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High-dimensional encoding of quantum information provides a promising method of transcending
current limitations in quantum communication. One of the central challenges in the pursuit of such
an approach is the certification of high-dimensional entanglement. In particular, it is desirable to do
so without resorting to inefficient full state tomography. Here, we show how carefully constructed
measurements in two bases (one of which is not orthonormal) can be used to faithfully and efficiently
certify bipartite high-dimensional states and their entanglement for any physical platform. To
showcase the practicality of this approach under realistic conditions, we put it to the test for photons
entangled in their orbital angular momentum. In our experimental setup, we are able to verify 9-
dimensional entanglement for a pair of photons on a 11-dimensional subspace each, at present the
highest amount certified without any assumptions on the state.

Quantum communication offers advantages such as en-
hanced security in quantum key distribution (QKD) pro-
tocols [1] and increased channel capacities [2] with re-
spect to classical means of communication. All of these
improvements, ranging from early proposals [3] to recent
exciting developments such as fully device-independent
QKD [4, 5], rely on one fundamental phenomenon: quan-
tum entanglement. Currently, the workhorse of most im-
plementations is entanglement between qubits, i.e., be-
tween two-dimensional quantum systems (e.g., photon
polarization). However, it has long been known that
higher-dimensional entanglement can be useful in over-
coming the limitations of qubit entanglement [6, 7], of-
fering better key rates [8], higher noise resistance [9, 10]
and improved security against different attacks [11].

Attempting to capitalize on this insight, recent exper-
iments have successfully generated and certified high-
dimensional entanglement in different degrees of free-
dom. In particular, the canonical way of generat-
ing two-dimensional polarization entanglement in down-
conversion processes already offers the potential for
exploring entanglement in higher dimensions. This
can be achieved by exploiting spatial degrees of free-
dom [12, 13], orbital angular momentum (OAM) [14–16],
energy-time based encodings [17–20], or combinations
thereof in hyper-entangled quantum systems [21, 22].
High-dimensional quantum systems have recently also
been explored in matter-based systems such as Cesium
atoms [23] and superconducting circuits [24]. Thus, high-
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dimensional quantum systems are not only of fundamen-
tal interest but are also becoming more readily available.

In this context, the certification and quantification of
entanglement in many dimensions is a crucial challenge
since full state tomography (FST) for bipartite systems
of local dimension d requires measurements in (d + 1)2
global product bases (i.e., tensor product bases for the
global state) [25], which quickly becomes impractical in
high dimensions. Due to the complexity of realizing mea-
surements in high-dimensional spaces, previous experi-
ments that aimed to certify entanglement dimensional-
ity (also known as Schmidt number) often had to re-
sort to assumptions about the underlying quantum state
ρ, including, amongst others, conservation of angular
momentum [26], subtraction of accidentals [27], perfect
correlations in a desired basis [28], or the assumption
that the experimentally generated state is pure [29]. Al-
though relying on such assumptions allows for a plau-
sible quantification of entanglement dimensionality, it
is not enough for unambiguous certification, which is
desirable for secure quantum communication based on
high-dimensional entanglement. The certification of the
Schmidt number of a state is crucial for this task since a
high-dimensional entangled state with low Schmidt num-
ber is LOCC equivalent to a low-dimensional entangled
state. Hence, unwieldy or inefficient entanglement esti-
mation would strongly mitigate possible advantages of
high-dimensional encoding. It is therefore of high signif-
icance to determine efficient and practical strategies for
certifying high-dimensional states and quantifying their
entanglement.

Here, we present an efficient adaptive method that
is tailored to better harvest the information about en-
tangled states generated in a given experiment, with-
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out the need for any assumptions about the (generally
mixed) underlying state and requiring measurements in
only two global product bases, regardless of the dimen-
sion of the state. Our certification method can be im-
plemented in any physical platform that is suitable for
high-dimensional quantum information processing. For
the purpose of assumption-free state certification, we cer-
tify the fidelity F (ρ,Φ) of the experimental state ρ to a
previously identified suitable target state ∣Φ ⟩. We show
that measurements in only two global product bases,
{∣mn ⟩}m,n and {∣ ĩj̃∗ ⟩}i,j , are sufficient to select ∣Φ ⟩
and to bound the fidelity from below by a quantity
F̃ (ρ,Φ) ≤ F (ρ,Φ). For the purpose of assumption-free
entanglement certification and quantification, we use our
fidelity bound F̃ (ρ,Φ) to certify the Schmidt number of
the state.

One of the most surprising consequences of our results
is the fact that all pure bipartite quantum states in any
dimension can be faithfully certified by measurements in
only two global product bases. We prove this statement
by deriving a tight lower bound to the fidelity with an
appropriately chosen target state. All that is required
for this certification is an educated guess of the corre-
sponding Schmidt bases, which can be inferred from the
physical setup at hand for all typical quantum optical
platforms. The more accurate the identification of these
bases, the higher the confidence in the certified state.

For any identified target state ∣Φ ⟩, the fidelity bound
becomes exact when the setup indeed generates the pure
state ∣Φ ⟩ or the mixed state obtained by dephasing ∣Φ ⟩.
We demonstrate that this method can be generalized to
measurements in multiple global product bases, yielding
F̃ (M)(ρ,Φ), in which M + 1 is the total number of mea-
surements bases, and in prime dimensions the fidelity
bounds using measurements in d + 1 bases (M = d) be-

come exact for all states, i.e., F̃ (d)(ρ,Φ) = F (ρ,Φ). More-
over, deriving general decompositions for dephased max-
imally entangled states further allows us to prove that
unbiased measurement bases indeed provide a necessary
and sufficient condition for tight Schmidt number bounds
for all pure states ρ = ∣Φ ⟩⟨Φ ∣ and for maximally entan-
gled states subject to pure dephasing. Our method can
also be used for entanglement quantification by providing
lower bounds on the entanglement of formation [30, 31].
Here, our bounds outperform previous methods in terms
of their noise robustness and the number of certified e-
bits [32]. Finally, our bounds are also shown to be appli-
cable for the certification of certain types of multipartite
quantum states.

To put these theoretical predictions to the test in
realistic circumstances with actual noise, we devise and
carry out an experiment based on photons entangled in
their orbital angular momentum, allowing our approach
to prove its mettle. In our experimental implemen-
tation, measurements are realised using computer
programmable holograms implemented on spatial light
modulators (SLMs). Employing the theoretical methods
developed here, we are able to certify high target-state

fidelities and verify record entanglement dimension-
ality: 9-dimensional entanglement in 11-dimensional
subspaces, without any assumptions on the state itself.
We use our experimental setup to fully explore the
performance of our criteria for non-maximally entangled
states, showcasing the flexibility of the derived results.

Entanglement dimensionality

Consider a typical laboratory situation for preparing a
high-dimensional quantum system in a bipartite state ρ
that is to be employed for quantum information process-
ing between two parties. In order to be useful, this state
should be close to some highly entangled target state
that is normally required to have a high purity. Let us
therefore consider a pure target state ∣Φ ⟩ with a desired
Schmidt rank k = kmax. The Schmidt rank is a mea-
sure of the entanglement dimensionality of the state and
represents the minimum number of levels one needs to
faithfully represent the state and its correlations in any
global product basis. Ideally, the target state’s Schmidt
rank is equal (or close) to the (accessible) local dimen-
sion, kmax = d, where we take the local Hilbert spaces
to have the same dimension, dim(HA) = dim(HB) = d.
For mixed states ρ the Schmidt rank generalizes to the
Schmidt number

k(ρ) = inf
D(ρ)

{ max
∣ψi⟩ ∈{(pi,∣ψi⟩)}i

{rank(TrB ∣ψi ⟩⟨ψi ∣)}} , (1)

where the infimum is taken over all pure state decom-
positions, i.e., D(ρ) is the set of all sets {(pi, ∣ψi ⟩)}i for
which ρ = ∑i pi∣ψi⟩⟨ψi∣, ∑i pi = 1, and 0 ≤ pi ≤ 1.

The Schmidt number hence quantifies the maximal
local dimension in which any of the pure state contri-
butions to ρ can be considered to be entangled and we
hence call k the entanglement dimensionality of ρ. Note
that this implies k ≤ d. For example, any two-qubit
entangled state (for which d = 2) has an entanglement
dimensionality k = 2. A higher-dimensional entangled
state, like a two-qutrit state (d = 3), could have Schmidt
number k = 3, in which case it would indeed carry qutrit
entanglement, or it could have only k = 2, in which case
the state would be LOCC equivalent to a two-qubit
entangled state. In the latter example, even though the
state has a higher local dimension, the entanglement
dimensionality, which is our quantity of interest, is not
higher. Trivially, all separable states have k = 1.

Target state identification

The task at hand is to certify that the state ρ gen-
erated in the lab is indeed close to the intended target
state ∣Φ ⟩ and thus provides the desired high-dimensional
entanglement. One immediate first approach is to start
with local projective measurements in the local Schmidt
bases, i.e., the global product basis {∣mn ⟩}m,n=0,...,d−1,
which we designate as our standard basis. These bases
can typically be identified from conserved quantities or
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the setup design, but depending on the physical setup,
the corresponding measurements are realised in different
ways. In essence, a good choice for the standard basis
provides a good target state. For instance, in an opti-
cal setting using OAM (as we employ in the experiment
reported in this article) the chosen standard basis is the
Laguerre-Gauss (LG) basis. In this case, these measure-
ments are performed by coincidence post-selection after
local projective filtering. That is, SLMs programmed
with the phase pattern of a specific state ∣mn ⟩ act as lo-
cal unitary operations, which are followed by single mode
fibers (SMF) as local filters, and the number Nmn of co-
incidences between local photon detectors is counted for
each setting corresponding to fixed values of m and n. In
this way one can obtain the matrix elements

⟨mn ∣ρ ∣mn ⟩ = Nmn

∑k,lNkl
. (2)

A measurement in one global product basis can be re-
alized by one d-outcome local measurement or equiva-
lently replaced by d single-outcome local measurements.
The latter case employs the use of d local filter set-
tings (d2 filter settings globally) to obtain the values
⟨mm ∣ρ ∣mm ⟩. These are used to nominate a target state

∣Φ ⟩ = ∑d−1m=0 λm ∣mm ⟩ by identifying

λm =
¿
ÁÁÀ ⟨mm ∣ρ ∣mm ⟩
∑n ⟨nn ∣ρ ∣nn ⟩ . (3)

This association alone by no means guarantees that
the state ρ really is equivalent to the target state ∣Φ ⟩.
Although the information about the diagonal elements
of ρ provides an informed guess, it is not enough to
infer entanglement properties. In order to access this
information, one could in principle perform costly FST.
This requires measurements in (d + 1)2 global product
bases [25], which is equivalent to d2(d + 1)2 global
filter settings. Here, we propose a much more efficient
alternative method to obtain a lower bound on the
Schmidt rank of ρ and on its fidelity to the target state.

Dimensionality witnesses

For the certification of the Schmidt rank of ρ we con-
sider the fidelity F (ρ,Φ) to the target state ∣Φ ⟩, given
by

F (ρ,Φ) = Tr(∣Φ ⟩⟨Φ ∣ρ) =
d−1
∑

m,n=0
λmλn ⟨mm ∣ρ ∣nn ⟩ . (4)

For any state ρ of Schmidt rank k ≤ d the fidelity of
Eq. (4) is bounded by [33, 34]

F (ρ,Φ) ≤ Bk(Φ) ∶=
k−1
∑
m=0

λ2im , (5)

where the sum runs over the k largest Schmidt coeffi-
cients, i.e., im, cyanwith m ∈ {0, . . . , d − 1} such that

λim ≥ λim′ ∀m ≤ m′. Consequently, any state for which
F (ρ,Φ) > Bk(Φ) is incompatible with a Schmidt rank of
k or less, implying an entanglement dimensionality of at
least k + 1.

Fidelity bounds

The next step is hence to experimentally estimate the
value of the fidelity F (ρ,Φ). To see how this can be
done, we split the fidelity into two contributions, one
that depends on the terms of Eq. (4) that are diagonal in
the basis {∣mn ⟩}m,n, which will be called F1(ρ,Φ), and
the other that depends on the off-diagonal terms, called
F2(ρ,Φ) (see Methods).

The contribution F1(ρ,Φ) can be calculated directly
from the already performed measurements in the ba-
sis {∣mn ⟩}m,n. However, exactly determining the term
F2(ρ,Φ) would require a number of measurements that
scales with the dimension. To avoid such a high over-
head, we employ bounds for F2(ρ,Φ) that can be cal-
culated from measurements in only one additional basis
{∣ j̃ ⟩}j (see Methods).

Using the previously obtained values {λm}m, we define
the basis {∣ j̃ ⟩}j=0,...,d−1 according to

∣ j̃ ⟩ = 1√
∑n λn

d−1
∑
m=0

ωjm
√
λm ∣m ⟩ , (6)

where ω = e2πi/d and {∣m ⟩}m is the standard basis. No-
tice that, although the basis vectors ∣ j̃ ⟩ are normalized
by construction, they are not necessarily orthogonal, but
become orthogonal and even mutually unbiased w.r.t. to
{∣m ⟩}m when all λm are the same. We hence refer to
{∣ j̃ ⟩}j as the tilted basis.

Due to this general non-orthogonality, the rela-
tion of Eq. (2) between the diagonal matrix elements

⟨ ĩj̃∗ ∣ρ ∣ ĩj̃∗ ⟩ and the coincidence counts Ñij for the lo-

cal filter setting ∣ ĩj̃∗ ⟩ requires a small modification
in terms of an additional normalization factor cλ ∶=

d2

(∑k λk)2 ∑m,n
λmλn ⟨mn ∣ρ ∣mn ⟩, i.e.,

⟨ ĩj̃∗ ∣ρ ∣ ĩj̃∗ ⟩ = Ñij

∑k,l Ñkl
cλ. (7)

Apart from the inclusion of cλ (see detailed derivation in
the Supplementary Information), measurements in the
tilted basis are in principle not different from measure-
ments in any orthonormal basis.

The terms of Eq. (7), along with the measurement re-
sults in the standard basis, allow us to bound the fidelity
term F2(ρ,Φ), which in turn provides a lower bound

F̃ (ρ,Φ) for the fidelity F (ρ,Φ) that is experimentally
easily accessible.

We thus immediately obtain the dimensionality wit-
ness inequality

F̃ (ρ,Φ) ≤ F (ρ,Φ) ≤ Bk(Φ), (8)
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which is satisfied by any state ρ with Schmidt rank k or
less. Conversely, the entanglement dimensionality dent
that is certifiable with our method is the maximal k such
that F̃ (ρ,Φ) > Bk−1(Φ).

A detailed derivation of this bound along with the
proofs of its tightness can be found in the Methods
section. In the Supplementary Information we further
present a generalization of the fidelity bound to multiple
measurement bases, the derivation of bounds for entan-
glement of formation that arise from our method, and an
extension of our fidelity bound to a family of multipartite
states.

Crucially, our witness requires only 2 global product
bases to be evaluated, and is hence significantly more
efficient than the d + 1 and (d + 1)2 bases required for
the exact evaluation of the fidelity or even a FST, re-
spectively. For projective filtering the overall number of
filter settings is obtained by multiplying the number of
required bases by d2. A comprehensive comparison of
required number of measurement settings is given in Ta-
ble I.

Number of measurements

Method FST F (ρ,Φ) F̃ (ρ,Φ)

Global product bases (d + 1)2 d + 1 2

Local filter settings (d + 1)2d2 (d + 1)d2 2d2

TABLE I. The table shows the number of required measure-
ments for optimal full state tomography (FST), optimal fi-
delity measurement [F (ρ,Φ)], and to calculate the fidelity

bounds presented in this work [F̃ (ρ,Φ)]. The first line corre-
sponds to the necessary number of measured global product
bases (which can be realised with at most d+1-outcome local
measurements), and the second line, the necessary number of
local filter settings (which can be realised with single-outcome
local measurements).

Experimental certification of high-dimensional
entanglement

We now apply our witness to certify high-dimensional
orbital-angular-momentum (OAM) entanglement be-
tween two photons generated by Type-II SPDC in a non-
linear ppKTP crystal (see Fig. 1 (a) for details). To
this end, we display computer-programmed holograms
[Fig. 1 (b) and (c)] on spatial light modulators (SLMs)
designed to manipulate the phase and amplitude of inci-
dent photons [35]. In this manner, we are able to pro-
jectively measure the photons in any spatial mode basis,
e.g., the Laguerre-Gaussian (LG) basis, any mutually un-
biased (MUB) [36] or any tilted basis (TILT) composed of
superpositions of elements of the standard basis [Eq. (6)].
Additional details of the experimental implementation,
including information on the holograms, can be found in
the Methods and Supplementary Information.

For local dimensions up to d = 11 (i.e., for azimuthal
quantum numbers ` ∈ {−5, . . . ,5}) we then proceed in

Experimental results

d dent F̃ (ρ,Φ+
) F̃ (ρ,Φ)

3 3 91.5±0.4% 92.5±0.4%

5 5 89.9±0.4% 90.0±0.5%

7 6 84.2±0.5% 86.9±0.6%

11 9 74.8±0.4% 76.2 ±0.6%

TABLE II. Fidelities F̃ (ρ,Φ+
) and F̃ (ρ,Φ) to the maximally

entangled state and to the target state, obtained via measure-
ments in two MUBs and two (M = 1) tilted bases in dimension
d, respectively. The second column lists the entanglement di-
mensionality dent certified using F̃2(ρ,Φ

+
).

the following way. First, we measure the two-photon
state in the LG basis {∣m ⟩}m to obtain a cross-talk ma-
trix of coincidence counts Nmn [Fig. 2 (a)], taking into
account the effects of mode-dependent loss (see Supple-
mentary Information). This allows us to calculate the
density matrix elements ⟨mn ∣ρ ∣mn ⟩, estimate the λm,
and nominate the target state ∣Φ ⟩. We then use the set
{λm}m to construct the tilted basis {∣ j̃ ⟩}j according to
Eq. (6) and perform correlation measurements [Fig. 2 (b)]
that allow us to calculate ⟨ j̃j̃∗ ∣ρ ∣ j̃j̃∗ ⟩. From these mea-
surements, we calculate the lower bound of the fidelity
to the target state, for which we find high values, e.g.,
F̃ (ρ,Φ) = 76.2 ± 0.6% for d = 11 (data for other dimen-
sions is presented in Table II). However, in our setup,
the certification thresholds Bk for the tilted basis are
higher than for the MUB (e.g., B7 = 0.72 vs B7 = 0.64 for
d = 11 in tilted versus MUB respectively). We therefore
also measure the correlations in the first MUB {∣j ⟩}j
[Fig. 2 (c)] following the standard MUB construction by

Wootters et al. [36], corresponding to λm = 1/
√
d for all

m in Eq. (6). Using these measurements, we calculate
lower bounds of the fidelity to the maximally entangled
state, and find F̃ (ρ,Φ+) = 74.8 ± 0.4% for d = 11, which
is significantly above the bound of B8(Φ+) = 8

11
≈ 0.727,

but below B9(Φ+) = 9
11

≈ 0.818. We hence certify 9-
dimensional entanglement in this way. Note that the
asymmetry in the counts just below and above the di-
agonal in Figs. 2 (b) and (c) corresponds to a slight mis-
alignment in the experiment. Errors in the fidelity are
calculated by propagating statistical Poissonian errors in
photon-count rates via Monte-Carlo simulation of the ex-
periment. This demonstrates that our witness indeed
works for efficiently certifying high-dimensional entan-
glement. Moreover, this shows that although the tilted
basis measurements can achieve higher fidelities, one pays
a price in terms of increased certification thresholds, and
thus an increased sensitivity to noise.

Our approach hence provides a lower bound for
F (ρ,Φ) and k(ρ) using measurements in as little as 2
global product bases. Each of these are realized by d
local filter settings on each side, totalling to 2d2 global



5

filter settings instead of d2(d+1)2 for FST. For our state
in a 11 × 11-dimensional Hilbert space this corresponds
to 242 filter settings, versus the 17,424 filter settings
required for FST, which is a reduction by two orders of
magnitude.

Discussion and outlook

A remarkable trait of high-dimensional entanglement
is that measurements in two bases are enough to cer-
tify any entangled pure state for arbitrarily large Hilbert
space dimension. We make use of this insight to estab-
lish fidelity bounds for states produced under realistic
laboratory conditions. Using two (or, if desirable more,
see Supplementary Information) local basis choices, these
bounds can be employed to certify the Schmidt rank and
entanglement of formation in a much more efficient way
than is possible via full state tomography or even com-
plete measurements of the fidelity. It is also interest-
ing to note that the two measurement bases required for
optimal fidelity certification become unbiased whenever
the target state is maximally entangled. This procedure
could be viewed as a trusted device analogue to self-
testing [37], requiring significantly fewer measurements
and exhibiting a much greater noise resistance.

The strength of our method has its origin in the fact
that we use readily available knowledge about the quan-
tum system under investigation in terms of an educated
guess for the Schmidt bases. This is close in spirit to
assumptions commonly used in many experiments where
preserved quantities in non-linear processes are harnessed
to create entanglement. For the case of our experimen-
tal setup, this amounted to the conservation of trans-
verse momenta [15]. Using holograms and couplings to
single-mode fibers essentially implements single-outcome
measurements (projective filtering), leading to 2d2 fil-
ter settings globally. This could be further improved
by means of a mode sorter [38, 39], reducing the global
measurement settings to merely 2 (see Table I for a com-
prehensive overview) at the cost of using d-coincidence
detectors. But our proposed method is not limited to
transverse momenta and OAM. In energy-time based se-
tups [17], conservation of energy leads to the frequency or
time-bin basis to be the natural Schmidt basis. Canon-
ically these systems even feature d-outcome measure-
ments, making them ideal candidates for the application
of our method. Indeed, the states generated in the time-
bin basis are generically close to being maximally entan-
gled [19] and thus the tilted measurement would ideally
be close to MUBs. There are various proposals as to
how mutually unbiased measurements could also be di-
rectly implemented as d-outcome measurements in such
systems [40, 41]. Finally, our method can be directly
implemented using multi-path interferometers [12] where
the natural Schmidt basis is the path degree of freedom.
Let us stress again, however, that even deviations from
the assumed situation do not invalidate the bounds em-
ployed in our approach, but lead (at most) to suboptimal

performance, and an unambiguous certification is still en-
sured.

To demonstrate the practical utility of our method,
we have performed an experiment using two photons
entangled in their orbital angular momenta. We were
able to certify 9-dimensional entanglement in a 11 × 11-
dimensional Hilbert space, which is the highest number
achieved so far without further assumptions on the un-
derlying quantum state. This is achieved using only two
local, unbiased measurement bases (11-outcomes each),
which are realized by 242 local filters and coincidence
counting. Using similar measurements in the tilted bases
we are able to achieve target state fidelities of 92.5% in
3 dimensions and 76.2% in 11 dimensions. As we have
shown, the certification method proposed here is thus
surprisingly robust to noise and enables straightforward
and assumption-free entanglement characterization in re-
alistic quantum optics experiments. This further illus-
trates the usefulness of MUBs for the detection of entan-
glement [32, 42–47] and correlations [48].

Our certification method can also be generalized to
operate with more than two bases, enabling an adaptable
increase in noise resistance when required, as discussed
in the Supplementary Information. There we also show
how our bounds can be extended to certify entanglement
of formation. Remarkably, this approach can also be
generalized to Greenberger-Horne-Zeilinger (GHZ)-like
multipartite states recently created using OAM [27, 49],
making large multipartite states generated by the meth-
ods of Ref. [50] certifiable in a scalable manner. We give
a brief exposition of this result in the Supplementary
Information.
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Academy of Sciences (ÖAW) project OESQ0002X2. PE
acknowledges funding by the European Commission
(STREP RAQUEL) and the Swiss National Science
Foundation (SNF). MM acknowledges support from
the QuantERA ERA-NET Co-fund (FWF Project
I3553-N36).

Author contributions

MM and MH conceived and designed the experiments.
JB, NH and MM performed the experiments. JB, NH,
MP, NF, MM and MH analyzed the data. JB, CK, MP,
PE, NF, MM and MH developed theoretical methods.
JB, NH, CK, MP, NF, MM and MH wrote the paper.

Competing interests



6

The authors declare no competing interests.

[1] H.-K. Lo, M. Curty, and K. Tamaki. Secure quantum key
distribution. Nat. Photon., 8, 595-604, (2014). [arXiv:
1505.05303].

[2] C. H. Bennett, P. W. Shor, J. A. Smolin, and A. V.
Thapliyal. Entanglement-assisted capacity of a quan-
tum channel and the reverse shannon theorem. IEEE T.
Inform. Theory, 48, 2637-2655, (2002). [arXiv: quant-
ph/0106052].

[3] C. H. Bennett, G. Brassard, and N. D. Mermin. Quantum
cryptography without Bell’s theorem. Phys. Rev. Lett.,
68, 557–559, (1992).

[4] A. Aćın, N. Brunner, N. Gisin, S. Massar, S. Pironio,
and V. Scarani. Device-independent security of quantum
cryptography against collective attacks. Phys. Rev. Lett.,
98, 230501, (2007). [arXiv: quant-ph/0702152].

[5] U. Vazirani and T. Vidick. Fully device-independent
quantum key distribution. Phys. Rev. Lett., 113, 140501,
(2014). [arXiv: 1210.1810].

[6] N. J. Cerf, M. Bourennane, A. Karlsson, and N. Gisin.
Security of quantum key distribution using d-level sys-
tems. Phys. Rev. Lett., 88, 127902, (2002). [arXiv:
quant-ph/0107130].

[7] J. Barrett, A. Kent, and S. Pironio. Maximally nonlocal
and monogamous quantum correlations. Phys. Rev. Lett.,
97, 170409, (2006). [arXiv: quant-ph/0605182].
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METHODS

Derivation of the fidelity lower bound

In this section, we provide a proof for the fidelity bound

F (ρ,Φ) ≥ F̃ (ρ,Φ), (9)

i.e., the right-hand side of Eq. (8) of the main text, where

F (ρ,Φ) = F1(ρ,Φ) + F2(ρ,Φ) and F̃ (ρ,Φ) = F1(ρ,Φ) +
F̃2(ρ,Φ), each split into two contributions. Since the
first of these, given by

F1(ρ,Φ) ∶=∑
m

λ2m ⟨mm ∣ρ ∣mm ⟩ , (10)

is the same for both F and F̃ , we hence want to concen-
trate on showing that F2 ≥ F̃2, where

F2(ρ,Φ) ∶= ∑
m≠n

λmλn ⟨mm ∣ρ ∣nn ⟩ , (11)

whereas the lower bound to F2(ρ,Φ) is

F̃2 ∶= (∑m λm)2
d

d−1
∑
j=0

⟨ j̃j̃∗ ∣ρ ∣ j̃j̃∗ ⟩ −
d−1
∑

m,n=0
λmλn ⟨mn ∣ρ ∣mn ⟩

− ∑
m≠m′,m≠n
n≠n′,n′≠m′

γ̃mm′nn′
√

⟨m′n′ ∣ρ ∣m′n′ ⟩ ⟨mn ∣ρ ∣mn ⟩, (12)

where the asterisk denotes complex conjugation of the
vector components w.r.t. {∣m ⟩}m and the prefactor
γ̃mm′nn′ is given by

γ̃mm′nn′ =
⎧⎪⎪⎨⎪⎪⎩

0 if (m −m′ − n + n′) mod d ≠ 0
√
λmλnλm′λn′ otherwise,

(13)

as we will show in the following. Here, the quantity
F1(ρ,Φ), as well as the second and third terms of F̃2 in
Eq. (12) can be obtained directly from measurements in
the standard basis {∣mn ⟩}m,n, whereas the first term of

F̃2 is constructed from diagonal density matrix elements
w.r.t. to the tilted bases with elements

∣ j̃ ⟩ = 1√
∑n λn

d−1
∑
m=0

ωjm
√
λm ∣m ⟩ , (14)

where ω = e2πi/d. This non-orthogonal construction is
motivated by the observations that ∣Φ ⟩ is in general non-
maximally entangled and that the tilted basis interpo-
lates between the measurement bases required to obtain
unit fidelities for pure product states ∣Φ ⟩ = ∣mn ⟩ (where
the standard basis suffices) and for maximally entangled
states ∣Φ ⟩ = ∣Φ+ ⟩ (where the tilted basis becomes unbi-
ased w.r.t. to the standard basis). The tilted basis {∣ j̃ ⟩}j
can be seen as a particular construction of a basis that
satisfies the condition ∣ ⟨m∣ j̃ ⟩ ∣2 = λmλj∀m,j with the
standard basis {∣m ⟩}m. Notice that the standard defi-
nition of mutually unbiased bases (MUBs) is recovered
when λi = 1√

d
∀i.

For the proof, we then focus on the matrix elements
obtained from measurements w.r.t. the tilted basis. That
is, we define the quantity

Σ ∶=
d−1
∑
j=0

⟨ j̃j̃∗ ∣ρ ∣ j̃j̃∗ ⟩ = 1
(∑k λk)2 ∑

m,m′

n,n′

√
λmλnλm′λn′

×
d−1
∑
j=0

ωj(m−m′−n+n′) ⟨m′n′ ∣ρ ∣mn ⟩ . (15)

The sums over the standard basis components can then
be split into several contributions. When m = m′ and
n = n′, the phases all cancel, the sum over the tilted
basis elements has d equal contributions, and we hence
have

Σ1 ∶= d
(∑k λk)2 ∑

m,n

λmλn ⟨mn ∣ρ ∣mn ⟩ . (16)

When m = m′ but n ≠ n′ (or vice versa) one finds terms
containing the sum

d−1
∑
j=0

ωj(n
′−n) = δnn′ . (17)

Since n ≠ n′, these terms vanish. For all remaining con-
tributions to Σ one has m ≠m′ and n ≠ n′. These terms
then again split into three sets. First, for m = n and
m′ = n′ we recover the desired terms of the form

Σ2 ∶= d
(∑k λk)2 ∑

m≠n
λmλn ⟨mm ∣ρ ∣nn ⟩ , (18)

which also appear in F2(ρ,Φ) in Eq. (11). The terms
where m = n but m′ ≠ n′ (or vice versa) again vanish due
to Eq. (17). Finally, this leaves the term

Σ3 ∶= 1
(∑k λk)2 ∑

m≠m′
m≠n
n≠n′
n′≠m′

√
λmλnλm′λn′ (19)

×
d−1
∑
j=0

ωj(m−m′−n+n′) ⟨m′n′ ∣ρ ∣mn ⟩ ,

= 1
(∑k λk)2 ∑

m≠m′
m≠n
n≠n′
n′≠m′

√
λmλnλm′λn′

×Re(cmnm′n′ ⟨m′n′ ∣ρ ∣mn ⟩),

where we have used the abbreviation cmnm′n′ ∶=
∑j ωj(m−m′−n+n′). In the last step we have replaced
cmnm′n′ by its real part, since for each combination of
values for m,n,m′, n′ the sum contains a term where the
pairs (m,n) and (m′, n′) are exchanged. Each term in
the sum is hence paired with another term that is its
complex conjugate, and the total sum is hence real.

While Σ1 and Σ2 are accessible via measurements
in the standard basis, the off-diagonal matrix elements
in Σ3 cannot be obtained from measurements w.r.t.
{∣mn ⟩}m,n. In order to provide a useful lower bound
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for Σ we therefore have to provide a bound for Σ3. To
this end, we can bound the real part by the modulus, i.e.,

Re(cmnm′n′ ⟨m′n′ ∣ρ ∣mn ⟩) ≤ ∣cmnm′n′ ⟨m′n′ ∣ρ ∣mn ⟩ ∣

= ∣cmnm′n′ ∣ ⋅ ∣⟨m′n′ ∣ρ ∣mn ⟩∣ . (20)

We then use the Cauchy-Schwarz inequality to bound the
second factor on the right-hand side of (20) by writing
ρ = ∑i pi ∣ψi ⟩⟨ψi ∣ such that

∣⟨m′n′ ∣ρ ∣mn ⟩∣ = ∣∑
i

√
pi ⟨m′n′ ∣ψi ⟩

√
pi ⟨ψi ∣mn ⟩ ∣

≤
√
∑
i

pi ⟨m′n′ ∣ψi ⟩ ⟨ψi ∣m′n′ ⟩

×
√
∑
i

pi ⟨mn∣ψi ⟩ ⟨ψi ∣mn ⟩

=
√

⟨m′n′ ∣ρ ∣m′n′ ⟩ ⟨mn ∣ρ ∣mn ⟩. (21)

In Eq. (20), note that in the first factor, ∣cmnm′n′ ∣, the

sum ∑j ωj(m−m′−n+n′) vanishes whenever (m−m′−n+n′)
mod d ≠ 0, and equals to d otherwise. Collecting
cmnm′n′/d with

√
λmλnλm′λn′ into γ̃mm′nn′ as defined

in Eq. (13), this allows us to bound the quantity Σ3 ac-
cording to

Σ3 ≤ d
(∑k λk)2 ∑

m≠m′
m≠n
n≠n′
n′≠m′

m−m′−n+n′=0

γ̃mm′nn′
√

⟨m′n′ ∣ρ ∣m′n′ ⟩ ⟨mn ∣ρ ∣mn ⟩.

(22)

Collecting the different contributions to Σ we thus have

Σ = Σ1 +Σ2 +Σ3 =
d−1
∑
j=0

⟨ j̃j̃∗ ∣ρ ∣ j̃j̃∗ ⟩ (23)

≤ d
(∑k λk)2 (∑

m,n

λmλn ⟨mn ∣ρ ∣mn ⟩ + ∑
m≠n

λmλn ⟨mm ∣ρ ∣nn ⟩

+ ∑
m≠m′
m≠n
n≠n′
n′≠m′

m−m′−n+n′=0

γ̃mm′nn′
√

⟨m′n′ ∣ρ ∣m′n′ ⟩ ⟨mn ∣ρ ∣mn ⟩ ).

Conversely, this means that the term F2 can be bounded
by

F2 = ∑
m≠n

λmλn ⟨mm ∣ρ ∣nn ⟩ (24)

≥ (∑k λk)2
d

d−1
∑
j=0

⟨ j̃j̃∗ ∣ρ ∣ j̃j̃∗ ⟩ − ∑
m,n

λmλn ⟨mn ∣ρ ∣mn ⟩

− ∑
m≠m′
m≠n
n≠n′
n′≠m′

m−m′−n+n′=0

γ̃mm′nn′
√

⟨m′n′ ∣ρ ∣m′n′ ⟩ ⟨mn ∣ρ ∣mn ⟩,

as claimed for the quantity F̃2 in Eq. (12). The fidelity
F (ρ,Φ) can hence be bounded by measurements in only
two local bases, {∣m ⟩}m and {∣ j̃ ⟩}j , for each party, i.e.,

two global product bases {∣mn ⟩}m,n and {∣ ĩj̃∗ ⟩}i,j .

Tightness of the fidelity bound

In this section, we show that whenever the system state
ρ is either equal to the (pure) target state ρ = ∣Φ ⟩⟨Φ ∣
or is a dephased maximally entangled state ρdeph(p) =
p ∣Φ+ ⟩⟨Φ+ ∣ + 1−p

d ∑m ∣mm ⟩⟨mm ∣, the Schmidt number

witness F̃ (ρ,Φ) > Bk−1(Φ) is not only a sufficient, but
also a necessary condition for ∣Φ ⟩ or ρdeph to have a
Schmidt rank larger or equal than k. For the state ∣Φ ⟩
this is obvious. Since the coefficients λm are determined
by measurements in the Schmidt basis of ρ = ∣Φ ⟩⟨Φ ∣, the

fidelity bound is tight, and we have F̃ (ρ,Φ) = F (ρ,Φ) = 1
and Bk(Φ) is equal to 1 if and only if k = d.

For dephased maximally entangled states we proceed
by showing that there exists a Schmidt-rank k state
ρdeph(p = pk) such that F (ρdeph(pk),Φ) = Bk(Φ) for ev-
ery k. To this end, first note that ρdeph can be written
as

ρdeph = p ∣Φ+ ⟩⟨Φ+ ∣ + 1−p
d ∑

m

∣mm ⟩⟨mm ∣

= 1
d∑
m

∣mm ⟩⟨mm ∣ + p
d ∑
m≠n

∣mm ⟩⟨nn ∣ , (25)

which implies that λm = 1√
d
∀m. That is, the corre-

sponding target state is ∣Φ ⟩ = ∣Φ+ ⟩ and Bk = k
d
. The

relevant fidelity then evaluates to

F (ρ,Φ) = F (ρdeph,Φ+) = 1+p(d−1)
d

, (26)

and F (ρdeph,Φ+) = Bk for p = pk = k−1
d−1 . All we need

to do now is to show that ρdeph(pk) has a Schmidt rank
no larger than k. To see this, consider the family of
maximally entangled states in dimension k, i.e.,

∣Φ+
α ⟩ ∶= 1√

∣α∣ ∑
m∈α

∣mm ⟩ , (27)

where α ⊂ {0,1, . . . , d − 1} with cardinality ∣α∣ = k. In

dimension d, we can find (d
k
) such states and consider

their incoherent mixture, i.e.,

ρk =
1

(d
k
)
∑

α s.t. ∣α∣=k
∣Φ+

α ⟩⟨Φ+
α ∣ . (28)

Since each of the Φ+
α has Schmidt rank k, the convex

sum ρk cannot have a Schmidt rank larger than k. Since
there are (d−1

k−1) terms contributing to every nonzero di-

agonal matrix element, we have ⟨mn ∣ρk ∣mn ⟩ = 1
d
δmn.

Similarly, every nonvanishing off-diagonal matrix element
has (d−2

k−2) contributions, and we hence have ⟨mn ∣ρk ∣ ij ⟩ =
k−1

d(d−1)δmnδij for m ≠ i. It is then easy to see that the fi-

delity with the maximally entangled state (in dimension
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d) is F (ρk,Φ+) = k
d
. More specifically, comparison with

Eq. (25) reveals that ρdeph = ρk for p = pk = k−1
d−1 . Since

the Schmidt rank of ρk is smaller or equal than k, we have
hence shown that the Schmidt rank of the dephased max-
imally entangled state ρdeph(pk) with F (ρdeph(pk),Φ) =
Bk is k or less. Consequently, F (ρdeph,Φ+) > Bk−1 is
a necessary and sufficient condition for ρdeph to have
Schmidt rank k.

Moreover, since the fidelity bound F̃ ≤ F is tight for
ρdeph already for M = 1 and the tilted basis is unbiased
w.r.t. the standard basis for dephased maximally
entangled states, we can conclude that measurements in
two unbiased bases provide the necessary and sufficient
condition F̃ (ρdeph,Φ+) > Bk−1 for Schmidt rank k for
these states.

Role of the target state

The initial designation of the target state ∣Φ ⟩, or rather
its Schmidt basis, helps to suitably adapt the dimension-
ality witness to the experimental situation. Although
identifying the Schmidt basis from the setup could in
principle be seen as an assumption about the underlying
state, choosing a basis that is far from the Schmidt basis
doesn’t invalidate our certification method. Since the lat-
ter is based on lower-bounding the fidelity to the target
state, such a misidentification would simply result in a re-
duced performance by using lower bounds on the fidelity
to a state that is far from the actual state. An analy-
sis of how our fidelity bounds are affected by a “wrong”
choice of basis is provided in the Supplementary Infor-
mation. In other words, a non-optimal guess can lead
to what is called a type-II-error (i.e., a “false negative”),
but never to a type-I-error (i.e., a “false positive”). This
means that a suboptimal guess of the target state may
lead to a less than optimal value for the certified fidelity
and/or Schmidt number. The entanglement dimension-
ality (Schmidt number) certified by a wrong choice of
basis may hence be lower than the actual entanglement
dimensionality (Schmidt number) of the underlying state
ρ, but never higher. In summary, it can be concluded
that the performance of our method may depend on the
expected target state, but the method does not require
any assumptions about the true system state ρ.

While this certification method is thus independent of
the specific circumstances in the laboratory, it can be
noted that it works particularly well for certain types of
states. For instance, whenever the target state matches
the underlying state up to pure dephasing, i.e., when
ρ = p ∣Φ ⟩⟨Φ ∣ + 1−p

d ∑m ∣mm ⟩⟨mm ∣, the fidelity bound

F̃ (ρ,Φ) ≤ F (ρ,Φ) is tight, since the last term in Eq. (12)
vanishes in this case. Moreover, whenever these states
are pure (p = 1) or dephased maximally entangled states
(arbitrary p but ∣Φ ⟩ = ∣Φ+ ⟩) one can further show that
the Schmidt number bound F (ρ,Φ) ≤ Bk(Φ) is also tight
(see Supplementary Information for derivation), in which

case we have F̃ (ρ,Φ) = F (ρ,Φ) = Bdent(Φ).
In addition, it can sometimes be helpful to select

a “wrong” target state on purpose. For example, the
maximally entangled state ∣Φ+ ⟩ = 1√

d
∑m ∣mm ⟩, i.e.,

a target state whose coefficients where chosen to be
λm = 1√

d
∀m, may at times offer a higher Schmidt

number lower bound than a target state with coefficients
λm taken from the measurement results in the standard
basis, even though the fidelity bound would be lower.
In the case of the maximally entangled target state,
the tilted basis becomes an orthonormal basis that is
mutually unbiased w.r.t. to the standard basis and we
have Bk(Φ+) = k

d
. Since this bound is lower than for

general values of λm, it may be easier to overcome,
particularly in the presence of noise, and hence yield a
higher certified Schmidt number. Indeed, this is the case
in our experimental realization (see Table II of the main
text), where higher fidelity bounds are attained with the
tilted basis but higher Schmidt number is obtained using
MUBs. It is important to point out again, however,
that regardless of the choice of target state, the certified
fidelity and Schmidt number will always be correct and
never over-estimated. In practice this means that a
bad choice of basis may lead to a worse noise resistance
and it may be harder to certify any entanglement, but
when one manages to certify it, this result can be trusted.

Experimental details

Finally, let us discuss the experimental implementa-
tion of our entanglement certification method in more
detail. As shown in Fig. 1 (a) of the main text, our
source consists of a single-spatial mode, continuous wave
405nm diode laser (Toptica iBeam Smart 405 HP) with
∼140mW of power. The laser is demagnified with a 3:1
telescope system of lenses and focused by a 500mm lens
to a spot size of 330µm (1/e2 beam diameter) at the pp-
KTP crystal. The 5mm long ppKTP crystal is designed
for degenerate Type-II spontaneous parametric downcon-
version (SPDC) from 405nm to 810nm at 25○C, and is
housed in a custom-built oven for this purpose. The
SPDC process generates orthogonally polarized pairs of
photons entangled in the Laguerre-Gaussian (LG) basis.
The photon pairs are recollimated by a 200mm lens, sep-
arated by a polarizing beamsplitter (PBS), and incident
on phase-only spatial light modulators (SLMs).

The SLMs (Holoeye PLUTO) have a parallel-aligned
LCOS design with a dimension of 15.36mm×8.64mm, res-
olution of 1920×1080 pixels, reflectivity of approximately
60%, and a diffraction efficiency of 80% at 810nm. The
photons are transformed and reflected by these SLMs
(shown in transmission for simplicity) and coupled into
single-mode fibers (SMFs) with a coupling efficiency of
approx. 50%. The SMFs carry the photons to single-
photon avalanche detectors (not shown, Excelitas SPCM-
AQRH-14-FC) with a detection efficiency of 60% at
810nm. The detectors are connected to a custom-built
coincidence counting logic (CC) with a coincidence-time
window of 5ns.

The SLMs and SMFs together act as projective filters
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for the photon spatial modes. The SLMs are used to dis-
play a computer-generated hologram (CGH) that multi-
plies the incident photon amplitude by an arbitrary am-
plitude and phase. In this manner, photons in a partic-
ular spatial mode (Laguerre-Gaussian or superpositions
thereof) are converted to a fundamental Gaussian mode,
which then effectively couples to the SMF. The manip-
ulation of both the phase and amplitude of a photon by
means of a phase-only device such as an SLM requires the
design of a class of phase-only CGHs that allow one to en-
code arbitrary scalar complex fields. Following the Type
3 method in Ref. [35], our CGH encodes the modulation
of a complex field given by s(x, y) = A(x, y) exp[iφ(x, y)]
into a phase-only function whose functional form depends
explicitly on the amplitude and phase of the field s(x, y).
This allows arbitrary complex amplitudes to be gener-
ated/measured by a phase-only device, albeit at the ex-
pense of additional loss. Additionally, we divide the
measurement amplitude s(x, y) by an offset fundamen-
tal Gaussian amplitude in order to maximize its overlap
with the SMF mode.

A two-photon count rate of approximately 23,000
pairs/sec (Gaussian modes) is measured at the detectors
(with blazed gratings displayed on the SLMs), and singles
rates of 160,000 and 173,000 counts/sec in the reflected
and transmitted PBS arms respectively. The resulting
coincidence-to-singles ratios are consistent with the losses
described above in each arm. The lossy complex am-
plitude hologram described above further reduces the
two-photon Gaussian-mode count rate to 668 pairs/sec.
These holograms have a mode-dependent loss that varies
for different incident modes. In the Supplementary Infor-
mation, we discuss how the coincidence and singles rates
allow us to account for this mode-dependent loss. As
shown in Fig. 2 (a) of the main text, the resultant state
measured by these holograms in the standard Laguerre-
Gaussian basis is close to ∣Φ ⟩ = ∑10

m=0 λm ∣mm ⟩, with
89% counts on the diagonal. The individual λm val-
ues are: λ0 = 0.255, λ1 = 0.259, λ2 = 0.292, λ3 = 0.315,
λ4 = 0.335, λ5 = 0.349, λ6 = 0.339, λ7 = 0.316, λ8 = 0.305,
λ9 = 0.272, and λ10 = 0.260. Note that m ∈ {0, . . . ,10}
corresponds to Laguerre-Gaussian modes with an OAM
of ` ∈ {−5, . . . ,5}. The measured state is correlated in
OAM, as the reflection at the PBS flips the sign of one
photon from the initially OAM-anti-correlated state.

The probability that one CW pump photon down-
converts into a pair of photons in our ppKTP crystal
is 10−9. While this is two orders of magnitude higher
than β-BBO, it is still quite low. The corresponding
probability of two pairs being produced simultaneously
is then significantly lower at 10−18 and can be safely
neglected. The rate of accidental counts becomes a
factor when the singles rates are high and the mea-
surement integration time is long. For example, in
the Gaussian (brightest) modes, there are 6675 pairs
measured in 10 seconds. The total singles are 230438 and
249617, corresponding to an accidental rate of ≈2.9/sec.
Correcting for accidental coincidences in in this man-

ner increases the measured fidelities of our states slightly.

Data Availability Statement

The data that support the plots within this paper and
other findings of this study are available from the corre-
sponding author upon reasonable request.
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FIG. 1. Experimental setup. (a) A 405nm CW laser
pumps a 5mm ppKTP crystal to generate a pair of infrared
(810nm) photons via the process of Type-II spontaneous para-
metric down-conversion (SPDC), which are entangled in their
orbital angular momentum (OAM). The pump is removed
by a dichroic mirror (DM) and the two photons are sepa-
rated by a polarizing beam splitter (PBS) and incident on
two phase-only spatial light modulators (SLMs). A half-wave
plate (HWP) is used to rotate the polarization of the reflected
photon from vertical to horizontal, allowing it to be manip-
ulated by the SLM. In combination with single-mode fibers
(SMFs), the SLMs act as spatial mode filters. The filtered
photons are detected by single-photon avalanche photodiodes
(not shown) and time-coincident events are registered by a co-
incidence counting logic (CC); (b) and (c) upper rows: exam-
ples of computer-generated holograms displayed on the SLMs
for measuring the photons in a d = 11 dimensional space; (b)
and (c) left panels: standard LG basis modes with azimuthal
quantum number ` = −5 and −4; right panels of (b): 3 basis
states from a MUB (denoted MUB1, MUB2, MUB3); right
panel of (c): 3 basis states from a tilted basis [Eq. (6) ](de-
noted TILT1, TILT2, TILT3); (b) and (c) lower rows: inten-
sity images of the modes filtered by these holograms (see the
Supplementary Information for details on how these intensity
images were obtained).
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FIG. 2. Experimental data certifying 9-dimensional entanglement. Two-photon coincidence counts showing orbital
angular momentum correlations in: (a) the standard LG basis {∣m ⟩ , ∣n ⟩}m,n, (b) the tilted basis {∣ ĩ ⟩ , ∣ j̃∗ ⟩}i,j , and (c) the
first mutually unbiased basis {∣ i ⟩ , ∣ j∗ ⟩}i,j . As seen in (a), our generated state is not maximally entangled (measured Schmidt
coefficients λm can be found in the Supplementary Information). For each set of two-basis measurements, we calculate a fidelity

to the d = 11 target state of F̃ (ρ,Φ) = 76.2 ± 0.6% (LG and tilted bases), and F̃ (ρ,Φ+
) = 74.8 ± 0.4% (LG and MUB). Even

though the fidelity bound in the tilted case (b) is higher, the Schmidt number bounds are also higher and more difficult to
overcome, yielding a certified entanglement dimensionality of dent = 8, slightly lower than the bound of dent = 9 obtained in the
MUB case (c).
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