission line resonators have a fixed 
and predefined electrical length, γ. 
 

 
 

Fig.  6. Color-map and the contour lines represent the normalized impedance 
inverter and phases of ϕp and ϕq respectively for the range of susceptance values 
assigned to Yp and Yq. 

 

III. DESIGN EXAMPLES AND VALIDATION OF MEASUREMENT 
RESULTS 

In this section a fourth-order Chebyshev bandpass filter with 
passband ripple of 0.01 dB and fractional bandwidth 5% is used 
as an example to illustrate the synthesis of the filter based on 
the proposed impedance inverter. We are targeting an 
implementation of this filter at 15 GHz utilizing dielectric 
spacers with dielectric constant, εr = 1.07 as resonators. This is 
compatible with the available 31-HF Rohacell Foam of 
thickness, h = 10 mm. At this operating frequency, the electrical 
length, γ of the dielectric spacer corresponds to 186.19° for all 
four resonators. Commercially available laminates from 
Taconic TLY-5, with dielectric constant, εr = 2.2 and thickness, 
l = 1.5 mm are used to support the two periodic arrays that 
implement the shunt susceptances, Yp and Yq. Using this as an 
example, section A illustrates a generic design methodology for 
this class of filters. Numerical and experimental results are 
reported in section B to validate the performance. 

A. Design Procedure 
Following the theoretical framework reported in [24], the 

normalized impedances for this prototype can be found as κ0,1 = 
κ4,5 = 0.3264, κ1,2 = κ3,4 = 0.08491 and κ2,3 = 0.06236. The key 
step of the design procedure is to identify the pairs of (Yp, Yq) 
for each K-inverter and simultaneously equation (7) holds for  
γ = 186.19°. The electrical length ϕl is 40° at the operating 
frequency and therefore the numerical results reported in Fig. 6 
can directly be utilized. In order to facilitate the design, Fig. 7 
is constructed with the data presented in Fig. 6, where now 
contours of κ-values are plotted against the associated phases 
(ϕp, ϕq). Only three contours are plotted corresponding to the 
three κ-values for this prototype. As discussed in the previous 
section, we search for the solutions in the range where the 

phases of ϕp and ϕq are opposite sign. The range of (ϕp, ϕq) from 
the 2nd or the 4th quadrant of Fig. 7 are thus the region of 
practical interest. The design aim now reduces to the 
identification of points across the three contours where equation 
(6) holds for c = 6.19° for all values of i. Without loss of 
generality, it is selected that the phases of ϕp and ϕq are negative 
and positive respectively, hence this implies the relevant range 
in this case falls on the 2nd quadrant of Fig. 7.  
 

 
Fig.  7. Contour of ϕp and ϕq for specific normalized impedance inverter values. 

 
It is noted that while the highest value of κ0,1 = 0.3264 provides 
a wide range of compatible phases (ϕp, ϕq), the lower values κ1,2 
= κ3,4 = 0.08491 and κ2,3 = 0.06236 are limited to a narrower 
range of associated values for (ϕp, ϕq). Since equation (6) entails 
phases associated with successive phase inverters, it is practical 
to limit the search for solutions in the minimum common range 
of (ϕp, ϕq) for all K-inverters. From Fig. 7 we can identify this 
as the range -20° ≤ ϕp ≤ 0° and 0° ≤ ϕq ≤ 20°. The design can 
commence with an arbitrary choice of a point along the κ0,1 
contour within this range. Subsequently, from this selected 
point, the other phases of ϕp and ϕq for the adjacent impedance 
inverters are then computed according to the constant phase 
condition in (6). Once all points are identified, the equivalent 
inductance and capacitance values can be obtained from Fig. 6. 
It is noted that unlike the prototype of Fig. 3(b), the prototype 
of Fig. 5(b) obtained by this procedure is not symmetric. This 
is due to the fact that the K-inverters are not symmetric. 
Moreover, clearly this procedure leads to an infinite number of 
solutions to the design problem; the range of capacitance & 
inductance values that satisfy the design problem is linked with 
the common range of (ϕp, ϕq) for all K-inverters. The designer 
can exploit this flexibility to minimize geometrical tolerances 
during the implementation of the QO filter. 

In order to demonstrate the procedures outlined above, the 
pair of (ϕp0,1, ϕq0,1) = (-9.91°, 14.45°) from the contour line 
correspond to κ0,1 are selected. Thus, using equation (6), the 
phase of ϕp associate to κ1,2 is calculated as ϕp1,2 = -8.26°. Using 
this methodology, the other phases of ϕp and ϕq are computed 
and are listed in Table I below. 
 



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 
 

6 

TABLE I 
COMPUTED PHASES OF ΦP AND ΦQ  

Index (0,1) (1,2) (2,3) (3,4) (4,5) 
ϕp -9.91° -8.26° -6.41° -6.41° -9.91° 
ϕq 14.45° 12.6° 12.6° 16.10° 14.45° 

 
Once the points (ϕp, ϕq) are identified for all the impedance 
inverter from Fig. 7, these are mapped to required susceptances 
Yp and Yq that provide the equivalent κ-inverter value. As 
mentioned above this can be achieved with the aid of Fig. 6, 
which for illustration purposes is redrawn in Fig. 8. In 
particular, Fig. 8 shows the corresponding region of interest 
where the three κ-value contours involved in the design are 
plotted together with the identified contours for ϕp and ϕq. The 
identified points of (ϕp, ϕq) for all κ-inverters are marked and as 
anticipated, they lie at the points where the three related curves 
cross. The corresponding susceptance values can be read from 
this plot and is tabulated in Table II below. 
 

TABLE II 
SUSCEPTANCE VALUES FOR FOURTH-ORDER FILTER 

Index (0,1) (1,2) (2,3) (3,4) (4,5) 
Yp 0.0005 -0.011 -0.016 -0.015 0.0005 
Yq 0.0075 0.0146 0.0152 0.0124 0.0075 

 
 

 
Fig.  8. Contour lines for specific normalized impedance inverter values and 
selected phase of ϕp and ϕq based on Fig. 6. 

As observed above, the equivalent circuit derived with this 
process is no longer symmetrical; this can be seen since the κ1,2 
point is not identical with the κ3,4. The asymmetry is attributed 
to the asymmetry of the K-inverter equivalent circuit in Fig. 
5(a). Using the contour curves in Fig. 8 and with the aid of 
equivalent circuit in Fig. 5(a) one can obtain the inductances 
and capacitances values by tuning slightly to match the 
transmission coefficient and reflection phases of the required 
impedance inverter. 
 

B. Numerical and Experimental Results 
Once the appropriate susceptance, Yp and Yq are concluded, 

the final step is to translate these susceptances to an equivalent 
physical structure for realization. The asymmetrical network 
can be physically realized with standard PCB prototyping, 

where the laminate represent the transmission line sandwiched 
between two parallel lumped components that can be printed on 
the two sides of the laminates. The lumped components are the 
capacitor and inductor that can be implemented with two-
dimensional printed periodic array of capacitive patches and 
inductive wire grids respectively. Fig. 9 shows typical array unit 
cells that perform as an inductor and a capacitor respectively 
when illuminated by a plane wave. The shaded and unshaded 
area represent conductor and dielectric domain respectively. 
The orientation of the printed conductor is symmetrical, making 
it insensitive for both vertical and horizontal polarization plane 
waves. For simplicity, the periodicity, D, is kept the same for 
both arrays. Closed form expressions for the dimensions of both 
capacitive and inductive arrays are available in the literature 
[31]: 
 

𝑗𝑗𝑖𝑖,𝑖𝑖+1 = 𝜀𝜀0𝜀𝜀𝑖𝑖,𝑖𝑖+1
2𝐷𝐷
𝜋𝜋

ln �csc �
𝜋𝜋𝑐𝑐𝑖𝑖,𝑖𝑖+1

2𝐷𝐷
�� (15) 

 

𝐿𝐿𝑖𝑖,𝑖𝑖+1 = 𝜇𝜇0𝜇𝜇𝑖𝑖,𝑖𝑖+1
𝐷𝐷
2𝜋𝜋

ln �csc �
𝜋𝜋𝑤𝑤𝑖𝑖,𝑖𝑖+1

2𝐷𝐷
�� (16) 

 
The physical and geometrical dimension of respective 

inductive or capacitive FSS are first primarily estimated using 
equations (15) and (16). The geometrical dimension are then 
optimized using EM full wave simulation to match the 
frequency response of the equivalent circuit of the 
asymmetrical structure according to Fig 5(a). The fine-tuned 
shunt susceptance values and final dimension of the FSS are 
presented in Table III below. A schematic of the stack-up is 
shown in Fig. 10.  
 
 

 
                       (a)                                                 (b) 

 
Fig.  9. (a) FSS unit cell for inductive grids. (b) FSS unit cell capacitive grids. 

 
 

 
 
Fig.  10. Side view of the fourth order bandpass FSS filter depicting relative 
position of the FSS array, substrate and spacer resonator. 
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TABLE III 
CIRCUITS PARAMETERS AND GEOMETRICAL DIMENSIONS FOR FOURTH-

ORDER FILTER 
Circuit Parameters  

Cp0,1 (pF) Cq0,1 (pF) Lp1,2 (nH) Cq1,2 (pF) Lp2,3 (nH) 
0.0049 0.0775 0.992 0.1556 0.6456 

Cq2,3 (pF) Lp3,4 (nH) Cq3,4 (pF) Cp4,5 (pF) Cq4,5 (pF) 
0.1613 0.6929 0.1300 0.0034 0.0766 

Geometrical Dimensions (mm) 
sp0,1 sq0,1 wp1,2 sq1,2 wp2,3 
3.35 0.66 1.16 0.18 1.57 
sq2,3 wp3,4 sq3,4 sp4,5 sq4,5 
0.16 1.52 0.28 3.50 0.67 

D l h   
5.2 1.5 10   

 
A prototype was fabricated for experimental validation using 
standard PCB lithography. The periodic arrays and the spacers 
are bonded together by using Repositionable 75 adhesive spray 
from 3MTM. The adhesive spray has negligible impact on 
electrical length of the transmission lines. The overall thickness 
of the designed filter in terms of guided wavelength is 2.457λg, 
while the unit cell dimensions are 0.26λ0. A photograph of the 
fabricated prototype is shown in Fig. 11. 
 

 
 
Fig.  11. Photograph of the fabricated 4th order QO bandpass filter prototype. 
The inset shows a zoomed area of the first layer array. 

The fabricated prototyped was experimentally characterized 
using standard free space techniques as described e.g. in [32]. 
In particular, the QO filter is placed in a window of an otherwise 
absorbing surface. Horn antennas placed on either side of the 
quasi-optical filter acting as transmitter and receiver 
accordingly were used for the characterization of the 
transmission coefficient. The experimental setup is show in Fig. 
12. Time-gating is applied to reduce the effect of standing 
waves. The measured results are shown in Fig. 13, where for 
comparison the full-wave results as well as the results obtained 
from the synthesized circuit are superimposed. Good agreement 
with the full wave results is obtained. Some discrepancies are 
attributed to manufacturing tolerances and also on the 
measurement imperfections; they are commensurate with 
measurements reported in the literature [32], [33]. Fig. 13 also 
depicts the full-wave and circuit responses for the reflection 
coefficient, S11. The experimental arrangement to measure 
reflection is not as trivial, since the transmit and receive horns 

should physically overlap. However, the overall agreement of 
the measurement with the simulated results in terms of the 
transmission coefficient validate the synthesis procedure. 
 

 
                             (a)                                                               (b) 

 
Fig.  12. (a) Photograph of the measurement setup to characterize the 
transmission coefficient, S21 of the 4th order QO bandpass filter, where the 
prototype is positioned at the window opening between the transmit and 
received antennas. (b) Side view of the measurement setup illustrating the 
relative position of the transmit and received antennas.  

 

 
                                                                    (a) 
 

 
                                                                    (b) 
 
Fig.  13.  Comparison between measured results of the fourth-order prototype 
with full-wave and circuit simulation for (a) TE polarization. (b) TM 
polarization 
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TABLE IV 
COMPARISON BETWEEN THE PERFORMANCES OF THE PROPOSED 
STRUCTURE WITH SIMILAR REPORTED WORKS. Λg IS THE GUIDED 

WAVELENGTH 
 

Ref. 
Work 

Filter 
Order 

Bandwidth Thickness 
(Normalized 

to 
resonator) 

Oblique 
Performances 

[5] 3rd 
order 

5% 0.43λg N/A 

[28] 2nd 
order 

5% 0.42λg ±40° 

Present 
work 

4th 
order 

5% 0.61λg N/A 

IV. CONCLUSION 
A new asymmetrical impedance inverter is proposed that 

enables the realization of quasi-optical filters with spacers of 
fixed thickness. A deterministic synthesis procedure for the 
proposed class of filters is introduced. The proposed technique 
has the flexibility to adapt to a range of substrate thicknesses. 
The design methodology is both theoretically and 
experimentally validated through simulation and measurement. 
The proposed methodology addresses the limited availability of 
spacers with custom thickness, hence facilitating the 
implementation of quasi-optical filters of higher order and at 
higher frequencies. It is noted that the proposed technique 
exploits resonators formed as half wavelength cavities and 
therefore typically results in an increase of overall thickness of 
the filter structure and consequently, the filter structure is more 
susceptible to the angle of incidence. However, there are 
diverse applications that involve QO filters at fixed angle of 
incidence, for e.g in radiometry and sensing applications, deep 
space antennas and plasma characterizations. We also note that 
at higher frequency implementation, for e.g in millimeter wave 
and THz frequencies, larger substrate thickness can be 
favorable in manufacturing perspective and significantly in 
conforming to higher Q-factor. For alternative applications, 
including more broadband filters, alternative implementation 
strategies should also be traded-off. Comparison of 
performances between the proposed and similar reported works 
is represented in table IV above.  

Significantly, the proposed impedance inverter also allows to 
correct by design any small discrepancies in the thickness 
variation of the spacers. Indeed, this can be accounted in the 
selection of a different phase to be absorbed in the adjacent 
resonators, such that the resonant frequency is maintained even 
for a slightly different thickness of a spacer. 
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