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SCALABLE BAYESIAN UNCERTAINTY QUANTIFICATION IN1

IMAGING INVERSE PROBLEMS VIA CONVEX OPTIMIZATION∗2

AUDREY REPETTI † , MARCELO PEREYRA ‡ , AND YVES WIAUX†3

Abstract. We propose a Bayesian uncertainty quantification method for large-scale imaging4
inverse problems. Our method applies to all Bayesian models that are log-concave, where maximum-5
a-posteriori (MAP) estimation is a convex optimization problem. The method is a framework to6
analyse the confidence in specific structures observed in MAP estimates (e.g., lesions in medical7
imaging, celestial sources in astronomical imaging), to enable using them as evidence to inform deci-8
sions and conclusions. Precisely, following Bayesian decision theory, we seek to assert the structures9
under scrutiny by performing a Bayesian hypothesis test that proceeds as follows: firstly, it postu-10
lates that the structures are not present in the true image, and then seeks to use the data and prior11
knowledge to reject this null hypothesis with high probability. Computing such tests for imaging12
problems is generally very difficult because of the high dimensionality involved. A main feature of13
this work is to leverage probability concentration phenomena and the underlying convex geometry to14
formulate the Bayesian hypothesis test as a convex problem, that we then efficiently solve by using15
scalable optimization algorithms. This allows scaling to high-resolution and high-sensitivity imaging16
problems that are computationally unaffordable for other Bayesian computation approaches. We17
illustrate our methodology, dubbed BUQO (Bayesian Uncertainty Quantification by Optimization),18
on a range of challenging Fourier imaging problems arising in astronomy and medicine. Matlab19
code for the proposed uncertainty quantification method is available on GitHub.20

Key words. Bayesian inference; uncertainty quantification; hypothesis testing; inverse prob-21
lems; convex optimization; image processing.22

AMS subject classifications. 62F03, 62F15, 49N45, 68U1023

1. Introduction. In this paper, we consider the problem of estimating an un-24

known image x ∈ RN from an observation y ∈ CM , related to x by a statistical model25

p(y|x). We focus on linear problems of the form26

(1) y = Φx + w,27

where Φ: RN → CM is a known observation operator and w ∈ CM is a realization28

of random noise, with variance σ > 0. We assume that w has bounded energy, i.e.29

‖w‖2 6 ǫ with ǫ > 0 known, and ‖ · ‖ being the usual Euclidean norm. Following30

a maximum entropy approach, we use the uniform likelihood p(y|x) ∝ 1B(y,ǫ)(Φx),31

where B2(y, ε) denotes the ℓ2 ball centred in y with radius ǫ, and where, for every32

s ∈ CM , the function 1B(y,ǫ)(s) = 1 if s ∈ B(y, ǫ), and 1B(y,ǫ)(s) = 0 otherwise.133

In imaging sciences, the problem of estimating x from y is often ill-posed or ill-34

conditioned, resulting in significant uncertainty about the true value of x [41] (this35

arises for example in compressive sensing problems where the dimensions M ≪ N).36

Bayesian imaging methods address this difficulty by using prior knowledge about x to37

regularise the estimation problem and reduce the uncertainty about x [41]. Formally,38

they model x as a random vector with prior distribution p(x) promoting expected39
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Funding: This work was supported by the UK Engineering and Physical Sciences Research

Council (EPSRC, grant EP/M008843/1 and EP/M019306/1).
†School of Engineering and Physical Sciences, Heriot-Watt University, Edinburgh EH14 4AS,

United Kingdom (a.repetti@hw.ac.uk, y.wiaux@hw.ac.uk).
‡School of Mathematical and Computer Sciences, Heriot-Watt University, Edinburgh EH14 4AS,

United Kingdom (m.pereyra@hw.ac.uk).
1The likelihood p(x|y) ∝ 1B(y,ǫ)(Φx) can also be used as an approximation in cases where

‖w‖2 6 ǫ holds with high probability. See Section 4 for more details.
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2 A. REPETTI, M. PEREYRA, AND Y. WIAUX

properties (e.g., sparsity or smoothness), and combine observed and prior information40

by using Bayes’ theorem to produce the posterior distribution [41]41

(2) p(x|y) =
p(y|x)p(x)∫

RN p(y|x)p(x)dx
,42

which models our knowledge about x after observing y. 243

In a manner akin to [37], here we assume that (2) is log-concave of the form44

(3)

{
p(x|y) ∝ exp

(
−g1(x, y) − g2(x)

)
,

g1(x, y) = ιB(y,ǫ)(Φx),
45

where g2(x) = − log p(x) with g2 ∈ Γ0(RN )3, and ιB(y,ǫ) denotes the indicator function46

of the ℓ2 ball B(y, ǫ). Precisely, for a closed, non-empty, convex subset C of RN , the47

indicator function of C at a point x ∈ RN is defined by48

(4) (∀x ∈ R
N ) ιC(x) =

{
0, if x ∈ C,

+∞, otherwise.
49

For example, in many imaging problems g2 is of the form50

(5) (∀x ∈ R
N ) g2(x) = f(Ψx) + ιC(x),51

where Ψ: RN → RL is an analysis operator, f ∈ Γ0(RL) typically corresponds to an52

ℓp norm (p > 1) promoting regularity or sparsity in the domain induced by Ψ, and53

C is a closed non-empty convex subset of RN encoding constraints on the solution54

space. Observe that (5) encompasses sparsity aware models developed during the last55

decade in the compressed sensing framework [27, 15]. In particular, Ψ may be related56

to a differential operator (e.g. the horizontal and vertical gradients defining the total57

variation (TV) image prior [43, 16], or a possibly redundant wavelet transform [34].58

Once a model p(x|y) has been defined, imaging methods generally solve the image59

estimation problem by computing a point estimator of x|y. In particular, most modern60

methods exploit the convexity properties of p(x|y) and use the MAP estimator61

(6) x† ∈ Argmax
x∈RN

p(x|y) = Argmin
x∈RN

g1(x, y) + g2(x),62

which can be computed efficiently using convex optimization techniques [11, 22, 33].63

In particular, the so-called proximal optimization methods received a lot of attention,64

for example forward-backward algorithms [45, 24, 5, 2, 20], and primal-dual algorithms65

[30, 17, 25, 47, 23, 13, 1, 8, 33].66

Summarising x|y with a single point x† has the key advantage of producing a67

solution that can be easily displayed and visually analysed. However, a main lim-68

itation of this approach is that it does not provide any information regarding the69

uncertainty in the solution delivered [6]. As explained previously, quantifying this un-70

certainty is important in many applications related to quantitative imaging, scientific71

inquiry, and image-driven decision-making, where it is necessary to analyse images as72

2Notice that we use generic Bayesian notation. We use p for all density functions, and use
conditioning to implicitly distinguish between random variables and their realization.

3Γ0(RN ) is the set of lower semi-continuous, proper, convex functions from RN to ] − ∞, +∞[.
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Fig. 1: Illustration for the need of uncertainty quantification in the context of RI
imaging with random Gaussian Fourier samplings. (a) MAP estimate x† ∈ RN of
the W28 supernova, in log scale, obtained from under-sampled (continuous) Fourier
measurements y ∈ CM , with N = 256×256, M = N/2, and σ2 = 0.01. (b) Normalized
continuous Fourier space showing the magnitude of the measurements y.

high-dimensional physical measurements and not as pictures. This analysis is partic-73

ularly important in imaging problems that are ill-posed or ill-conditioned because of74

their high intrinsic uncertainty. For illustration, Fig. 1(a) shows an estimate x† of the75

W28 supernova, obtained from the under-sampled Fourier measurements of Fig. 1 (b),76

with M/N = 0.5, by using a Bayesian model tailored to radio-astronomical imaging.77

Clearly, the estimation problem is challenging given the severe under-sampling. For78

this specific imaging setup, what is the uncertainty involved in the estimate x†? In79

particular, are we confident about the different structures observed in x†? We expect80

the main structures to be reliably recovered, but is this also true for the structures of81

weak amplitude in the background? Perhaps they are reconstruction artefacts.82

The objective of this paper is contribute statistical imaging methodology to probe83

the data and investigate this type of questions. The proposed method, namely BUQO84

(Bayesian Uncertainty Quantification by Optimization), consists in quantifying the85

uncertainty of the structures under scrutiny by performing a Bayesian hypothesis86

test. This test consists of two steps: firstly, it postulates that the structures are87

not present in the true image, and secondly the data and prior knowledge are used88

to determine if this null hypothesis is rejected with high probability. Computing89

such tests for imaging problems is often intractable due to the high dimensionality90

involved. In this work, we propose to leverage probability concentration phenomena91

and the underlying convex geometry to formulate the Bayesian hypothesis test as92

a convex problem. The resulting problem can then be solved efficiently by using93

scalable optimization algorithms. This allows scaling to high-resolution and high-94

sensitivity imaging problems that are computationally unaffordable for other Bayesian95

computation approaches. To illustrate the proposed BUQO methodology, we apply it96

to a range of challenging Fourier imaging problems arising in astronomy and medicine.97

The remainder of the paper is organized as follows. Section 2, introduces the98

Bayesian uncertainty quantification framework that underpins our work. The pro-99

This manuscript is for review purposes only.



4 A. REPETTI, M. PEREYRA, AND Y. WIAUX

posed methodology is presented in Section 3. Section 4 illustrates the method on two100

challenging Fourier imaging problems related to radio astronomy and magnetic reso-101

nance imaging. Section 5 is a discussion of the proposed methodology. Conclusions102

and perspectives for future work are finally reported in Section 6.103

2. Imaging and Bayesian uncertainty quantification. The Bayesian104

paradigm provides a powerful methodological framework to analyse uncertainty in105

imaging inverse problems. One main approach, adopted in [37, 14], is to compute106

confidence or credible regions that indicate where x|y takes values with high prob-107

ability. This allows testing if specific images belong to the set of likely solutions108

and making some preliminary analyses. However, its capacity for formal uncertainty109

quantification is very limited.110

To properly assess the degree of confidence in specific image structures it is nec-111

essary to perform a Bayesian hypothesis test. Formally, we postulate two hypotheses:112

H0 : The structure of interest is ABSENT in the true image ,

H1 : The structure of interest is PRESENT in the true image.
113

These hypotheses split the image space RN in two regions: a region S associated114

with H0 with all images without the structure of interest, and the complement RN \ S115

associated with H1. Then, from Bayesian decision theory, we reject H0 in favour of116

H1 with significance level α ∈]0, 1[ if117

P [H0|y] = P [x ∈ S|y] =

∫

S

p(x|y)dx 6 α ,(7)118

or equivalently, if the posterior ratio119

P [H1|y]

P [H0|y]
=

P
[
x ∈ {RN − S}|y

]

P [x ∈ S|y]
>

1 − α

α
.120

Unfortunately, computing hypothesis tests for images requires calculating proba-121

bilities w.r.t. p(x|y), which are generally intractable because of the high-122

dimensionality involved. These probabilities can be approximated with high accuracy123

by Monte Carlo integration [42] (for example by using the state-of-the-art proximal124

Markov chain Monte Carlo algorithm [36, 28]). Nevertheless, the computational cost125

associated with these methods is often several orders of magnitude higher than that126

involved in computing the MAP estimator by convex optimization. Consequently,127

most of the imaging methods used in practice do not quantify uncertainty.128

3. Proposed BUQO method.129

3.1. Uncertainty quantification approach. A main contribution of this pa-130

per is to exploit the log-concavity of p(x|y) to formulate the hypothesis test (7) as131

a convex program that can be solved straightforwardly by using modern convex op-132

timization algorithms when S is a convex set. The proposed method only assumes133

knowledge of the MAP estimator x†, and does not require computing probabilities.134

We first introduce the convex program associated with (7), then describe the pro-135

posed convex optimization algorithm used to solve it, and subsequently present our136

approach to specify the set S associated with H0.137

The proposed method solves the hypothesis test by comparing S with the region138

of the solution space where most of the posterior probability mass of x|y lies. Such139

regions are known as posterior credible sets in the Bayesian literature [37]. Precisely,140

This manuscript is for review purposes only.



SCALABLE UNCERTAINTY QUANTIFICATION IN IMAGING 5

a set Cα is a posterior credible region with confidence level (1 − α) if P (x ∈ Cα|y) =141

1 − α for α ∈]0, 1[. Computing credible regions exactly is difficult because it requires142

calculating probabilities w.r.t. p(x|y), which is too computationally expensive when143

the dimension of x is large. Here we take advantage of the conservative credible144

region recently proposed in [37], which is available for free in problems solved by145

MAP estimation. Precisely, for any α ∈]4 exp(−N/3), 1[, we use the region146

(8) C̃α =
{

x ∈ R
N | Φx ∈ B2(y, ε) and g2(x) 6 η̃α

}
,147

where the threshold η̃α = g2(x†) + N(τα + 1) with τα =
√

16 log(3/α)/N and x† ∈148

B2(y, ε) is the MAP estimator (6).149

The set C̃α is a conservative Bayesian confidence region for x|y; i.e., P (x ∈ C̃α|y) >150

1−α. Observe that, in addition to being computationally straightforward, C̃α is also a151

convex set because p(x|y) is log-concave and has convex superlevel sets. This property152

will play a central role in our algorithm to compute the hypothesis test.153

Theorem 3.1. Consider the posterior distribution p(x|y) given in (3). For any

α ∈]4 exp(−N/3), 1[, let C̃α be the convex set (8), and S be the set associated with the
null hypothesis H0. If the following non-feasibility condition holds

C̃α ∩ S = ∅ ,

then H0 is rejected in favour of H1 with significance α,

P [H0|y] 6 α and
P [H1|y]

P [H0|y]
>

1 − α

α
.

Proof. If C̃α ∩ S = ∅, then we have S ⊂ RN \ C̃α, which implies that P [H0|y] =154

P [x ∈ S|y] = 1 − P
[
x ∈ C̃α|y

]
. In addition, according to [37, Theorem 3.1.], for any155

α ∈]4 exp(−N/3), 1[, we have P [H0|y] 6 α, hence concluding the proof.156

Remark 3.2. The converse of Theorem 3.1 is not true; i.e., C̃α ∩ S 6= ∅ does not157

imply P [H0|y] > α. It is possible that S ⊂ C̃α with P [H0|y] arbitrarily small. Hence,158

when C̃α ∩ S 6= ∅ we fail to reject the null hypothesis H0.159

From Theorem 3.1, we can verify if P [H0|y] 6 α by solving the following problem:160

(9) determine if C̃α ∩ S = ∅ .161

There are two possible outcomes: either C̃α ∩ S = ∅ or C̃α ∩ S 6= ∅. If C̃α ∩ S = ∅162

for a small value of α, we conclude that there is strong evidence for the structure163

considered. Moreover, in that case we also compute the distance between C̃α and S,164

(10) dist(C̃α, S) = inf ‖C̃α − S‖ = inf
{

‖x
C̃α

− xS‖ : (x
C̃α

, xS) ∈ C̃α × S
}

.165

We will later discuss using this distance to quantify the uncertainty in the intensity166

of the structure considered (precisely, to lower bound the structure’s intensity).167

If we determine that C̃α ∩S 6= ∅, this suggests that the evidence for the structure168

under scrutiny is weak. In particular, that the structure is not present in all of the169

images that p(x|y) considers likely solutions to our inverse problem. Following on170

from this, to produce an example of such solution we solve the feasibility problem171

(11) find x‡ ∈ C̃α ∩ S .172

This manuscript is for review purposes only.



6 A. REPETTI, M. PEREYRA, AND Y. WIAUX

We view x‡ as a counter-example solution where the structure of interest does not173

exist.174

Furthermore, we propose to rely on the von Neumann algorithm [46, 32, 18, 12] to175

solve problem (9)-(11). This POCS algorithm alternates Euclidean projections onto176

the set C̃α and the set S. Formally, the Euclidean projection of x ∈ RN onto S is177

ΠS(x) = argmin
u∈S

‖x − u‖2.(12)178
179

The main iterations of the von Neumann method are described in Algorithm 1.180

Algorithm 1 POCS algorithm to solve problem (11).

1: Initialization: Let x(0) ∈ S.

2: For k = 0, 1, . . .

3: x(k+ 1

2
) = Π

C̃α

(
x(k)

)

4: x(k+1) = ΠS

(
x(k+ 1

2
)
)

5: end for

The following convergence result from [3, Thm. 4.8] allows to determine if the181

intersection between C̃α and S is empty or not.182

Theorem 3.3 (Thm. 4.8 in [3]). Let (x(k+ 1

2
))k∈N and (x(k))k∈N be sequences183

generated by Algorithm 1. The following assertions hold:184

(i) If C̃α ∩ S 6= ∅, then the sequences (x(k+ 1

2
))k∈N and (x(k))k∈N both converge185

to a point x‡ ∈ C̃α ∩ S.186

(ii) If C̃α ∩ S = ∅, then the sequence (x(k+ 1

2
))k∈N converges to x‡

C̃α

∈ C̃α and the187

sequence (x(k))k∈N converges to x‡
S ∈ S. In addition, we have ‖x‡

C̃α

− x‡
S‖ =188

dist(C̃α, S).189

Accelerated versions of the POCS algorithm are discussed in Section 5.2. A simple190

example illustrating Theorem 3.3 is given in Figure 2.191

We are now in a position to present our approach to construct the set S. This192

construction should be intuitive, easy to interpret, and sufficiently flexible to accom-193

modate a broad range of scenarios. Also, it should guarantee that S is convex and194

hence that the non-feasibility condition C̃α ∩ S = ∅ is easy to evaluate.195

We define S as the intersection of L convex sets S1, . . . , SL related to different196

properties that we wish to encode in the test, i.e.,197

(13) S =
{

x ∈ R
N | (∀l ∈ {1, . . . , L}) x ∈ Sl

}
.198

We illustrate the definition of S with the following two examples that will be also199

relevant for the experiments that we report in Section 4. The first example is related200

to spatially localized image structures appearing in x†, such as a tumour in a medical201

image. The second example is related to background removal; this is useful for instance202

to assess low-intensity sources appearing in the background of astronomical images.203

Before giving the particular definitions associated with the localized structures and204

the background, we need to introduce an additional image x†
S ∈ S defined such that205

x† − x†
S corresponds to the structure of interest, as it appears in the MAP estimate206

x†.207

This manuscript is for review purposes only.



SCALABLE UNCERTAINTY QUANTIFICATION IN IMAGING 7

Fig. 2: Illustration of few iterations of Algorithm 1 in the case when C̃α ∩ S 6= ∅

(top) and C̃α ∩ S = ∅ (bottom).

Definition 3.4 (Spatially localized structures). To assess the confidence in208

a structure localized in a region M(x) ∈ RNM of the image x, we construct S by209

using an inpainting technique L that fills the pixels M(x) with the information in210

the other image pixels Mc(x) ∈ R
N−NM . To ensure that S is convex we define211

L : [0, +∞[N−NM→ [0, +∞[NM as a positive linear operator, and allow deviations from212

this linear inpainting by as much as ±τ per pixel, for some tolerance value τ > 0.213

This inpainting could potentially amplify the energy in M(x) and lead to artificial214

structures. To prevent this we enforce that M(x) ∈ B2(b, θ) where b ∈ RNM is a ref-215

erence background level for Mc(x) and θ > 0 controls the energy in M(x). Formally,216

we use (13) with L = 3 given by217

(14)





S1 = [0, +∞[N ,

S2 =
{

x ∈ RN | M(x) − L
(
Mc(x)

)
∈ [−τ, τ ]NM

}
,

S3 =
{

x ∈ RN | M(x) ∈ B2(b, θ)
}

.

218

In this case, we define x†
S such that M(x†

S) = L
(
Mc(x†)

)
and Mc(x†

S) = Mc(x†).219

In addition, b and θ are chosen such that x†
S belongs to S.220

Definition 3.5 (Background removal). To assess the confidence in low-intensity221

structures appearing in the background (e.g., determine if they exist or if they are222

This manuscript is for review purposes only.



8 A. REPETTI, M. PEREYRA, AND Y. WIAUX

artefacts due to the reconstruction process), we use (13) with L = 2 given by223

(15)

{
S1 = [0, +∞[N ,

S2 =
{

x ∈ RN | M(x) ∈ [τ , τ ]NM

}
,

224

where τ > τ > 0 are tolerance parameters on the reference background level b ∈ RNM225

for M(x). In this case, we define x†
S such that M(x†

S) = b and Mc(x†
S) = Mc(x†).226

To conclude, we now discuss our approach for using the distance between S and C̃α227

to bound the intensity of the structure of interest. Recall that dist(C̃α, S) = ‖x‡

C̃α

−x‡
S‖228

is a by-product of Algorithm 1. To relate this quantity to the structure’s intensity we229

define the normalised intensity of the structure as the ratio between dist(C̃α, S) and230

the intensity of the structure present in the MAP, given by ‖x† − x†
S‖:231

(16) ρα =
‖x‡

S − x‡

C̃α

‖

‖x† − x†
S‖

=
dist(S, C̃α)

‖x† − x†
S‖

.232

3.2. Illustration example. In this section, we provide a simulation example233

to illustrate the application of the proposed approach for uncertainty quantification.234

We consider the hypothesis test described in Section 2, with significance α = 1%. We235

focus on the example in radio-astronomical imaging described in Fig. 1. We propose to236

quantify the uncertainty of the spatially localized structure appearing on the left of the237

image. More precisely, the compact source of interest is highlighted in red on the MAP238

estimate x†, in the top-left image of Fig. 3. Mathematically, the set S corresponding239

to this structure can be defined using Definition 3.4, where τ = ϑ‖L
(
M(x†)

)
‖2/NM,240

ϑ = 10−2 being a tolerance parameter, b = 0 and θ = (1 + ϑ)‖L
(
M(x†)

)
‖. The241

operator L is built to model a smoothing operator using 2D Gaussian convolution242

kernels of sizes 3 × 3, 7 × 7 and 11 × 11.243

Once the convex set S is identified, the alternating projections method, given in244

Algorithm 1, can be applied. The two resulting images x‡

C̃α

and x‡
S are provided on245

the top-center and top-right images of Fig. 3, respectively. On the one hand, it can be246

visually observed that x‡

C̃α

and x‡
S are very similar. The structure is neither visible in247

x‡

C̃α

, nor in x‡
S . This similarity is highlighted on the bottom-center and right images248

of Fig. 3, corresponding to the images x‡

C̃α

and x‡
S zoomed in the area of interest.249

On the other hand, this visual observation is confirmed by the value of ρα. For this250

example, the structure’s confirmed intensity percentage is equal to ρα = 2.52%. Even251

if this value is not zero, we consider that we have ρα ≈ 0% due to the numerical252

approximations involved (see Section 4 for details). Consequently, we can conclude253

that C̃α ∩ S 6= ∅, H0 is not rejected, and the evidence for the structure is weak.254

The uncertainty quantification conclusions drawn above are characterized by the255

simulation parameters (M/N, σ2) = (0.5, 0.01). It is reasonable to assume that the256

uncertainty should decrease if either M/N increases, or σ decreases. For the sake257

of the illustration, we now investigate the Bayesian uncertainty of the same compact258

source, but we consider the case when (M/N, σ2) = (1, 0.01). Note that other cases259

will be provided in Section 4. The MAP estimate x† for the considered settings is260

given in the top-left image of Fig. 4. The source of interest is highlighted in red, and261

the bottom-left image of Fig. 4 shows the MAP estimate zoomed in the structure262

area.263
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Fig. 3: Illustration of the proposed uncertainty quantification method, in the context of
RI imaging. Simulation results obtained considering random Gaussian Fourier samplings,
N = 256 × 256, M = N/2 and σ2 = 0.01. From left to right, the top row shows the MAP
estimate x†, and the two resulting images from the POCS algorithm, x‡

C̃α

and x‡
S . The

Bayesian uncertainty quantification is performed on the compact source highlighted in red
on the top row MAP estimate x†. The bottom row shows images zoomed in the area of
interest corresponding, from left to right, to the MAP estimate x†, and the two resulting
images from the POCS algorithm, x‡

C̃α

and x‡
S . For this example, we have ρα ∼ 0%.

The images x‡

C̃α

and x‡
S generated by Algorithm 1 are provided on the top-center264

and top-right images of Fig. 4, respectively. It can be visually observed that x‡

C̃α

and265

x‡
S are different. In particular the structure is visible in x‡

C̃α

, while it is not visible266

in x‡
S . This difference is highlighted on the bottom-center and right images of Fig. 4,267

corresponding to the images x‡

C̃α

and x‡
S zoomed in the area of interest. The visual268

observation is confirmed by the value of ρα. For this example, the structure’s con-269

firmed intensity percentage is equal to ρα = 18.76%. Consequently, we can conclude270

that C̃α ∩ S = ∅, and, according to Theorem 3.1, H0 is rejected with significance271

α = 1%.272

3.3. Implementation details. We now discuss implementation strategies for273

the proposed methodology. In particular, Algorithm 1 requires computing the projec-274

tions onto C̃α and S, which may need to be sub-iterative depending on the structure275

of these sets. While there are several methods to compute the projection onto convex276

sets, here we choose to use primal-dual approaches (see e.g. [5, 10, 21, 23, 25, 47, 33]).277

3.3.1. Projection onto C̃α. We focus on the case where g2 is the hybrid regu-278

larization given in (5), where f = λ‖ · ‖1 is the ℓ1 norm, with λ > 0, and Ψ ∈ RN×N279
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Fig. 4: Illustration of the proposed uncertainty quantification method, in the context of
RI imaging. Simulation results obtained considering random Gaussian Fourier samplings,
N = 256 × 256, M = N and σ2 = 0.01. From left to right, the top row shows the MAP
estimate x†, and the two resulting images from the POCS algorithm, x‡

C̃α

and x‡
S . The

Bayesian uncertainty quantification is performed on the compact source highlighted in red
on the top row MAP estimate x†. The bottom row shows images zoomed in the area of
interest corresponding, from left to right, to the MAP estimate x†, and the two resulting
images from the POCS algorithm, x‡

C̃α

and x‡
S . For this example, we have ρα = 18.76%.

is an orthogonal basis. Accordingly, the MAP estimator is given by280

(17) x† ∈ Argmin
x∈R

N

λ‖Ψx‖1 + ιC(x) + ιB2(y,ε)(Φx).281

In our experiments we use C = [0, +∞[N to enforce pixel non-negativity. Moreover,282

C̃α =
{

x ∈ [0, +∞[N | Φx ∈ B2(y, ε) and λ‖Ψx‖1 6 λ‖Ψx†‖1 + N(τα + 1)
}

,283

=
{

x ∈ [0, +∞[N | Φx ∈ B2(y, ε) and Ψx ∈ B1(0, η̃α/λ)
}

,(18)284
285

where η̃α = λ‖Ψx†‖1 + N(τα + 1), and B1(0, η̃α/λ) denotes the ℓ1 ball centred in286

0 with radius η̃α/λ. In this particular case, at iteration k ∈ N in Algorithm 1, the287

projection step 3 onto the set C̃α reads288

(19) x(k+ 1

2
) = Π

C̃α

(x(k)) = argmin
x∈R

N

F (x, x(k)),289

with, for every
(
x, x(k)

)
∈ RN × RN ,290

(20) F (x, x(k)) = ιB2(y,ε)(Φx) + ι
B1(0,η̃α/λ)

(Ψx) + ι[0,+∞[N (x) +
1

2
‖x − x(k)‖2,291
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Since the minimization problem described in (19)-(20) involves non-smooth functions292

composed with linear operators, we solve it with the primal-dual forward-backward293

algorithm developed in [25, 47]. See Algorithm 2 below.294

Algorithm 2 Primal-dual forward-backward algorithm to solve (19)-(20).

1: Initialization: Let u(0) ∈ RN , β > 0, v
(0)
1 ∈ RN , and v

(0)
2 ∈ CM . Let σ > 0 and

γ > 0 such that σ
(β

2
+ γ

(
‖Ψ‖2 + ‖Φ‖2

))
< 1.

2: For i = 0, 1, . . .

3: u(i+1) = ΠC

(
u(i) − σ

(
β(u(i) − x(k)) + Ψ†v

(i)
1 + Φ†v

(i)
2

))

4: ṽ
(i)
1 = v

(i)
1 + γΨ(2u(i+1) − u(i))

5: v
(i+1)
1 = ṽ

(i)
1 − γΠ

B1(0,η̃α/λ)

(
γ−1ṽ

(i)
1

)

6: ṽ
(i)
2 = v

(i)
2 + γΦ(2u(i+1) − u(i))

7: v
(i+1)
2 = ṽ

(i)
2 − γΠB2(y,ε)

(
γ−1ṽ

(i)
2

)

8: end for

Since C̃α is convex, for every x(k) ∈ RN , the function F (·, x(k)) is strictly convex.295

Therefore, according to [25, 47], the sequence (u(i))i∈N generated by Algorithm 2 is296

ensured to converge to the unique minimizer of F (·, x(k)) (i.e. the point of C̃α the297

closest to x(k)).298

3.3.2. Projection onto S: Definition 3.4. Consider the set S defined by (14).299

For every iteration k ∈ N, the projection step 4 onto S in Algorithm 1 is given by300

x(k+1) = ΠS(x(k+ 1

2
)

301

= argmin
x∈R

N

ι[0,+∞[N (x) + ιS2
(x) + ιB2(b,θ)

(
M(x)

)
+

1

2
‖x − x(k+ 1

2
)‖2.(21)302

303

Since304

(22) x ∈ S2 ⇔ M(x) − L
(
Mc(x)

)
∈ [τ , τ ]NM ⇔ L(x) ∈ [τ , τ ]NM ,305

where L = M − L ◦ Mc, we have306

(23) x(k+1) = argmin
x∈R

N

ι[0,+∞[N (x)+ι[τ ,τ ]NM

(
L(x)

)
+ιB2(b,θ)

(
M(x)

)
+

1

2
‖x−x(k+ 1

2
)‖2.307

This problem does not have a closed form solution, and hence needs to be solved308

by computing sub-iterations. Again, here we use a primal-dual forward-backward309

algorithm [25, 47]. The resulting method is described in Algorithm 3.310

Note that, for every x(k+ 1

2
) ∈ RN , problem (21) is strictly convex. Therefore,311

according to [25, 47], the sequence (a(j))j∈N generated by Algorithm 3 is ensured to312

converge to the unique solution to problem (21) (i.e. the point of S the closest to313

x(k+ 1

2
)).314
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Algorithm 3 Primal-dual forward-backward algorithm to solve (21).

1: Initialization: Let a(0) ∈ [0, +∞[N , p
(0)
1 ∈ RNM , and p

(0)
2 ∈ RNM . Let κ > 0 and

ν > 0 such that κ
(
ν(‖L‖2 + 1) + 1

)
< 2.

2: For j = 0, 1, . . .

3: ã(j) = a(j) − κ(a(j) − x(k+ 1

2
)) − κ

(
L†

(a(j))p
(j)
1 + M†(p

(j)
2 )

)

4: a(j+1) = Π[0,+∞[N−NM

(
ã(j)

)

5: p̃
(j)
1 = p

(j)
1 + ν L(2a(j+1) − a(j))

6: p
(j+1)
1 = p̃

(j)
1 − ν Π[τ,τ ]NM

(
ν−1p̃

(j)
1

)

7: p̃
(j)
2 = p

(j)
2 + ν M(2a(j+1) − a(j))

8: p
(j+1)
2 = p̃

(j)
2 − ν ΠB2(b,θ)

(
ν−1p̃

(j)
2

)

9: end for

3.3.3. Projection onto S: Definition 3.5. Consider the set S defined by315

(15). In this case the projection onto S has an explicit formula. In particular, at316

every iteration k ∈ N, the projection step 4 onto S in Algorithm 1 is given by317

x(k+1) = ΠS(x(k+ 1

2
)

318

= argmin
x∈R

N

ι[0,+∞[N (x) + ιS2
(x) +

1

2
‖x − x(k+ 1

2
)‖2.(24)319

320

Then, we have321

(25)

{
M(x(k+1)) = 0,

Mc(x(k+1)) = min
{

τ, max
{

τ , Mc(x(k+1))
}}

.
322

4. Simulation results. In this section we apply the proposed uncertainty quan-323

tification approach to Fourier imaging applications in radio astronomy (Section 4.2)324

and magnetic resonance in medicine (Section 4.3). We refer the reader to Section 3.2325

for an illustration example, where a step-by-step explanation is given for the practical326

application of the proposed uncertainty quantification approach.327

Before giving the uncertainty quantification results obtained using the proposed328

approach, we describe in Section 4.1 the common simulation settings.329

4.1. Simulation settings. In both the two considered applications, the MAP330

estimate x† is obtained from problem (17), where Φ is the measurement operator331

associated with each problem (defined in Sections 4.2.1 and 4.3.1), and Ψ corresponds332

to the Daubechies wavelet Db8. The bound ǫ > 0 on the ℓ2 norm of the residual333

is estimated based on the variance σ2 of the additive noise, the residual norm being334

distributed according to a χ2 distribution with 2M degrees of freedom. Then, we335

choose ε = σ
(
2M + 2

√
4M

)1/2
to impose that ε2 is 2 standard deviations above the336

mean of the χ2 distribution.337

We consider the definition of C̃α given in equation (18), with α = 1%. To choose338

λ > 0, we assume that Ψx follows an i.i.d. Laplace distribution, and we propose to339
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choose the maximum likelihood of λ based on the MAP estimate x†, i.e.:340

(26) λ =
N

‖Ψx†‖1
.341

In our simulations, we consider that Algorithm 1 has converged if one of the342

following stopping criteria is fulfilled:343

(27)

{
‖x(k+1) − x(k)‖ < 10−5‖x(k+1)‖ ,

‖x(k+ 1

2
) − x(k− 1

2
)‖ < 10−5‖x(k+ 1

2
)‖ ,

344

or345

(28) |δ(k+1) − δ(k)| < 10−5δ(k+1),346

where δ(k+1) = ‖x(k+ 1

2
) − x(k+1)‖. In other worlds, the first criterion (27) verifies347

the relative variations of the convergent sequences
(
x(k)

)
k∈N

and
(
x(k+ 1

2
)
)

k∈N
. The348

second criterion (28) verifies the relative variations of
(
δ(k)

)
n∈N

which, according to349

Theorem 3.3, converges to dist(S, C̃α).350

Note that due to the considered stopping criteria (27) and (28), the algorithm351

cannot reach exactly ‖x‡
S − x‡

C̃α

‖ = 0. Consequently, the parameter ρα introduced in352

(16) cannot be equal to 0. To take into account this numerical approximation, we353

consider that when ρα > η, with η ∼ 0, then H0 is rejected with significance α = 1%.354

For instance, in our simulations, we will choose η = 3%.355

4.2. Radio-astronomical imaging.356

4.2.1. Problem description. Radio astronomy aims to observe the sky at high357

angular resolution through an array of antennas. New radio telescopes, such as the358

future flagship Square Kilometre Array (SKA) are intended to provide images at un-359

precedented resolutions and sensitivities, and on a wide frequency band. Data rate360

estimates, for the first phase of development of the telescope only, are around few361

terabytes per second. The massive amounts of data to be acquired will represent a362

great challenge for the infrastructure and signal processing, and the methods solving363

the inverse problem associated with the image reconstruction need to be fast and to364

scale well with the data volumes and the expected image sizes (gigapixel sizes for365

monochromatic imaging). In this context, not only image estimation but also associ-366

ated uncertainty quantification methodologies, key to the scientific interpretation of367

the data, must scale to extreme dimension.368

Formally, we are interested in estimating the original sky brightness distribution369

x ∈ RN from M measurements y ∈ CM . The measurement operator Φ ∈ CM×N ,370

which in the simplest setting, consists in a non-uniform Fourier sampling operator, and371

w ∈ CM is a realization of an additive complex i.i.d. Gaussian noise with zero mean372

and variance equal to σ2 ∈ {0.01, 0.02, 0.03}, for both the real and imaginary parts373

of the noise. This model defines an ill-posed inverse problem for the recovery of the374

radio sky x. An intensity image, representing W28 supernova with N = 256 × 256, is375

shown in Figure 5(a). Radio sky images are particularly difficult to reconstruct due to376

their important dynamic range. This dynamic range can be observed in the log-scaled377

image of W28 displayed in Figure 5(b). In our simulations we consider random Fourier378

samplings. This allows us to investigate the performance of the proposed uncertainty379

quantification approach with different Fourier samplings, considering several sampling380
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Fig. 5: Radio-astronomical imaging problem. (a) Original image of W28 in linear scale.
(b) Original image of W28 in log scale. (c) Normalized continuous Fourier space showing
the frequencies selected to obtain y, using a random samplings with M/N = 0.5.

ratio values M/N ∈ {0.5, 0.75, 1}. More precisely, we use Fourier samplings generated381

randomly through a Gaussian distribution, with zero mean and variance of 0.25 of the382

maximum frequency, creating a concentration of data at low frequencies. An example383

of Fourier samplings for the ratio M/N = 0.5 is given in Figure 5(c).384

In our simulations, we will perform Bayesian uncertainty quantification on three385

different spatially localized structures and on the background of the MAP estimate,386

defined mathematically in Definitions 3.4 and 3.5, respectively.387

On the one hand, we investigate the uncertainty associated with the structures,388

denoted by Structure 1 and Structure 2, highlighted in red in the first columns of389

Figures 6 and 7 respectively. We consider as well the structure presented in Section 3.2390

for illustration of the method, namely Structure 3, highlighted in red in Figure 3.391

These three structures consist of compact or slightly extended sources corresponding392

to the definition of S given by Definition 3.4. This set S is characterized by L, built393

to model a smoothing operator using 2D Gaussian convolution kernels of sizes 3 × 3,394
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Fig. 6: Simulation results for the radio-astronomical imaging problem. Uncertainty quan-
tification of Structure 1, in the case when M/N = 0.5 and σ2 = 0.03. In this context,
ρα = 0.07% and H0 cannot be rejected. Top row: images in log scale with Structure 1
highlighted in red with, from left to right, x†, x‡

C̃α

, and x‡
S . Bottom row: zoomed images in

log scale on the area of Structure 1, corresponding to the images displayed in first row. The
log scale in the zoomed images is adapted to better emphasize Structure 1.

7 × 7 and 11 × 11, and we choose τ = ϑ‖L
(

M
(
x†

))
‖2/NM, where ϑ = 10−2. In395

addition, to define set S3, we choose b = 0 and θ = (1 + ϑ)
∥∥L

(
M

(
x†

))∥∥.396

On the other hand, we investigate the uncertainty associated with the back-397

ground including all the weak intensity structures of the MAP estimates. The back-398

grounds of the MAP solutions obtained when considering (M/N, σ2) = (1, 0.01) and399

(M/N, σ2) = (0.5, 0.03) can be seen in the first column of Figure 8, where the log scale400

has been chosen to show values ranging from 10−4.2 to max16n6N x†
n = 1. More pre-401

cisely, the first two rows correspond to the case (M/N, σ2) = (1, 0.01), with the MAP402

estimate shown in the first row and zoomed images in the second rows. Similarly,403

the last two rows correspond to the case (M/N, σ2) = (0.5, 0.03). Mathematically,404

the set considered for the uncertainty quantification of the background is described405

in Example 3.5, where τ = 0 and τ = ϑ‖M(x†)‖2/NM (for instance, ϑ = 10−2). In406

practice, for each MAP estimate x†, the background, represented by the operator M407

selecting its support, is determined through its complement, which is built in 2 steps.408

Firstly, we identify the structures of the image by selecting the elements of x† with409

values larger than 10−3 × max16n6N x†
n. Then, the selected elements are dilated with410

disks of radius of size 7 pixels.411

4.2.2. Uncertainty quantification in radio astronomy. In this section we412

present our simulation results for the radio-astronomical imaging problem described413

in the previous section. For visual comparisons, we show the images obtained with414
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Fig. 7: Simulation results for the radio-astronomical imaging problem. Uncertainty quantifi-
cation of Structure 2, in the case when M/N = 1 and σ2 = 0.01. In this context, ρα = 96.58%
of the intensity’s structure is confirmed at 99%, and H0 is rejected with significance 1%. Top
row: images in log scale with Structure 2 highlighted in red with, from left to right, x†, x‡

C̃α

,

and x‡
S . Bottom row: zoomed images in log scale on the area of Structure 2, corresponding

to the images displayed in first row. The log scale in the zoomed images is adapted to better
emphasize Structure 2.

the proposed uncertainty quantification approach, applied to the Structures 1 and 2,415

in Figs. 6 and 7, respectively.416

The top-row of Fig. 6 shows, from left to right, the MAP estimate x† obtained417

with (M/N, σ2) = (0.5, 0.03), and the two resulting images from Algorithm 1: x‡

C̃α

418

and x‡
S . In these images, Structure 1 is highlighted in red. The bottom-row of Fig. 6419

shows the images x†, x‡

C̃α

and x‡
S , zoomed in the area of Structure 1. For this choice of420

(M/N, σ2), we have ρα = 0.07% ∼ 0%, and we conclude that C̃α ∩ S 6= ∅. Therefore,421

H0 cannot be rejected.422

Similarly, Structure 2 is highlighted in red in the top-row of Fig. 7, representing,423

from left to right, the MAP estimate x† obtained with (M/N, σ2) = (1, 0.01), and the424

two corresponding images generated by Algorithm 1: x‡

C̃α

and x‡
S . The bottom-row425

of Fig. 7 shows the images x†, x‡

C̃α

and x‡
S , zoomed in the area of Structure 2. For426

this example, the structure’s confirmed intensity percentage is equal to ρα = 96.58%.427

Consequently, we conclude that C̃α ∩ S = ∅, and H0 is rejected with significance428

α = 1%.429

A complete description of the uncertainty quantification of Structure 3, in the430

cases when (M/N, σ2) = (0.5, 0.01) and (M/N, σ2) = (1, 0.01), is provided in Sec-431

tion 3.2.432

Results related to background removal are presented in Fig. 8. The top-row of433
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Fig. 8: Simulation results for the radio-astronomical imaging problem. Uncertainty quan-
tification of the background of the MAP estimate. The first two rows correspond to the case
when M/N = 1 and σ2 = 0.01. In this context, ρα = 40.07% of the intensity’s structure is
confirmed at 99%, and H0 is rejected with significance 1%. The last two rows correspond
to the case when M/N = 0.5 and σ2 = 0.03. In this context, ρα = 1.38% and H0 cannot
be rejected. In rows 1 and 3 are shown the images in log scale with a highlighted area
corresponding to the zoomed images displayed in rows 2 and 4, respectively. From left to
right: x†, x‡

C̃α

, and x‡
S . The log scale in the zoomed images is adapted to better emphasize

the areas of interest.
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σ2

0.01 0.02 0.03

M

N

0.5 0.79 0.24 0.07

0.75 1.26 0.41 0.34

1 2.24 0.83 0.59

Structure 1

σ2

0.01 0.02 0.03

M

N

0.5 2.52 0.57 0.31

0.75 11.1 1.33 0.64

1 18.76 2.54 0.97

Structure 3

σ2

0.01 0.02 0.03

M

N

0.5 95.46 94.35 93.51

0.75 96.2 95.23 94.52

1 96.58 95.72 95.15

Structure 2

σ2

0.01 0.02 0.03

M

N

0.5 16.42 2.93 1.38

0.75 33.85 17.32 6.84

1 40.07 25.09 14.11

Background

Table 1: Values of ρα in percentage (%) for the four structures of interest in the radio-
astronomical imaging problem.

this figure shows, from left to right, the MAP estimate x† obtained with (M/N, σ2) =434

(1, 0.01), and the two images obtained using the proposed approach: x‡

C̃α

and x‡
S .435

The second row of Fig. 8 shows the images x†, x‡

C̃α

and x‡
S , zoomed in the pink area.436

In this case, the structure’s confirmed intensity percentage is equal to ρα = 40.07%.437

We can deduce then that C̃α ∩ S = ∅, and we conclude that H0 is rejected with438

significance α = 1%. A second example is provided in Fig. 8, considering a smaller439

ratio M/N and a higher noise level σ2. We give in the third row of Fig. 8, from left440

to right, the MAP estimate x† obtained with (M/N, σ2) = (1, 0.01), x‡

C̃α

and x‡
S . The441

corresponding images, zoomed in the pink area, are provided in the fourth row of442

Fig. 8. For this second case, we have ρα = 1.38% ∼ 0%. Consequently, we conclude443

that C̃α ∩ S 6= ∅, and that H0 cannot be rejected.444

For all the three structures and the background, uncertainty quantification has445

been performed as well for other values of M/N and σ2. The values of ρα obtained446

for the considered cases are reported in Table 1. For all the experiments, it can be447

observed that ρα increases when M/N increases or σ2 decreases. In other words,448

larger is the number of measurements and higher is ρα. On the contrary, higher is the449

noise level and lower is ρα. This observation can be intuitively understood. Indeed,450

the MAP estimate is of lower quality when the observation data are not accurate (few451

noisy measurements). Consequently, in this case the uncertainty is higher.452

For Structure 1, the values of ρα range from 0.07% for (M/N, σ2) = (0.5, 0.03)453

to 2.24% for (M/N, σ2) = (1, 0.01). In all the considered cases, the value of ρα454

is low. As explained in Section 4.1, ρα cannot be equal to 0 due to the chosen455
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stopping criteria. However, since in the worst case, the structure’s confirmed intensity456

percentage is equal to ρα = 2.24% ∼ 0%, for all the considered cases we can conclude457

that C̃α ∩ S 6= ∅. As a consequence, we conclude that H0 cannot be rejected and that458

Structure 1 is highly uncertain.459

For Structure 2, the structure’s confirmed intensity percentage is at least equal460

to ρα = 93.51%, corresponding to (M/N, σ2) = (0.5, 0.03). More precisely, the values461

of ρα are between 93.51% for (M/N, σ2) = (0.5, 0.03) to 96.58% for (M/N, σ2) =462

(1, 0.01). Thus, depending of the considered (M/N, σ2), we can conclude that between463

93.51% and 96.58% of Structure 1 is confirmed at 99%. Consequently, for all the464

considered cases in this experiment, C̃α ∩ S = ∅ and we conclude that H0 is rejected465

with significance 1%.466

For Structure 3, the values of ρα range from 0.31% to 18.76%, for (M/N, σ2) =467

(0.03, 0.5) and (M/N, σ2) = (0.01, 1) respectively. For this structure, different con-468

clusions can be drawn. For σ2 = 0.03 we have ρα ∼ 0% for all the considered under-469

sampling ratios, and we conclude that C̃α ∩ S 6= ∅ and that H0 cannot be rejected.470

The other observations depend on the tolerance fixed by the user. For instance, if we471

consider that C̃α ∩ S 6= ∅ when ρα < 3%, the only cases when the structure is con-472

firmed are (M/N, σ2) = (0.01, 1) and (M/N, σ2) = (0.01, 0.75), where the structure’s473

confirmed intensity percentages are ρα = 18.76% and 11.1%, respectively.474

Concerning the uncertainty quantification of the background, the values of ρα475

range from 1.38% to 40.07%, for (M/N, σ2) = (0.03, 0.5) and (M/N, σ2) = (0.01, 1)476

respectively. As for Structure 3, the conclusion for the different cases presented in477

Table 1 depend on the tolerance fixed by the user. As previously, considering that478

C̃α ∩ S 6= ∅ when ρα < 3%, the only cases satisfying this condition are (M/N, σ2) =479

(0.03, 0.5) and (M/N, σ2) = (0.02, 0.5), with ρα = 1.38% ∼ 0% and ρα = 2.93% ∼ 0%480

respectively.481

4.3. Magnetic resonance imaging.482
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0.9

1

-π 0 π

-π

0

π

(a) (b)

Fig. 9: Magnetic resonance imaging problem. (a) Original simulated image of a brain.
(c) Normalized continuous Fourier space (k-space) showing the frequencies selected to obtain
y, using Cartesian trajectories.
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4.3.1. Problem description. Magnetic resonance imaging is a non-invasive483

non-ionising medical imaging technique that finds its superiority in the flexibility of484

its contrast mechanisms. It comes in various modalities ranging from high resolution485

structural imaging aiming at mapping detailed tissue structures, or high angular res-486

olution diffusion imaging mapping the structural neuronal connectivity by probing487

molecular diffusion in each voxel of the brain, to dynamic imaging mapping for exam-488

ple the heart dynamics through time. Data acquisition is intrinsically long, sometimes489

prohibitively, as it relies on sequential measurement of Fourier samples of the image490

under scrutiny, which can again be of gigapixel dimension. Fast high-resolution imag-491

ing constitutes a deep challenge for medical research, which can be addressed by the492

combination of two acceleration strategies: firstly, the use of multiple acquisition coils,493

and secondly the acquisition of an incomplete Fourier coverage. This approach gives494

rise to a large-scale ill-posed inverse problems for the recovery of structural, diffu-495

sion of dynamic images under scrutiny. Once more, not only image estimation but496

also associated uncertainty quantification methodologies, key to the diagnosis and497

subsequent treatment of potential pathologies, must scale unprecedented dimension.498

In this context, an unknown image x ∈ RN is observed simultaneously through499

nc receiver coils. An example of a simulated brain image, with N = 256 × 256, is500

shown in Figure 9(a), generated from the magnetic resonance imaging toolbox avail-501

able at http://bigwww.epfl.ch/algorithms/mri-reconstruction/. Each coil, indexed by502

c ∈ {1, . . . , nc}, acquires noisy incomplete Fourier measurements yc ∈ CM̃ of an image503

consisting of a multiplication of the unknown image under scrutiny and the spatial504

sensitivity profile of the coil. More formally, for each receiver coil c ∈ {1, . . . , nc},505

the observation measurements are given by yc = Φcx + wc, where Φc ∈ CM̃×N repre-506

sents the the Fourier sampling operator and wc ∈ CM̃ is a realization of an additive507

complex i.i.d. Gaussian noise with zero mean and variance equal to σ2 = 0.01, for508

both the real and imaginary parts of the noise. The global measurements y ∈ CM509

corresponds then to the concatenation of all the coil observations (yc)16c6nc
, with510

M = ncM̃ . In our simulations, we will consider measurements acquired from nc = 4511

receiver coils. In magnetic resonance imaging, the Fourier domain (also called k-512

space) can be sampled following different trajectories. In our simulations we use two513

different undersampling strategies. Firstly, we use the same random sampling as for514

radio astronomy imaging, described in Section 4.2.1, considering several sampling ra-515

tio values M̃/N ∈ {0.1, 0.2}. Secondly, we use a more realistic random sampling516

generated using the magnetic resonance imaging toolbox available at http://bigwww.517

epfl.ch/algorithms/mri-reconstruction/, consisting of the continuous Fourier Carte-518

sian trajectories displayed in Figure 9(b). This Fourier sampling selects M̃ = 21248519

frequencies, corresponding to under-sampling factors along frequency and phase en-520

coding direction equal to 1/1.3 and 4, respectively.521

In both the considered simulation settings, we focus on spatially localized struc-522

tures corresponding to the definition of S given by Definition 3.4. This set S is523

characterized by L, built to model a smoothing operator using 2D Gaussian convolu-524

tion kernels of sizes 3 × 3, 7 × 7 and 11 × 11, and we choose τ = ϑ‖L
(

M
(
x†

))
‖2/NM,525

where ϑ = 10−2. In addition, to define set S3, we choose b =
∥∥L

(
M

(
x†

))∥∥ and526

θ = ϑ
∥∥L

(
M

(
x†

))∥∥.527

4.3.2. Uncertainty quantification in magnetic resonance: random sam-528

pling. In this section, we present the results obtained for the simulations on the529
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σ2

0.01 0.02 0.03

M̃

N

0.1 80.17 64.95 59.09

0.2 96.86 74.77 70.80

Structure 1

σ2

0.01 0.02 0.03

M̃

N

0.1 2.49 1.01 0.62

0.2 11.31 3.18 2.09

Structure 2

Table 2: Values of ρα in percentage (%) for the two structures of interest in the magnetic
resonance imaging problem with random sampling.
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Fig. 10: Simulation results for the magnetic resonance imaging problem with random
sampling. Uncertainty quantification of Structure 1, in the case when M/N = 0.2 and
σ2 = 0.01. In this context, ρα = 96.86% of the intensity’s structure is confirmed at 99%,
and H0 is rejected with significance 1%. Top row: images in linear scale with Structure 1
highlighted in red with, from left to right: x†, x‡

C̃α

, and x‡
S . Bottom row: zoomed images in

linear scale on the area of Structure 1, corresponding to the images displayed in first row.
The scale in the zoomed images is adapted to better emphasize Structure 1.

magnetic resonance imaging problem, considering a random sampling, for M̃/N ∈530

{0.1, 0.2} and σ2 ∈ {0.01, 0.02, 0.03}. Note that, since we consider four receiver coils,531

in total we have M = 4M̃ measurements. We aim to quantify the uncertainty of the532

two structures, namely Structure 1 and Structure 2, highlighted in red in Figures 10533

and 11, respectively.534

Fig. 10 presents the experimental results obtained considering535

(M̃/N, σ2) = (0.2, 0.01). In the top-row of Fig. 10, we show, from left to right,536

the MAP estimate x† and the results from Algorithm 1, x‡

C̃α

and x‡
S . In these images,537
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Structure 1 is highlighted in red. The corresponding images, zoomed in the area of538

Structure 1, are displayed in the bottom-row of Fig. 10. For this example, the struc-539

ture’s confirmed intensity percentage is equal to ρα = 96.86%. Therefore, we conclude540

that C̃α ∩ S = ∅, and consequently that H0 is rejected with significance α = 1%.541

In Fig. 11 are presented the simulation results obtained by considering542

(M̃/N, σ2) = (0.1, 0.03). Similarly to Fig. 10, the first row shows the images x†,543

x‡

C̃α

and x‡
S , and the second row shows the associated zoomed images for the area of544

Structure 2. For this experiment, we have ρα = 0.62% ∼ 0% and we can conclude545

that C̃α ∩ S 6= ∅. Consequently, H0 cannot be rejected, and Structure 2 is highly546

uncertain.547

The values of ρα, in percentage, for the two structures of interests, for the different548

experimental settings, are provided in Table 2. According to Table 2, between 59.09%549

and 96.86% of Structure 1 is confirmed at 99%, depending on the values of M̃/N550

and σ2. Therefore, for Structure 1, for all the considered values of (M̃/N, σ2), C̃α ∩551

S = ∅ and H0 is rejected. Concerning Structure 2, ρα ranges between 0.62% and552

11.31%, for
(
M̃/N, σ2

)
= (0.1, 0.03) and

(
M̃/N, σ2

)
= (0.2, 0.01), respectively. In553

particular, higher is the ratio M̃/N and higher is ρα. At the opposite, smaller is554

σ2 and higher is ρα. For this structure, the conclusion is different depending on the555

choice of
(
M̃/N, σ2

)
. For instance, let consider thatC̃α ∩ S 6= ∅ when ρα < 3%.556

In this context, for
(
M̃/N, σ2

)
= (0.2, 0.01) (resp.

(
M̃/N, σ2

)
= (0.2, 0.02)), the557

null hypothesis H0 is rejected, and 11.31% (resp. 3.18%) of Structure 2 is confirmed558

at 99%. For all the other choices of
(
M̃/N, σ2

)
, the null hypothesis H0 cannot be559

rejected.560

4.3.3. Uncertainty quantification in magnetic resonance: Cartesian tra-561

jectories. In this section are presented the simulation results obtained for the mag-562

netic resonance imaging problem, considering the Cartesian trajectories given in Fig-563

ure 9(b). Due to the particular under-sampling obtained from these trajectories, the564

MAP estimate presents artefacts non-existing in the original image x (see Figure 9(a)).565

The MAP estimate is shown on the first column of Figure 12, where two of the arte-566

fact are highlighted in red. Zoomed images are also provided (first column, rows 2567

and 4) on the areas of these artefacts. We define these two artefact as structures568

using Definition 3.4, and we investigate their uncertainty. The results are displayed569

in Figure 12.570

The two first rows correspond to the uncertainty quantification results for the571

first artefact, at the center of the brain. The first row gives, from left to right, the572

MAP estimate x† and the two results from the alternating projections, x‡

C̃α

and x‡
S .573

For this simulation, we obtain ρα = 0.02% ∼ 0%. This result can be visually verified574

by observing that x‡

C̃α

∼ x‡
S . Consequently, we conclude that H0 cannot be rejected,575

and that this first structure is highly uncertain, which is consistent with it being an576

artefact.577

The same observations can be done for the second artefact, at the top of the brain,578

shown in the last two rows of Figure 12. In this case we have ρα = 0.01% ∼ 0%. In579

this case, H0 cannot be rejected, and we conclude that the structure defined by this580

second artefact is not confirmed.581

5. Discussions.582

5.1. Model misspecification and approximation errors. We now discuss583

some philosophical aspects of the proposed methodology, and some implicit approxi-584
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Fig. 11: Simulation results for the magnetic resonance imaging problem with random
sampling. Uncertainty quantification of Structure 2, in the case when M/N = 0.1 and
σ2 = 0.03. In this context, ρα = 0.62% and H0 cannot be rejected. Top row: images in
linear scale with Structure 2 highlighted in red with, from left to right: x†, x‡

C̃α

, and x‡
S .

Bottom row: zoomed images in linear scale on the area of Structure 2, corresponding to the
images displayed in first row. The scale in the zoomed images is adapted to better emphasize
Structure 2.

mations that their users should be aware of. The first approximation is arguably the585

mathematical analysis of the imaging problem and its related uncertainty. That is,586

the fact that we formulate the problem mathematically to operate in a mathematical587

framework and deliver a mathematical solution for a real imaging problem always588

involves an approximation, despite the fact that our methodology has been rigorously589

mathematically derived. The statistical model p(x|y) is of course an explicit approx-590

imation because p(y|x) and p(x) are inevitably misspecified. Similarly, S is also a591

modelling choice motivated by operational considerations (e.g., convexity). Mapping592

the results of a hypothesis test to statements and conclusions about real structures is593

also a form of implicit approximation. With this in mind, we understand our method-594

ology as a tool for exploring uncertainty and supporting the use of images as evidence595

to inform decisions and conclusions. However, we do not attach particular attention596

to specific significance levels (e.g. α = 0.01) because we do not believe that models597

are sufficiently well calibrated to allow accurate statements of posterior probabilities.598

5.2. Fast alternating projection methods. It is worth noticing that there599

are multiple methods in the literature to solve convex feasibility problems such as600

(11) (see [4, 29, 26] for details). The case considered in this paper is more subtle, in601

that we first need to determine if the problem is feasible or not. Because C̃α ∩ S = ∅602
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Fig. 12: Images showing the simulation results for the magnetic resonance imaging problem
considering the Cartesian trajectories displayed in Figure 9(b). Uncertainty quantification
for two artefacts appearing in the MAP estimate, with corresponding ρα = 0.02% (first two
rows) and ρα = 0.01% (last two rows). In both cases H0 cannot be rejected. Rows 1 and 3:
images in linear scale with the structures of interest highlighted in red with, from left to right:
x†, x‡

C̃α

, and x‡
S . Rows 2 and 4: zoomed images in linear scale on the area of the structures

of interest, corresponding to the images displayed in rows 1 and 3, respectively. The scales
in the zoomed images are adapted to better emphasize the two structures of interest.
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holds if and only if dist
(
C̃α, S

)
> 0, we could also formulate (9) as follows:603

(29) find
(
x‡

C̃α

, x‡
S

)
= argmin(

x
C̃α

,xS

)
∈R

2N

‖x
C̃α

− xS‖2 s.t.
(
x

C̃α

, xS

)
∈ C̃α × S.604

This problem is strictly convex on
(
x

C̃α

, xS

)
and can be solved using recent convex605

optimization techniques, e.g. the forward-backward (FB) algorithm [45, 24, 2] or its606

accelerated versions (e.g. [5, 19, 35]). Applied to problem (29), the classical FB607

method can be seen as a POCS approach, and takes the form of Algorithm 4. The

Algorithm 4 FB algorithm to solve problem (29).

1: Initialization: Let x
(0)

C̃α

∈ C̃α and x
(0)
S ∈ S. Let γ ∈]0, 1[.

2: For k = 0, 1, . . .

3: x
(k+1)

C̃α

= Π
C̃α

(
(1 − γ)x

(k)

C̃α

+ γx
(k)
S

)

4: x
(k+1)
S = ΠS

(
(1 − γ)x

(k)
S + γx

(k)

C̃α

)

5: end for

608

sequence
(

x
(k)

C̃α

, x
(k)
S

)
k∈N

generated by Algorithm 4 converges to the unique solution to609

problem (29). As for the POCS method given in Algorithm 1, the projections onto the610

sets C̃α and S, appearing in steps 3 and 4 respectively, may require sub-iterations (see611

Section 3.3 for implementation details). To avoid these sub-iterations, it is possible612

to use advanced techniques such as the primal-dual algorithm used in Section 3.3 (see613

for example [25, 47, 23, 33, 38]).614

6. Conclusions. In this paper, we proposed a Bayesian uncertainty quantifica-615

tion methodology in the context of high dimensional imaging inverse problems. The616

proposed BUQO approach aims to analyse the degree of confidence in specific image617

structures (e.g., celestial sources in astronomical images, or lesions in medical images)618

appearing in the MAP estimates, when the Bayesian models are log-concave. We619

proposed to quantify the uncertainty of the structures under scrutiny by performing a620

Bayesian hypothesis test, leveraging scalable optimization algorithms. Our approach621

allows to scale to high-resolution and high-sensitivity imaging problems that are com-622

putationally intractable for state-of-the-art Bayesian computation approaches. The623

proposed methodology was demonstrated on challenging Fourier imaging problems624

related to radio astronomy and magnetic resonance in medicine where there is signif-625

icant intrinsic uncertainty, and where we considered various types of structures and626

imaging setups. The corresponding Matlab code is available on GitHub (http://627

basp-group.github.io/).628

In future works, we plan to investigate the statistical calibration properties of our629

models, which will make more precise the limitations of the proposed methodology.630

We also plan to generalize the proposed approach to solve more sophisticated inverse631

problems. For instance, often when the inverse problem is non-linear, the MAP632

approach leads to a non-convex minimization problem [39, 7, 40, 9]. In this case, the633

theoretical results of [37] do not hold, and our approach cannot be directly applied.634
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