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Abstract: 

A vibro-impacting mechanical system with two dielectric elastomeric membranes for harvesting energy from 

ambient vibrations is proposed. The purpose of the paper is to study the system performance under different angles 

of its inclination with respect to a horizontal position in the effort to determine the best layout of the system. The 

dimensional, electrical and dynamic parameters of the dielectric elastomeric membrane are analysed and then 

used to numerically estimate the output voltage of the proposed system. The electrical properties of the dielectric 

elastomer membrane are validated experimentally, and the dynamic behaviors of the system are fully studied 

under different initial conditions. The system output performances under harmonic excitation are further discussed. 

The approach and an application example for the design of the proposed device subjected to a certain vibrational 

environment is presented. 
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1. Introduction 

Ambient vibrations are a source of renewable energy that can be converted into electricity[1]. Energy 

harvesting (EH) devices utilizing ambient vibrations can produce high energy density at low cost and 

various scales, in particular small-size and micro scales. This makes these devices suitable for many 

applications, e.g. in automotive[2,3], aeronautical[4], wireless sensors networks[5,6], wearable devices[7] 

and other sectors[8-10]. 

There are three conventional transduction methods of converting vibration energy into electrical 

energy: electromagnetic, electrostatic and piezoelectric. The transduction process of electromagnetic 

(EM) EH is based on Faraday’s law of induction. Poor scaling qualities make EM EH unsuitable for 

micro scale applications, where it can only produce a small voltage output. Moreover, due to the 

dependence of the induced voltage on the relative velocity of a magnet and coil, larger scale applications, 

like linear generators for wave energy converters, have also been mainly unsuccessful so far. 

Electrostatic (ES) EH is based upon the use of a variable capacitor with one plate fixed and another 

connected to a vibrating body. This method has also been of limited applicability because it can only 

produce rather low energy density. Thus, up to now the majority of investigations on EH from ambient 

vibrations have been focused on the use of piezoelectric (PE) materials[11-15]. PE EH devices have a 

simple structure and relatively high energy conversion efficiency. However, these devices are less 

versatile than desired[16] and have certain limitations and shortcomings, one of which is their ability to 

generate only a relatively small amount of energy. These factors restrict the areas of application of PE 

EH devices. 

mailto:laizh@ncu.edu.cn
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In recent years, dielectric elastomers (DEs) have shown a great promise in converting vibration 

energy to electricity. A DE generator, first proposed by Pelrine et al. in 2001[17], consists of a variable 

capacitor made of highly deformable elastomeric material (e.g. acrylic, silicone, polyurethane, etc.) 

sandwiched between flexible electrodes[18-21]. Suo et al.[22] established the DE theory based on 

thermodynamics and continuum mechanics. Following their work, many studies related to DE 

generators have been published. The basic material properties, failure mechanisms and identification 

methods have been investigated[23-25]. A detailed model that describes the four cyclic phases of DE-

based energy harvesting was developed in [26], whereas the influence of the material dielectric 

coefficient on the EH performance and bias voltage was studied in [27]. 

Compared with PE generators, DE-based generators can convert linear, nonlinear or rotational 

motion within a wide frequency range[28]. Major advantages of DE-based generators are their high 

energy density (up to 0.4 J/g); which is at least an order of magnitude higher than that of EM, ES and 

PE generators[29] (especially at low frequencies); and high deformability. Moreover, the highest power 

density that has been achieved in DE is 3.8 W/mm3[5], which is much higher than that in EM (2.21 

W/mm3[30]), ES (2.16 W/mm3[31]), and PE (0.375 W/mm3[32]). Other DE advantages include low 

mass density, good electro-mechanical conversion efficiency, chemical resistance to corrosive 

environments, and moderate cost[33].  

The main principle of DE EH is based on stretching a DE membrane used as a capacitor core by 

applying an external force or pressure in or out of the membrane plane, depending on the design and 

application of the DE converter. For example, in a novel wave energy converter (WEC) a DE membrane 

is stretched by compressed air pushed into its chamber by waves[34], which is similar to the oscillating 

water column principle. Recently, another idea of using DE in a WEC to harness energy of a surge 

motion has been reported [35]. However, there are still only a few works which have considered different 

design solutions of DE generators for harvesting vibration energy. 

A dynamic vibro-impact (VI) system[36-41] offers an interesting option for designing a DE generator 

to harvest vibration energy. Usually, such a system consists of a spring, mass, damper and mechanical 

stopper, which limits the amplitude of the mass oscillations. Energy associated with impacts between 

the mass and the stopper can be harnessed. Up to now, VI EH devices with PE materials have been 

mainly proposed and investigated[42-46]. A novel VI EH device using DE was recently proposed by the 

authors and its basic performance characteristics were studied[47]. In particular, it was shown that the 

performance was governed by very rich, complex and highly nonlinear behaviour of the VI system with 

stoppers made from DE, which could be analysed only numerically and strongly depended on the device 

layout. 

Since [47] was the first study of the proposed device it was limited to the performance of the system 

oscillating only in a horizontal plane. More realistically, oscillations can also occur in planes inclined 

to the horizontal plane so that an inclined layout of the device can be more efficient in terms of energy 

conversion. However, to analyse such a layout the effect of gravity on the VI system behaviour needs 

to be taken into account and that makes the analysis more complicated. Thus, the present paper aims to 

further investigate the performance of the novel DE EH device considering various inclined layouts. 

Results of the paper can be used to optimize the device design, in particular in the context of selecting 

an optimal inclination angle. 

The basic principles and the dynamic model of the proposed DE-based EH device are described in 

Section 2 of the paper. Section 3 presents experimental validation of the electrical performance of the 

DE membrane along with results of the numerical simulations of the device behaviour under various 
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initial conditions and excitation parameters. The influence of the excitation parameters on the device 

performance is discussed in Section 4, which also includes an example illustrating how the results can 

be used for real applications. Conclusions are drawn in Section 5. 

2. DE generator and its modelling 

2.1. Basic principle of DE generator 

A DE-based generator consists of a thin elastomer membrane between two electrodes, i.e., a 

deformable capacitor with a DE core. The principle of power production by the generator relies on an 

increase in the electrical potential due to mechanical deformation of the elastomer. The capacitance of 

the DE capacitor is: 

 0 0

2

r DE rA V
C

h h

   
   (1) 

where 
12

0 =8.85 10   is the vacuum permittivity, r  is the relative permittivity of the DE, DEA is 

the effective area (i.e. area coated on each side by electrodes), h  and V  are the thickness and volume 

of the elastomer, respectively. The second equality in Eq. (1) can be written because the volume of an 

elastomer is a constant due to the elastomer incompressibility, i.e., constantDEA h V  . Another 

important formula relates the charge, Q, on the membrane and voltage U : =Q CU . 

Suppose that a DE membrane undergoes a mechanical deformation that causes an increase in the 

effective area and reduction of the membrane thickness, as shown in Figure 1(a). Therefore, according 

to Eq. (1), the capacitance of the deformed DE membrane increases. The deformed DE membrane is 

then charged from an electrical power source with a constant input voltage inU . Thus, the energy stored 

in the DE capacitor is 1= / 2inE QU , where Q  is the amount of charges across the DE membrane. 

Minor deformation due to electro-elastic pressure can be neglected because it is relatively small 

compared with the total deformation of the DE membrane. As the mechanical force causing the 

deformation is removed, the DE shape is restored instantaneously, while the amount of charges still 

remains temporarily equal to Q , as shown in Figure 1(b). Therefore, according to charge/voltage 

relationship, the output voltage between the electrode layers ( outU ) increases due to the decreased 

capacitance of the DE membrane and the energy stored in the DE capacitor increases to 2 = / 2outE QU . 

Thus, charges with elevated electrical potential can be used for energy harvesting. 

+ + + + + + +
+ + + + +

- - - - - - -
- - - - -

Uin (low) Uout =Uin Uin (low)
Uout (high)

Load Load

Deformed under outer force Dielectric elastomer

Compliant eletrodes

(a) (b)

+ +

- -

 
Figure 1. Operating principle of a DE-based energy generator. 

2.2. Model of an inclined dynamic VI system 

In order to convert vibrational energy to electrical energy by taking advantage of DE, an inclined VI 

model is presented in this paper, as shown in Figure 2. The system comprises a cylinder, an inner ball 

sliding freely inside the cylinder and two pre-stretched circular DE membranes at both ends of the 
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cylinder. Both pre-stretched membranes are sandwiched between compliant electrodes and wires are 

connected to both sides of each membrane. Each membrane is fixed between two identical cylindrical 

frames and then connected to the cylinder. The system is inclined with an angle of   ( 0 90    ) 

between it’s symmetry axis (denoted as z -direction is this paper) and horizontal plane. The system can 

move freely in the z -direction subject to an external excitation. 

zM

M
m

zm
F(t)

rb

Rcin
d/2

d/2

wβ 

mgsinβ

z

 
Figure 2. Sketch of the proposed DE-based dynamic VI system. 

In this model, the mass of the outer structure (the system without the inner ball) is denoted by M  

and the mass of the inner ball by m . The inner radius of the cylinder is cinR , the radius of the ball is 

br  which is slightly smaller than cinR ). The length of the cylinder is d , whereas the width of the 

cylinder frame is denoted by w . A constant input voltage, inU , is applied to the membranes. The 

cylinder is excited by an external excitation, ( )F t , applied along the z -direction. Here, Mz  and mz  

are the displacements in the z -direction of the outer structure and inner ball, respectively, as shown in 

Figure 2. The origin of the coordinate system for the inner ball coincides with that of the cylinder and 

is set in the middle of the cylinder. The friction between the ball and cylinder is quite small and ignored. 

The device is meant to work in the following way. When the cylinder moves initially under an 

external excitation the ball moves freely inside of it under the gravity component sinmg   ( =9.8g  

m/s2 represents the gravitational acceleration) until it collides against one of the membranes causing its 

deformation. At the maximum deformation the membrane capacitance will be maximal (corresponding 

to its minimal thickness due to deformation). This will lead to an increase in charge, thus producing a 

higher output voltage when the membrane restores its shape. The electrical energy is higher at that 

moment than the input electrical energy from the power supply and, therefore, can be harvested. After 

impact the ball then changes its direction (in reference to the cylinder) and starts moving in the opposite 

direction, and the process will repeat itself again and again. Obviously, to generate more energy larger 

deformations of the membranes are required, which can be achieved by using the internal ball with 

bigger mass and higher impact velocity. The latter depends on the type of a steady-state motion as well 

as the membrane mechanical properties. 

2.3. Parametric analysis of the system 

It is important to understand how the DE membrane with electrodes (i.e. capacitor) works and thus 

its electrical properties[47] are revisited here. The DE membrane has four stages in this model, as shown 

in Figure 3. Initial stage 1 represents the original condition of the circular membrane with active radius 

1R  and thickness 1h . Stage 2 indicates the initial condition of the membrane after being stretched to 
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active radius 2 = cinR R . Stage 3 shows the largest deformation condition of the membrane at impacts. 

The membrane will recover its shape at stage 4 after an impact so that its shape is the same as at stage 

2 but its electrical properties are not. Stages 2~4 will be repeated at each impact. 

Stage 2: 

R2, h2

Stage 1: 

R1, h1

Stage 4: 

R4=R2, h4=h2

Stage 3: 

A3, h3

 

Figure 3. Shapes of the DE membrane at different stages. 

In this paper, iR , iA , ih , iC , DEiU  and iQ  ( 1, 2, 3, 4i     ) are used to represent the active radius, 

area, thickness, capacity, voltage and charge of the membrane at each stage, respectively. Denote 

= i iV A h  as the membrane volume, which remains constant. An input voltage inU  is applied to the 

membrane at stages 2, 3 and 4. The dimensional and electrical parameters of the membrane at each 

stage are summarized in Table 1. 

Table 1. Dimensional parameters and electrical parameters of the DE membrane at different stages. 

Stage 
Dimensional parameters Electrical parameters 

Radius Area Thickness Capacitance Voltage Charge 

Stage 1 1R  
1 1

2A R  1h  1C  
1 0DEU   1 0Q   

Stage 2 2 = cinR R  
2 2

2A R  2 2/h V A  
0

2 2
2

rVC
h

 
  

2DE inU U  2 2 2DEQ C U  

Stage 3 -- 3A  3 3/h V A  
0

3 2
3

rVC
h

 
  

3DE inU U  3 3 3DEQ C U  

Stage 4 4 2R R  4 2A A  24h h  4 2C C  
4 4 4/DEU Q C  4 3Q Q  

The original dimensional parameters of the membrane are given at stage 1. At stage 2, the membrane 

is pre-stretched to a new radius, 2R , which determines the new thickness, 2h , and the initial 

capacitance, 2C , of the membrane. At stage 3, the membrane is under impact from the ball. As shown 

in Figure 4, the area of the membrane at this stage is: 

 3 31 32= +A A A  (2) 

where 
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Figure 4. Geometry of the DE membrane at largest deformation condition. 

In Eq. (3), the value of angle   is determined by  , which denotes the largest deflection of the 

membrane at an impact, in accordance to the following equation: 

 
 

 

2 2
2 2

22
2

2 2 2
cos

2

b b b

b

r r R R r

R r

  




    


  
  

 (4) 

The value of   depends on the mechanical properties of the material and the dynamic behaviors of 

the cylinder and inner ball, which are governed by their relative motion, position, gravity force and 

impact interaction. Therefore, it is important to further conduct dynamic analysis of the system. 

Suppose a harmonic excitation   0= cos(2 )F t A f t  is applied to the system, where A  and 0f  

denote its amplitude and frequency respectively. Due to the low mass ratio of the inner ball to the outer 

structure and direct excitation of the cylinder, impacts have little or no effect on the outer structure. As 

the gravity component of the cylinder is balanced by reaction in a rigid connection, the outer structure 

moves under the excitation as follows: 

    = /Mz t F t M  (5) 

The inner ball, in its turn, experiences the gravity component, sinmg  , (friction has been neglected) 

and moves between the impacts against the membranes as: 

 ( ) sinmz t g     (6) 

Introduce the relative displacement, = M mz z z  , as the difference between Mz  and mz
 

and the 

largest distance of the ball moving inside the cylinder, +2 2 bs d w r  . Thus, the conditions of the 

impacts can be written as: 

 
/ 2, when the ball impacts the bottom membrane

/ 2, when the ball impacts the top membrane

M m

M m

z z z s

z z z s

    

      

 (7) 

The velocity of the ball changes after impacts. Let mv   and mv   represent the velocities of the ball 

just before and after each impact, and Mv   and Mv   the velocities of the outer structure before and 
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after each impact, respectively. Here, = =M M Mv v v   due to the above assumption. When impacts 

occur the varying elastic force of the membrane ( )f x , where x  represents the deflection of the 

membrane, will produce negative work on the ball until it reaches the largest deflection  ; at that 

moment the velocity of the ball becomes equal to Mv . Considering the outer structure as the reference 

frame, the following equation can be written according to the kinetic energy theorem: 

    
2

0

1
0

2
m Mm v v f x dx



       (8) 

where 

 ( ) nf x Kx  (9) 

represents the elastic force, whose formulation is obtained from our previous experimental work[47]. 

Therefore, the largest deflection of the membrane at impacts can be obtained as: 

  

1

121

2

n

m M

n
m v v

K






 
  
 

 (10) 

Substituting the value of   into Eq. (4) leads to the value of   and, consequently, the dimensional 

and electrical parameters of the membrane during an impact can be found. 

The velocity of the ball after an impact can be calculated as[48] 

 
1

1 1
m M m

r r
v v v



 
 

 
 

 
 (11) 

where r  is the restitution coefficient of the membrane. Throughout this paper an elastic impact is 

considered, i.e. 1r  . /m M   represents the mass ratio of the ball to the outer structure. When 

𝑀 ≫ 𝑚,   can be regarded as 0 and Eq. (11) can be simplified as 

    1m m M M m Mv r v v v rv r v             (12) 

According to the above analysis, the displacements and velocities of the outer structure and ball can 

be obtained at any time provided the external excitation of the system and initial conditions are specified. 

The dimensional and electrical parameters of the membrane at stage 3 can be obtained as well. 

At stage 4, the dimensional parameters and capacitance of the membrane are exactly the same as 

those at stage 2. However, the charge on the membrane remains equal to 3Q  by the end of an impact. 

At this moment, the output voltage of the membrane is  

 

2
3 2

4 4 4 2
2 3

/ =DE in in

C h
U Q C U U

C h
   (13) 

Obviously, 2 3h h , thus, 4DE inU U . This indicates that impacts between the ball and membrane 

will produce higher output voltage, as expected. Hence, 4DE DEU U  when impacts occur, and DEU  

is simply equal to inU  at any other time. Therefore, the external vibration energy can be converted 

into electrical energy through the ball’s impacts by using the presented dynamic model. 

3. Experimental validation and numerical simulation 

From the analyses in Section 2 one can see that the system output is controlled by the dynamic 

interaction between the cylinder and ball and the electrical behaviour of the membrane at impacts. 



8 

 

Therefore, in order to obtain a reasonable prediction of the system response, a set of experiments has 

been designed and is presented in this section to validate the electrical behaviour of the DE membrane. 

The system dynamic response and electrical output are then fully studied through numerical simulations. 

3.1 Experimental validation 

The experiment started by charging the pre-stretched circular DE membrane (material type: 3M 

VHBTM 4910, 2 =12.625R  mm, 2 0.25h   mm, 3.4r  ) with a constant voltage inU , which was 

measured and recorded using a voltmeter, as shown in Figure 5(a). The current to the membrane was 

measured using a Keithely 610C Solid State electrometer and then displayed and captured on an ISO-

TECH IDS-2240E oscilloscope, as shown in Figure 5(b). The ball ( 32m   g, 11br   mm) was then 

dropped onto the membrane from height of =25H  mm, as shown in Figure 5(c). The current versus 

time after the ball had been dropped was recorded. Test results with input voltage 225inU  V are 

presented in Figure 6. It can be seen that there is an interference pattern caused by mains electricity at 

a frequency of 50 Hz. The time between begging 1 0.4865t   s and end 53.02 t  s of the 

deformation is used to estimate the time of impact can be estimated as 0435.012  ttt  s, with a 

maximum current of 
7

max 3.33 10I    A. 

 
Figure 5. Pictures of the dropping ball test to obtain the current. 

 

Figure 6. Current versus time with input voltage 225inU   V. 

Furthermore, the maximal currents measured in several tests under different values of inU  are 

(a) (c)(b)
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presented in Figure 7, along with the fitted trend line. It can be seen from the experimental data that the 

maximal current maxI  increases with an increase in inU . 

The maximal current occurs when the ball impacts the membrane can be also calculated using the 

formulas from Section 2.3. The velocity of the ball at the beginning of the impact ( mv  ) can be 

calculated according to 
2 / 2mmgH mv  , while the largest deflection of the membrane ( ) can be 

obtained according to Eq. (10), where 6=2.601 10K   and 2.9n  . It should be noted that values of 

K and n depend on the membrane dimensions and for the membrane used in the experiment they were 

determined by performing a mechanical test, for which an Instron 5567 material test system was used. 

The area ( 3A ) and thickness ( 3h ) of the membrane at its largest deformation can be obtained according 

to Table 1 and Eqs. (2)~(4). The maximal current in the test system can be expressed as: 

 3 2 3 2 0 3 2
max

3 2

=in in r inQ Q C U C U U A AQ
I

t t t t h h

    
    
     

 (14) 

where Q  represents the amount of charges flowing from the power supply to the membrane during 

its deformation under impact. 

The simulated maxI  vs. inU  curve yielded by Eq. (14) is presented in Figure 7. It is in a very 

good agreement with the trend line obtained from the experimental data, which indicates that the 

approach we present in Section 2.3 to calculate the electrical response of the DE membrane at impacts 

is sufficiently accurate and can be used to further study the output voltage of the proposed device. 

 

Figure 7. Relationship between maxI  and inU  based on simulation and experiment. 

3.2 Numerical simulation 

Given electrical properties of the DE membrane, the output response of the proposed device is fully 

controlled by the dynamic interaction between the ball and cylinder with the DE membranes at the ends. 

Therefore, in order to better design and optimise the proposed device, it is necessary to study its dynamic 

characteristics. 

Depending on the initial conditions (ICs) as well as the excitation parameters, various types of motion 

can be observed. In this section a number of different cases are studied under a pure harmonic excitation. 

40 60 80 100 120 140 160 180 200 220 240
0.5
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The following set of parameters is used for numerical simulations: =124.5M  g, 3.5m   g, 

1=3.15R  mm, 1=1h  mm, 2 = 6.3inR R   mm, 5br   mm, 42d   mm, 6w   mm, =2000inU  

V, 1r  , whereas 54.0847 10K    and 2.6n   are set in Eq. (9) according to our previous 

experiments[47].  

The dynamics of this system is extremely complex and rich, with various steady-state patterns, and 

apparently depends on the system parameters, parameters of the excitation, and ICs. In the past, 

nonlinear and chaotic dynamics of such a system has been properly studied for horizontal 0  and 

vertical 90   motions[39,40] but not for other angles. Since this paper is interested in the energy 

harvesting potential of the proposed system, only three sets of ICs will be considered: zero-ICs; saw-

tooth (ST) ICs, which represent a very special response pattern; and real-ICs, which represent a real life 

situation, i.e., that at any inclination angle, apart from zero, the ball will initially be resting at the bottom 

membrane. It should be noted that in this case the friction is still neglected and the restitution coefficient 

is assumed to be equal to unity. 

3.2.1. Cases of zero-ICs 

Zero-ICs are a set of zero initial conditions: (0) 0Mz  , (0) 0Mz   , (0) 0mz  , (0) 0mz   . Under 

these ICs, both the cylinder and the ball start to move and reach a steady state. The cylinder 

displacement is then 02 2
0 0

cos(2 )
(2 ) (2 )

M

A A
z f

M f M f


 
   . When =0  , the ball can impact 

neither of the membranes and stay motionless unless 
2

0

2
/ 2

(2 )

A
s

M f
 . The impact force and 

magnitude of output voltage are then determined by the amplitude and frequency of the external 

excitation[47]. When >0  , the ball moves under the gravity component sinmg   so that there will 

always be impacts between the ball and membrane. Some specific cases for =90   are considered 

below. 

In Figure 8 the displacements (a) and velocities (b) of the cylinder and ball under zero-ICs without 

external excitation are presented for =90  . Apparently, due to the given conditions, i.e. motionless 

cylinder and bouncing ball with an elastic impact, the ball impacts the bottom (left) membrane and 

bounces to its original height, repeating this indefinitely. The relative motion of the cylinder and ball is 

presented in Figure 8(c). Each impact will produce some extra voltage, shown in Figure 8(d) by periodic 

spikes. Figure 8(e) presents the phase trajectory of the ball in a steady-state case, i.e. after all transient 

oscillations have died out. The time interval between 50 and 100 s was chosen to present the system 

steady state. The single closed trajectory indicates a periodic motion of the ball, as expected. 
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Figure 8. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c),  

voltage (d) versus time for =90  , =0A  and the ball’s phase trajectory (e).  

Another specific case considered is when A  is larger than zero but not large enough for the ball to 

impact the top (right) membrane. Simulated results for this case are presented in Figure 9, where 

=0.1A N and 0 =2f Hz. It can be seen that the motion of the ball is modulated by the motion of the 

cylinder and presents a quasi-periodic state (see Figure 9(e)). The ball periodically impacts the bottom 

membrane with a larger frequency compared to the case shown in Figure 8. The magnitude of the output 

voltage is similar to that in Figure 8. In this case the gravity is still the dominant factor for the motion 

of the ball and magnitude of impacts. 

 
Figure 9. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c) and 

voltage (d) versus time for =90  , =0.1A  N, 0 2f   Hz and relevant phase trajectory of the ball. 
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Continuing to increase the value of A  will lead to the situation when the ball starts to impact the 

top (right) membrane as well. Figure 10 presents the simulated results when =2A N and 0 =2f Hz. It 

can be seen that the ball almost follows the motion of the cylinder (see Figures 10(a, b)), which indicates 

that the external excitation becomes the leading factor controlling the ball’s motion. Impacts occur 

against both membranes and larger output voltages are produced at some impacts. Due to the 

quasiperiodic nature of impacts of the top (right) membrane, the ball’s motion becomes irregular as can 

be seen from the phase trajectories. 

 
Figure 10. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c) and 

voltage (d) versus time for =90  , =2A  N, 0 2f   Hz and the and ball’s phase trajectory (e). 

It should be noted that although Figures 8~10 show the simulated results for =90   only, those 

results for any 0    have a similar trend in terms of the influence of the gravity component sinmg   

on them. In addition, the larger the value of  , the larger the threshold value of A , at which the ball 

starts impacting the top (right) membrane. 

3.2.2. Cases of ST-ICs 

ST-ICs are used in this paper to represent a set of initial conditions under which a saw-tooth pattern 

of the ball’s motion can be obtained when =0  [47]. It is not difficult to find the ICs for this type of 

motion, which are: 
2

0

(0)
(2 )

M

A
z

M f
  , (0) 0Mz  , (0)= (0) / 2m Mz z s  ( (0) 0mz  ), 

0(0) 4 (0)m mz f z   . The displacement of the cylinder is 02
0

cos(2 )
(2 )

M

A
z f

M f



   when =0   

and the ball periodically impacts both membranes when the velocity of the cylinder equals to zero so 

that the curve of the ball’s motion looks like a saw-tooth signal. However, if 0   , the gravity 

component affects the ball’s motion and destroys the saw-tooth pattern, since the gravity force breaks 

the symmetry. Some specific cases for =90   are presented below and similar trends can also be 

observed for the cases when 0 90    . 



13 

 

Results for the first case shown in Figure 11 present the system output under ST-ICs when =0.1A  

N and 0 =2f  Hz. It can be seen from Figure 11(a, c) that when the amplitude of the external excitation 

is small, the gravity is the dominant factor for the ball’s motion, which is slightly modulated by the 

cylinder’s motion. Therefore, the ball’s motion presents a quasi-periodic state (see Figure 11(e)). 

Because of the non-zero ICs, especially the non-zero initial velocity of the ball, the ball has initial 

kinetic energy so it can impact the bottom membrane more strongly producing much higher output 

voltage. It also has enough energy to occasionally impact the top membrane, generating some rather 

small output voltage. 

 
Figure 11. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c) and 

voltage (d) versus time for =90  , =0.1A  N, 0 2f   Hz and the and ball’s phase trajectory (e). 

When A  is larger than the critical value to cause (0) 0mz  , the system cannot produce saw-tooth 

pattern even when =0  , and the external excitation is dominant in influencing the ball’s motion, 

which can be seen in Figure 12 for =1A  N. The ball’s motion is much more complicated. Overall, the 

external excitation leads the ball to follow the cylinder’s motion, and the gravity leads the ball to 

randomly impact the membranes, as shown in Figure 12(a). Therefore, the phase trajectory of the ball 

reflects a bounded multi-harmonic motion. The boundary looks like a trapezium with the low base on 

the left and upper base on the right, which indicates that the impacts at the bottom membrane are 

stronger than those at the top membrane due to the gravity. In addition, due to the larger external 

excitation amplitude, more impacts occur, and the magnitude of the output voltage increases compared 

to the case shown in Figure 11 due to stronger impacts at both membranes. 
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Figure 12. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c) and 

voltage (d) versus time for =90  , =1A  N, 0 2f   Hz and the and ball’s phase trajectory (e). 

A much larger A  leads to the external excitation becoming the dominant factor for the ball’s motion. 

The system response under =5A  N is shown in Figure 13. It can be seen that the ball almost follows 

the cylinder’s motion (see Figure 13(a)) and impacts both membranes periodically (see Figure 13(c)). 

The phase trajectory of the ball is an approximately asymmetric ellipse, which indicates a complicated 

periodicity of the ball’s motion. The magnitude of the output voltage continues to increase. 

 
Figure 13. Displacements (a) and velocities (b) of the outer structure and the ball, relative displacement (c) and 

voltage (d) versus time for =90  , =5A  N, 0 2f   Hz and the and ball’s phase trajectory (e). 

3.2.3. Cases of real-ICs 
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It should be pointed out that it is impossible to set specific ICs for a real life application, especially 

for the ball, which is inside the cylinder and cannot be controlled. Therefore, the cases considered above 

are not realistic but they are useful to demonstrate the influence of the external excitation and the gravity 

component on the system output. 

More realistic ICs corresponding to the ball initially resting at the bottom of the cylinder are 

considered below. These ICs are referred to as real-ICs and set as: (0) 0Mz  , (0) 0Mz   , 

(0) / 2mz s  , (0) 0mz   . Apparently, the ball stays at the bottom of the cylinder if there is no external 

excitation input. When 0A , the displacement of the cylinder is 

02 2
0 0

cos(2 )
(2 ) (2 )

M

A A
z f

M f M f


 
   . If the ball does not leave the bottom of the cylinder, the 

equation of the ball is: 

 
0cos(2 )

sinn A f t
Kx mg m

M


    (15) 

where the first term represents the elastic force on the ball imposed by the bottom membrane and 0x   

is the deflection of the membrane. The ball will leave the bottom membrane when 0x  . Apparently, 

0sin cos(2 ) / sin /mg m A f t M mg m A M       , therefore, if sinA Mg  , x  will always be 

larger than 0 in Eq. (15) so that the ball will stay at the bottom of the cylinder. In this case the membrane 

will be deformed under the weight of the ball; however, in this study this deformation due to a static 

deflection is neglected. If sinA Mg  , the ball will leave the bottom of the cylinder and start 

impacting the membranes. The theoretical critical values of CA  are presented in Table 2 for different 

values of  . 

Table 2. Critical values of CA  for the ball to impact the membranes under different values of  . 

  0  30  45  60  90  

CA  0 0.610 0.863 1.057 1.220 

Some specific cases are considered below. Figures 14~17 present the system dynamics under 

different values of A  (0.1 N, 1.0 N, 1.5 N and 2 N, respectively) when 0 =2f  Hz. In each figure, the 

first column shows the displacements of the cylinder (red dashed line) and ball (blue solid line) for 

different values of   ( 0 , 30 , 45 , 60  and 90 , top to bottom), the second column presents the 

velocities, and the third column the corresponding phase trajectories of the ball. 

In Figure 14, =0.1A  N is larger than 0 but smaller than the critical value when =30  . Therefore, 

impacts can only occur when =0  , in which case the ball’s motion presents some complex dynamics. 

In other cases, the ball has the same velocity as the cylinder and moves following the cylinder’s motion, 

which is periodical. In Figure 15, =1A  N is larger than the critical value when =45   but smaller 

than that for =60   therefore, impacts occur when   is 0 , 30  and 45 , whereas in other 

cases the ball moves periodically according to the external excitation. In Figure 16, =1.5A  N is larger 

than the critical value required for =90   so impacts occur for all considered angles. In Figure 17, 

=5A  N is so large that the external excitation becomes dominant in governing the ball’s motion. The 

ball moves quasi-periodically following the cylinder’s motion. The phase trajectories of the ball under 
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different angles present a similar shape, which indicates that the gravity component has little influence 

on the ball’s motion and impacts. 

 

Figure 14. Displacements and velocities of the outer structure and the ball under =0 , 30 , , 60 , 90          from 

top to down, and the phase trajectories of the ball under corresponding angles ( =0.1A  N, 0 2f   Hz). 

 

Figure 15. Displacements and velocities of the outer structure and the ball under =0 , 30 , , 60 , 90          from 

top to bottom, and the phase trajectories of the ball under corresponding angles ( =1A  N, 0 2f   Hz). 
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Figure 16. Displacements and velocities of the outer structure and the ball under =0 , 30 , , 60 , 90          from 

top to bottom, and the phase trajectories of the ball under corresponding angles ( =1.5A  N, 0 2f   Hz). 

 

Figure 17. Displacements and velocities of the outer structure and the ball under =0 , 30 , , 60 , 90          from 

top to bottom, and the phase trajectories of the ball under corresponding angles ( =5A  N, 0 2f   Hz). 

It can be seen that A  is the key parameter controlling the occurrence of impacts in the proposed 

system under real-ICs. Changing the frequency 0f  will not affect the critical value of A  for different 

angles but influences the system output when impacts occur and that will be discussed in the next section. 

4. Discussion of energy harvesting potential 
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Since this paper is focused on the energy harvesting, it is essential to estimate the harvested electrical 

power, which can be calculated from the output voltage[47]. As stated in Section 2.3, this voltage will 

depend on the deformation of the membrane, for which properties are given above and kept constant in 

this study. Thus, the deformation depends on the relative impact velocity and mass of the ball, assuming 

that the cylinder motion due to the applied external excitation remains unchanged. The overall amount 

of gained voltage is defined as: 

  ( )

1

N
i

gain imp in
i

U U U


   (16) 

where 
( ) ( )

4=
i i

imp DEU U  is the output voltage across the deformed membrane at the ith impact, and N  is 

the number of impacts within the time interval 50~100 s. To avoid the dependence of the gained voltage 

on the frequency of the response and estimate the energy generated at every impact, it is reasonable to 

consider an average value of generated electricity over a given time interval normalized to the number 

of impacts: 

 /ave gainU U N  (17) 

Thus, Eq. (17) can be used to estimate the energy harvesting performance of the proposed device. In 

this section, the influences of amplitude and frequency of a pure harmonic excitation on the energy 

harvesting performance of the device under real-ICs are assessed based on Eq. (17) and then discussed. 

4.1. Influence of the excitation amplitude 

Responses of the system under different amplitudes of a harmonic excitation are studied in this 

subsection. The harmonic excitation  0( ) cos 2F t A f t  applied to the system results in the response 

amplitude of the cylinder movement equal to 
2

0/ [ (2 ) ]A M f . Since it is easier to work with non-

dimensional parameters, the cylinder amplitude is normalized to / 2s  so that: 

 

2
0(2 )

=
/ 2

A M f

s




 
 

 (18) 

To study the response of the system as a function of  , the value of 0f  should be kept constant. The 

fitting curves of aveU  vs.   for different inclination angles are plotted in Figure 18 for two different 

values of 0f . The considered values of   start from the value at which the ball leaves the bottom of 

the cylinder when =90  . It can be seen that with an increase in   and, therefore, A , all curves 

demonstrate an increasing trend. This trend is well expected because larger values of A  result in a 

higher relative acceleration and velocity between the outer structure and ball at impacts so that impU  

increases. Therefore, the strength of the harmonic excitation has a positive effect on the magnitudes of 

the electrical energy converted through this device. 

It can also be seen that the differences between the curves for different angles are small, especially 

when the frequency is large (see Figure 18(b)). This indicates that the angle, at which the proposed 

device is installed, has little influence on the device output performance when the excitation amplitude 

is large enough. Therefore, the device can work efficiently at any angle producing the electrical energy 

of nearly the same order of magnitude. 
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Figure 18. Output performance of the proposed device as a function of  . (a) 0 2f   Hz,   varies from 3 to 

15; (b) 0 5f   Hz,   varies from 0.5 to 15. 

4.2. Influence of the excitation frequency 

The output performance of the proposed device as a function of 0f  is shown in Figure 19 for =5A  

N and =20A  N. The curves have a complicated trend. At first, within a relatively small frequency 

range, all curves ascend as 0f  increases and the differences between the curves for different angles 

are quite small, indicating that the output performance of the proposed device is not affected by the 

inclination angle. After that, all curves start to oscillate attaining their peaks at different values of 0f  

and then the oscillations continue but around low values of the produced averaged voltage.  

 

Figure 19. Output performance of the proposed device as a function of 0f , which varies from 0.5 to 100 Hz. (a) 

=5A  N; (b) =20A  N. 



20 

 

Figure 19 only shows the relationship between the output performance and excitation frequency but 

it does not provide an insight on why this relationship has such a complicated trend. In order to further 

examine the output performance of the device against the excitation frequency the bifurcation diagrams 

of the system with 0f  being the bifurcation parameter are presented in Figure 20 for =60  .  

Figure 20(a) shows the positions of the ball ( mz ) at impacts between 50 and 100 s under harmonic 

excitation with =5A  N. It can be seen that the distribution of the ball’s impacting positions presents 

an exponentially downward trend, which accords with a decrease in the amplitude of cylinder’s 

movement 
2

0/ [ (2 ) ]A M f  as 0f  increases. Two small built-in plots demonstrate the sections of the 

bifurcation diagram between 0~10 Hz and 20~25 Hz, correspondingly. It can be seen that within the 

low frequency range impacts may happen at a number of the ball’s positions but at higher frequencies 

( 0 10f   Hz) there are only two impact positions, which are symmetric with respect to the cylinder’s 

centre (
2

0/ [ (2 ) ]A M f ). Figure 20(b) shows the relative velocities v  between the cylinder and the 

ball before impacts (50~100 s), which decide the value of   according to Eq. (10) and, subsequently, 

the output voltage impU  of the membrane - larger v  results in larger   and impU . It can be seen 

that the values of v  present a complex pattern within the given frequency range, which indicates that 

the impacts between the ball and the cylinder may happen at any value within the range under the real-

ICs. However, for the low-frequency range (1~33.5 Hz in this figure), the values of v  generally 

increase as 0f  increases, which explains the upward trend of the aveU  vs. 0f  curves in Figure 19(a) 

for this frequency range. In the high-frequency range, the magnitude of v  decreases, and v  again 

can take multiple values, which explains “jumpy” or random pattern of the aveU  vs. 0f  curves in 

Figure 19(a) in this frequency range. It seems that the behaviour of the device is related with grazing 

type bifurcation, which is associated with a low-velocity impacts. This phenomenon has been well 

studied in many publications for systems with soft and hard impact nonlinearity and the most recent 

developments can be found in [49, 50]. Unfortunately, the scope of this paper does not allow us to 

investigate this phenomenon in full, since it can be a subject of study and publication itself. 

Figure 20(c) shows similar bifurcation diagrams for =20A  N, which correspond to Figure 19(b). It 

can be seen that the trend of Figure 20(c) is similar to that of Figure 20(b) and again helps to explain 

oscillatory pattern observed in Figure 19(b). One can also see in Figure 20(c) that the boundary value 

between the low-frequency range and high-frequency range has been shifted to the right from 

approximately 35 Hz (Figure 20(b)) to 70 Hz, which explains the pattern in Figure 19(b). Figure 20(d) 

shows the sections of the bifurcation and gained voltage plots from 50 to 70 Hz. It can be seen that 

when the low values of the ball’s velocity are possible there are troughs in the harnessed voltage, which 

helps to comprehend the patterns in Figures 15. 
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Figure 20. Bifurcation diagrams of the dynamic system against 0f  for  60  with frequency varying from 

1 to 100 Hz. =5A  N in Figure (a, b); =20A  N in Figure (c, d). 

4.3 Application example 

The study of the EH performance under a harmonic excitation is helpful for understanding the rich 

nonlinear behaviour of the proposed device with the given system parameters. In a realistic vibrational 

environment, when the amplitude and frequency of the excitation are known, the device design can be 

optimised for its best performance through simulations. 

To optimise the design of a real EH device, it is necessary to determine the values of the system 

parameters, such as M , m , 1R , 1h , cinR , br , d , w  and  . Among these parameters, the 

values of 1R , 1h  and cinR  should be fixed first so that one could obtain the parameters of the DE 

membrane in simulations, such as K , n  and r ; the value of br  is determined accordingly. Thus, for 

given ball mass and outer structure, the optimisation of the EH device can be seen as the optimisation 

of its length (i.e., the distance between two membranes 2l d w  ) and angle (  ). The optimisation 

procedure of the proposed EH device for a given vibrational environment can be organized as follows: 

Step 1: Measure the vibrations in a given vibrational environment such as human walking, ambient 

vibrations near machines, etc., and obtain the approximate maximum value of the excitation amplitude 

and peak (mean) frequency. 

Step 2: Choose l  and   as variables and calculate the average gained voltage aveU  of the 

proposed device at its steady state under different values of l  and  . 

Step 3: Find the maximal value of aveU . The corresponding values of l  and   are the best 

parameters of the proposed device for working in the given vibrational environment. 

To illustrate this procedure the design of the proposed EH device mounted onto a car engine 

compartment is considered below. It is assumed that the car engine compartment vibrates with the peak 

acceleration ( /A M ) of 12 m/s2, which is the same in all directions, and the peak frequency ( 0f ) of 

200 Hz[51]. It is further assumed that =1r  and all parameters, except those of d , w  and  , are 
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constant and equal to the values used the previous simulations. The aveU  vs. l  curves from 10 mm 

to 100 mm for the device under real-ICs for a variety of angles ( 0 , 30 , 45 , 60  and 90 ) are 

presented in Figure 21(a). It can be seen from Figure 21(a) that as l  increases: 

1. The values of aveU  oscillate severely when =0   and the maximal value corresponds to 

11l   mm. 

2. The values of aveU  for other angles ( =30 , 45 ,  60 , 90     ) starts from 0 when 2 10bl r   mm, 

indicating that there exist no impacts when the ball touches both membranes; the values remain constant 

when the value of l  is large enough, i.e. the average output voltage gain does not depend on the length 

of the cylinder. This occurs because the excitation amplitude is small so that the ball impacts only the 

left (bottom) membrane. In addition, the steady value of aveU  drops as   increases. 

According to the above results, to achieve the best EH performance in terms of energy harvesting 

from the car engine compartment vibrations, the length of the cylinder ( 2l d w  ) should be chosen 

as 11 mm so that for any selected angle the maximum possible energy will be harvested. Furthermore, 

it is better to set the device horizontally (i.e. at zero angle) that will enable production of the largest 

possible average output voltage gain =183.8aveU V. 

 

 

Figure 21. Output performance of the proposed device under different l  and   for a car engine 

compartment. (a) 3.5m   g; (b) 6.225m   g; (c) 12.45m   g. 

It is clear from Eq. (10) that when the relative velocity between the ball and membrane is given, a 

larger value of m  produces a larger   and, therefore, a larger output voltage at each impact. 

However, when the value of m  is large, Eq. (11) should be used to calculate the velocity of the ball 

after impacts; it can be seen that the velocity of the ball after impacts may be smaller, thus have a 

weakening affect on the next impact. Therefore, the increasing value of m  has opposite influence on 

the system output. The aveU  vs. l  curves for the proposed device with 6.225m  g ( =0.05 ) and 

=12.45m g ( =0.1 ) are presented in Figure 21 (b, c), respectively. It can be seen that the curves have 

the pattern similar to those in Figure 21(a). It can also obviously be seen that the steady state value of 

aveU  at =45   decreases when m  increases from 3.5g to 6.225g, but it increases when m  

continues to increase to 12.45g. This result further demonstrates the complicated influence of m  on 

the system output. 

The optimal angles for different m  and the relevant values of maximum aveU  are summarised in 

Table 3. It can be seen that the optimal EH performance of the proposed device is achieved when 

=12.45m g. However, with the mass increasing nearly 4 times, the maximal aveU  increases 2.2% only. 

Considering that a larger mass makes the device heavier, bigger and eventually may break the 
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membrane, it is reasonable to select 3.5m  g, 11l  mm and =0   for the device. 

Table 3. Optimal angles for different m  and the values of maximal aveU . 

m  (g) 3.5 6.225 12.45 

Optimal length (mm) 11 77 96 

Optimal angle (  ) 0 0 0 

Maximal aveU  (V) 183.8 164.6 187.8 

5. Conclusions 

In the paper, a novel DE-based energy harvesting device has been proposed and analysed. The 

concept is based on the VI motion of a ball, moving freely inside a capsule (cylinder) both sides of 

which are covered by DE membranes. First, the basic principle of a DE generator and an inclined VI 

device were introduced. The membrane deformation was analysed analytically in connection to the 

amount of voltage that can be generated. A number of experiments have been conducted and the 

experimental results were used to validate bespoke numerical code. Then the proposed device has been 

studied numerically under a harmonic excitation and number of different initial conditions. The results 

of the numerical simulations have shown a wide range of the system responses, which depend on the 

initial conditions of the system, inclination angle, excitation amplitude and frequency. A normalised 

amount of gained voltage has been calculated. Dependence of the response curves on the excitation 

amplitude and frequency has been studied.  

Based on the results of numerical simulations it can be stated that: 

1. The average amount of harvested energy varies for different inclination angles and frequencies. 

2. The maximum amount of harvested energy with a low excitation amplitude range ( 8  ) was 

obtained for the vertical orientation of the device, when the ball impacts against both membranes. The 

maximum amount of harvested energy for a high excitation amplitude range ( 8  ) was observed for 

the device oriented at =60  , when the ball impacts against both membranes (see Figures 19, 20). 

3. For a given excitation amplitude and frequency it is possible to design the device to perform almost 

identically at any inclination angle (within the low frequencies range). 

4. For a given excitation amplitude and frequency a particular device angle can be selected to achieve 

its maximum performance. 

Based on the simulated analyses for the EH performance of the proposed device, the approach to 

realise the optimal design under certain vibrational environment is provided. By selecting m , l  and 

  as parameters, the optimal set of them can be obtained through the system performance curves. An 

application example for the design of the device subjected to a car engine vibration is presented at last 

to illustrate the methodology. 
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