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Supplemental Material
Experimental observation of Aharonov-Bohm cages in photonic lattices
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Fabrication and characterization details.− Here, we
discuss fabrication and characterization of photonic de-
vices for the purpose of completeness. First, we briefly
present the experimental parameters for fabricating op-
tical waveguides and then, discuss how the square-wave
modulation of onsite energy was realized.

Circularly polarized sub-picosecond (350 fs) optical
pulse trains of 500 kHz repetition rate and 1030 nm
wavelength, generated by a Yb-doped fiber laser (Menlo
Systems, BlueCut), were used to fabricate optical waveg-
uides inside borosilicate glass (Corning Eagle2000) sub-
strates. Each waveguide was inscribed by translating the
substrate once through the focus of the laser beam. The
optical pulse energy of the laser was optimized to inscribe
tightly confined singlemode optical waveguides at 780 nm
wavelength and for a range of translation speed of
fabrication – i.e. 9 mm/s to 5 mm/s. Inter-site tunneling
strength was obtained by measuring light intensities at
the output of straight directional couplers (two cou-
pled waveguides) fabricated with the same waveguide-
to-waveguide separation (i.e. 17 µm) and waveguide-to-
waveguide angle as the waveguides in the rhombic lattice.

Fig. A1(a) shows the variation of tunneling strength,
J , as a function of the wavelength of incident light – note
that J varies linearly with λ. To observe the evolution
of the optical intensity, which is governed by the static
Hamiltonian Eq. (1) (i.e. in the absence of driving,
namely K= 0 and ∆ = 0), a 30 mm-long straight lattice
was fabricated with 17 µm inter-waveguide spacing and
6 mm/s translation speed of fabrication. For a given
initial state, the dynamics of intensity pattern along this
straight photonic lattice is determined by the parameter
Jz. Instead of measuring light intensity at different z
values with a fixed J , the wavelength of incident light
was tuned to vary inter-site tunneling strength and the
intensity distributions were measured at z = 30 mm.
Figs. A1(b-f) show the measured dynamics. It should
be mentioned that the wavelength tuning was performed
only for this particular experiment – measuring intensity
evolution in the static case. All the experiments, detailed
in the main text and also in the following sections of
the supplementary material, were performed at 780 nm
wavelength because the energy shift due to the static
field, ∆ =n0a/(2Rλ), depends on λ and the wavelength
tuning would change the resonance condition, ∆=ω, for
the driven lattices.

Figure A1. (a) Variation of inter-site tunneling strength,
J , as a function of the wavelength of incident light, λ.
(b) Evolution of light intensity at the bulk A site (where
the light was launched initially) in a 30 mm long straight
photonic rhombic lattice. Instead of measuring light intensity
at different z values with a fixed J , the wavelength of incident
light was tuned to vary the inter-site tunneling strength and
the intensity distributions were measured at z= 30 mm. (c-
d) Measured output intensity distributions for four different
values of J(λ)z, indicated by the vertical dotted lines in (b).
For all measurements, the light was launched at the red-
circled central A site. Each image is normalized so that
total intensity is 1. The field of view is approximately
162 µm× 61 µm.

Using ultrafast laser inscription, we tune the refractive
index contrast (the difference between the refractive
index of the core and that of the substrate) of an
optical waveguide by varying the translation speed (v) of
fabrication and keeping all other fabrication parameters
(including the optical pulse energy) unaltered. To realize
a square wave modulation of the propagation constant
(the analogous onsite energy) along the propagation
distance, the translation speed is modulated periodi-
cally, as shown in Fig. A2(a). Fig. A2(b) presents the
variation of acceleration of the translation stages along
the propagation distance. We calibrate the shift in
propagation constant as a function of v in the following
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Figure A2. (a) Measured variation of translation speed, v,
along the propagation distance, z. (b) Measured variation of
acceleration of the translation stages associated with (a). (c)
Variation of the shift in propagation constant as a function
of v. Here, K(v = 9mm/s) was chosen as the reference. (d)
The modulation of propagation constant, (K/2)f(z), which
was estimated using the calibration in (c). Here, the average
of this periodic modulation over a complete cycle is chosen to
be the reference (= 0).

way. A set of straight directional couplers (two coupled
waveguides) were fabricated with modulated translation
speeds, v1 = (v0/2)f(ωz) and v2 = (v0/2)f(ωz + π). By
measuring the light intensities at the output of these
modulated couplers, the modulus of the effective tun-
neling is obtained as a function of v0. This experimental
dependence of the effective tunneling is then fitted with
its calculated variation with K, which gives a calibrated
variation of K with the translation speed of fabrication,
see Fig. A2(c). Using this calibration, the modulation
of propagation constant, (K/2)f(z), was estimated as
shown in Fig. A2(d). We also measured the variation of
inter-site tunneling, J(λ=780 nm), as a function of v [42,
43] and it was observed that J does not vary significantly
from 9 mm/s to 6 mm/s range of translation speed. In
other words, the maximum achievable strength of onsite
modulation, without affecting the tunneling strength,
was K=1.35ω (for 2π/ω=14 mm).

More details on AB caging.− In the main text, we have
presented experimental results on AB caging when light
was launched into a single bulk A site; see Fig. 3(a, b) and
Fig. 4(a). This input state [|ψ(t=0)〉= â†s|0〉≡|As〉] over-
laps with the upper and lower flat-bands at quasienergies
ε± =±2|Jeff| ≡ ±ε, respectively (the middle band is at
ε0 =0). Considering the effective model, the state at time

t can be written as |ψ(t)〉=exp(−iĤ(0)
eff t)|ψ(t=0)〉, where

the micromotion is neglected and therefore, the time
evolution is quantitatively correct only at stroboscopic
times. We can extract the probability to find the particle

Figure A3. Observation of AB caging when light was launched
into a single bulk A site – graphical representation of Fig. 3(a)
in the main text. This input state overlaps with the upper
and lower flat-bands and the optical intensity oscillates with
a period Λ1 associated with the band gap (2ε) between the
bands. The solid and dashed lines were obtained considering
the Hamiltonians, Ĥ(t↔ z) and Ĥeff [see main text]. Every
data point is an average over three individual measurements
performed by launching light into A sites of three different
unit cells. The error bars show the standard deviation of our
data. The inset shows the full dynamics.

on the As, and Bs (and/or Bs−1, Cs & Cs−1) sites
(i.e. the analogous optical intensities at these sites) as

IAs = |〈As|ψ(t)〉|2 =
1

2

(
1 + cos(2εt)

)
(A1)

IBs = |〈Bs|ψ(t)〉|2 =
1

8

(
1− cos(2εt)

)
(A2)

=ICs =IBs−1 =ICs−1 (A3)

Note that the optical intensity at the initially excited
bulk A site (i.e. IAs ) and that at the four nearest B
and C sites oscillate with a period associated with the
band gap between the upper and lower bands, i.e. Λ1 =
2π/(2ε) = π/(2|Jeff)|. In Fig. 4(a), we have presented
the oscillation of IAs . Supplementary Fig. A3 shows the
complete information i.e. the dynamics of IAs as well as its
four nearest neighbors. Every data point in Fig. A3 is an
average over three individual measurements performed
by launching light into A sites of three different unit cells
and the error bars show the standard deviation of our
data.

We have performed another set of experiments to fur-
ther confirm the observation of Aharonov-Bohm caging
and the corresponding fully flat spectrum by launching
light into a bulk C site. In this situation, differently
from the previous experiments presented in Fig. 3(a, b),
Fig. 4(a) and Fig A3, a superposition with all three bands
occurs. In this case, the optical intensity at Cs, As
(and/or As+1) and Bs+1 (and/or Bs−1, Cs±1) sites can
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Figure A4. Observation of AB caging when light was launched
into a single bulk C site. This input state overlaps with
all the three flat-bands and the breathing motion of optical
intensity exhibits two different periods of oscillation, Λ1 and
Λ2 associated with the two band gaps (2ε and ε); see inset (I)
for the complete dynamics. Every data point is an average
over three individual measurements performed by launching
light into C sites of three different unit cells. The error bars
show the standard deviation of our data. Inset (II) shows an
example of measured intensity pattern at z=38.5 mm. In this
set of experiments, K/ω = 1.35 and the inter-site tunneling
strength J=0.032 mm−1.

be written as

ICs = |〈Cs|ψ(t)〉|2 =
1

8

(
3 + cos(2εt) + 4 cos(εt)

)
(A4)

IAs = |〈As|ψ(t)〉|2 =
1

8

(
1− cos(2εt)

)
=IAs+1 (A5)

IBs+1 =
1

32

(
3 + cos(2εt)− 4 cos(εt)

)
=IBs−1 =ICs±1 (A6)

The breathing motion of optical intensity exhibits two
different dominant harmonics – IAs oscillates with period
Λ1 = π/ε whereas ICs (and/or IBs+1) oscillates with a
period twice longer, namely Λ2 = 2π/ε. Notice that the
expression for IC contains two frequencies of oscillation.
The strengths of the two harmonics are such that the
signal displays no evident beating effect but a flattening
of the signal at t = π/ε, corresponding to half a
period of the dominant harmonic. The agreement of the
experiments and theory is shown in Fig. A4.

Realization of 2π and 8π/5 flux per plaquette.− So far,
we have mainly focused on the experimental demonstra-
tion of AB caging in the presence of π magnetic flux
per plaquette. As shown in Fig. 2(a), any desired value
of uniform magnetic flux can be realized by correctly
choosing the phase of modulation, θ. To demonstrate
this experimentally, we fabricated two sets of circularly
curved modulated lattices with K/ω = 1.35 and the
phases of modulation θ= π/5 and π, respectively . For

Figure A5. (a, b) Experimentally measured output intensity
distributions at z = 35 mm and 70 mm, respectively, for
θ = π/5. The red circled A site was initially excited for all
measurements. Here, K/ω=1.35. (c, d) Same as (a, b) with
θ=π.

these two sets of experiments, |Jeff|/J=0.258, 0.546 and
Φ=8π/5, 2π, respectively. Fig. A5 shows experimentally
measured output intensity distributions at z = 35 and
70 mm.

Details on the Floquet theory.− To construct an effec-
tive description of the driven system described by the
time-dependent Hamiltonian Ĥ(t) = Ĥ0 + Ĥd + Ĥac,
we consider a unitary transformation R̂ such that the
Hamiltonian transforms as Ĥ ′(t)=R̂Ĥ(t)R̂†− i~R̂∂tR̂†.
Following the standard approach for resonant modula-
tions [24, 32, 33] and taking ∆=ω, we define the unitary
transformation R̂=R̂AR̂BR̂C where

R̂A=exp
[
i
∑
s

(
−2sωt+

K

2ω
χ(ωt)

)
â†sâs

]
,

R̂B=exp
[
i
∑
s

(
−(2s+ 1)ωt+

K

2ω
χ(ωt+ θ)

)
b̂†sb̂s

]
,

R̂C =exp
[
i
∑
s

(
−(2s+ 1)ωt+

K

2ω
χ(ωt− θ)

)
ĉ†sĉs

]
,

(A7)

and χ(ωt) = ω
∫ t
f(ωτ)dτ . Differently from Ref. [24]

where the modulation was sinusoidal, in the experiment
we are using a square wave function that can be conve-
niently written as

f(ωt)=−
∑
p

4

π(2p+ 1)
sin[(ωt− π)(2p+ 1)] , (A8)

from which the function χ(ωt) can be readily calculated.
In the end, we consider the time average of the Hamilto-
nian Ĥ ′(t), which corresponds to the lowest order in 1/ω
of the operator Ĥeff, namely

Ĥeff =
1

T

∫ T

0

dt Ĥ ′(t) +O(1/ω) . (A9)

The model takes the form (4) where, for instance, the
restored hopping J(Bs → As) from a B site to an A site
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Figure A6. Creutz ladder obtained as a low energy model for
the rhombic lattice with a non-vanishing flux when the onsite
energy of the A sites is largely detuned.

in the same unit cell s is

J(Bs → As) =
1

T

∫ T

0

dt eiωteiK(χ(ωt)−χ(ωt+θ))/2ω .

(A10)
The parameters of the model (4) can then be calculated
as θ1 = arg[J(Bs → As)] and |Jeff| = abs[J(Bs → As)].
Similarly, one obtains the parameters of all the bonds.
While the phases θj are not necessarily going to be
all the same depending on the choice of the unitary
transformation R̂, notice that the total flux Φ =

∑
j θj

will be a gauge invariant quantity.

Mapping to the Creutz ladder.− In this section, we
show how to map the model in Eq. (4) which describes
a single particle hopping in a rhombic lattice with
non-vanishing flux Φ, into the Creutz ladder [26]. In
particular, it is convenient to consider a gauge where each
bond has the same hopping phase θ̄=θ1 =θ2 =θ3 =θ4.

Let us add to the Hamiltonian (4) an energy off-set on
the A sites ĤδA = δA

∑
s â
†
sâs such that δA � Jeff. The

low-energy physics is limited to the dynamics on the B
and C sites through virtual processes occurring via the
intermediate A sites. The effective geometry for the B
and C dynamics now resembles a ladder, as shown in
Fig. A6, where we re-labeled B → u and C → d. The

low-energy model reads

ĤCreutz = + t
∑
s

(eiαû†s+1ûs + e−iαd̂†s+1d̂s + H.c)

+ t⊥
∑
s

(û†sd̂s + H.c)

+ t′
∑
s

(d̂†s+1ûs + û†s+1d̂s + H.c.)

+ µ
∑
s

(û†sûs + d̂†sd̂s) , (A11)

where t = −J2
eff/δA, t⊥ = −2 cos(2θ̄)J2

eff/δA, t′ = t, µ =
−2J2

eff/δA and α=2θ̄.
In momentum space, the Hamiltonian reads

H(k) =

(
µ+ 2t cos(k + α) t⊥ + 2t′ cos k
t⊥ + 2t′ cos k µ+ 2t cos(k − α)

)
, (A12)

which can also be written as H(k)=d(k)·σ+d0(k) where
σ={σx, σy, σz} are the Pauli matrices and

d0(k) = µ+ 2t cosα cos k ,

dx(k) = t⊥ + 2t′ cos k ,

dy(k) = 0 ,

dz(k) = −2t sinα sin k . (A13)

In the cage limit, which is realized when θ̄ = π/4 and
therefore α = π/2 and t⊥ = 0, we immediately see that
d0(k) = µ is just an energy shift. The spectrum is
ECreutz
± = µ ± 2|t| and therefore it has two flat-bands

at energy ECreutz
+ = 0 and ECreutz

− = −4J2
eff/δA (see red

dashed line in Fig. 2(d), main text). In this limit, a
chiral symmetry emerges {σy, H(k)} = 0, thus allowing
the existence of mid-gap topological edge states protected
by chiral symmetry and a non-vanishing winding number
w=1 [27].
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