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Investigation of challenging spin systems using Monte
Carlo configuration interaction and the density matrix

renormalization group

Jeremy P. Coe, Nuno M. S. Almeida and Martin J. Paterson∗

June 1, 2017

Abstract

We investigate if a range of challenging spin systems can be described sufficiently
well by using Monte Carlo configuration interaction (MCCI) and the density matrix
renormalization group (DMRG) in a way that heads towards a more ‘black box’ ap-
proach. Experimental results and other computational methods are used for compar-
ison. The gap between the lowest doublet and quartet state of methylidyne (CH) is
first considered. We then look at a range of first-row transition metal monocarbonyls:
MCO when M is titanium, vanadium, chromium or manganese. For these MCO sys-
tems we also employ partially spin restricted open-shell coupled-cluster (RCCSD). We
finally investigate the high-spin low-lying states of the iron dimer, its cation and its
anion. The multireference character of these molecules is also considered. We find that
these systems can be computationally challenging with close low-lying states and often
multireference character. For this more straightforward application and for the basis
sets considered, we generally find qualitative agreement between DMRG and MCCI.

Keywords: Configuration Interaction, The Density Matrix Renormalization Group,
Monte Carlo, Excited States, Transition Metals.
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Challenging spin systems can often have multireference character that requires computation-
ally intensive methods and significant decisions by a user to achieve accurate results. We
investigate if Monte Carlo configuration interaction and the density matrix renormalization
group can be applied in an approach that moves towards a ‘black box’ implementation. We
generally find qualitative agreement for the ordering of spin states for the systems considered.
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INTRODUCTION

Computational approaches in quantum chemistry can be seriously challenged by molecules

with multiple accessible spin states. In addition to perhaps requiring open-shell methods

and the possibility of the wavefunction no longer being a pure spin state, such molecules can

often contain transition metals. This brings in the difficulties of close low-lying states and

possibly strong multireference character.

Problems that are not multireference can be qualitatively well-described by the single

determinant of Hartree-Fock and methods built around small corrections to this would be ex-

pected to be quantitatively accurate. Some of the most elegant approaches in this case use the

coupled-cluster exponential ansatz. For example, coupled-cluster singles doubles (CCSD)1

that can include a perturbative correction, CCSD(T), to account for triple substitutions.2

For open-shell systems these approaches have been further developed as demonstrated, for

example, in the partially spin restricted open-shell coupled-cluster approach (RCCSD).3

Full configuration interaction (FCI) considers all possible configurations and is the most

accurate wavefunction in a given basis. It is also computationally intractable unless the

system and basis are sufficiently small. A qualitatively correct wavefunction when multiple

configurations are important can be sought using the technique of complete active space

self-consistent field (CASSCF).4 There all configurations formed by substitutions within

the active space (a subset of molecular orbitals) have their coefficients and orbitals opti-

mized. The active space is further subdivided to limit the number of configurations in the

restricted active space (RAS)5 approach to enable larger systems to be tackled. Quantitative

accuracy may then be achieved using second-order perturbation (CASPT2)6 or truncated

configuration interaction of the CASSCF wavefunction (MRCI) as, for example, in Ref. 7.

These powerful active space approaches however depend on the choice of orbitals to include

and may require chemical intuition to maximize their effectiveness. We therefore investigate

whether two multireference approaches (see below) can be applied in a more ‘black box’ man-

ner to calculate qualitatively correct results for challenging spin systems without excessive

computational demands.

The density matrix renormalization group (DMRG)8 iteratively builds up a compact
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description of the Hamiltonian for a lattice system by using a reduced basis to describe

blocks of sites. This basis comprises the M most important eigenfunctions of the reduced

density matrix for the current sites of interest. DMRG was first adapted for quantum

chemistry in Ref. 9 where it represents a powerful approach to multireference problems as

it treats all orbitals equally and can be systematically improved by increasing M . There

it was noted that DMRG is most efficient for one-dimensional systems with short-ranged

interactions. The mapping to such a lattice system means that the accuracy of a DMRG

quantum chemistry calculation can be dependent on the ordering of the orbitals, see e.g.

Ref. 10, in addition to the type of orbitals. A number of impressive implementations of

DMRG for quantum chemistry have been created, e.g., Refs. 11–13. In this work we use

the program Block12,14 and its ability to utilize spin eigenfunctions.15 DMRG and active

space methods built upon it have previously been used to successfully study challenging

molecules including the chromium dimer,15–17 dinuclear copper clusters,18 Mn4CaO5,
19 the

oxo-Mn(Salen) complex20 and iron-sulfur clusters.21

Monte Carlo configuration interaction (MCCI)22,23 seeks to stochastically build up a con-

figuration interaction wavefunction that aims to capture much of the FCI result, but using

only a small fraction of its configurations. The accuracy of the calculation is controlled

only by the coefficient cut-off for retaining configurations in the wavefunction (cmin). If

this is required to be very small then the method may become computationally inefficient,

although approximate natural orbitals have been demonstrated24 to offer improvements in

the efficiency of the calculation for some systems. The MCCI approach has previously been

applied to a range of problems in quantum chemistry beginning with single-point energies25

then dissociation energies.26 The method has now encompassed potential energy surfaces

for the ground state,27 electronic excitations,28 excited potential curves including avoided

crossings or conical intersections,29 multipole moments,30 potential curves of transition metal

dimers,31 polarizabilities and hyperpolarizabilities,32 dissociation with perturbation correc-

tions,33 tunnel junctions comprised of gold atoms,34 positronic systems,35 and, most recently,

open-shell molecules.36 In the latter work MCCI was enhanced to calculate the spin state

and use unrestricted Hartree-Fock orbitals when working with Slater determinants. However

no significant improvement was observed when using unrestricted Hartree-Fock orbitals. As
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we wish to guarantee pure spin states in this work then we run MCCI with configuration

state functions (CSFs) which use the principle spin case MS = S.

The categorization of a system as a multireference problem for a given set of orbitals

can be important to decide if a computationally costly multireference method is necessary.

We therefore use the MCCI wavefunction to calculate a multireference indicator31,37 MR

for these spin systems and, in the case of metal carbonyls, we also compare this with the T1

coupled cluster diagnostic.38

Part of this work is to investigate how we can head towards a more ‘black box’ implemen-

tation of MCCI and DMRG for multireference problems. When one can choose an active

space, choose the types of orbitals, choose the orbital ordering, and choose a compromise

between time and accuracy then the possibility of confirmation bias emerges for quantities

that are not variational. To treat the systems in this work in a fair and balanced manner

then we use a DMRG procedure that does not require additional user decisions (where for

example the orbital ordering is automatic) and apply it consistently to each molecule. While

for MCCI we only vary the cutoff parameter in a narrow range after first benchmarking it

on the methylidene spin gap.

In this paper we briefly describe MCCI, DMRG and the multireference indicators used.

The vertical excitations between spin states for a selection of molecules and their multiref-

erence character are then investigated. We first look at the gap between the doublet and

quartet states of methylidyne. We compare these results with FCI and experiment. We then

consider a range of metal monocarbonyls: TiCO, VCO, CrCO and MnCO. In this case we

also use a coupled-cluster approach (RCCSD)3 for open-shell systems and discuss its pre-

dictions of multireference character. We finally look at the iron dimer, its cation and anion,

and these results are appraised against recent work using RASPT2.39
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METHODOLOGY

MCCI

Monte Carlo configuration interaction (MCCI)22,23 aims to iteratively build up a sufficiently

accurate wavefunction by using random single and double orbital substitutions to augment

the existing set of configuration state functions (CSFs). Unimportant configurations are

eventually removed. The molecular orbitals and necessary integrals are calculated using

Molpro.40 to implement a Hartree-Fock calculation of the required spin and symmetry. An

outline of the MCCI algorithm is given below.

• Random single and double substitutions are used to expand the current set of CSFs

so that spatial symmetry is preserved.

• Using these CSFs the Hamiltonian and overlap matrices are constructed and then

diagonalization is performed using the Davidson algorithm.

• New CSFs are removed if they have an absolute coefficient less than cmin.

• All CSFs are candidates for deletion every ten iterations.

• This algorithm is iterated at least 60 times. The process then ends when the energy

satisfies a convergence criterion28 that we set at 5 × 10−4 Hartree unless otherwise

stated.

The nature of the algorithm means that configurations are added and removed in every

step. There is not a known pattern of substitutions known beforehand that can be exploited

and the aim is to have a very small fraction of the full configuration space. Therefore the

current scheme calculates the new parts of the Hamiltonian matrix at every step.

Only configurations that can interact with the existing set via the quantum chemistry

Hamiltonian are added in any one iteration, i.e., single and double substitutions. However

because multiple iterations are used then a wavefunction is built up that can, and usually

will, contain higher substitutions with respect to the starting configuration.
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DMRG

The density matrix renormalization group (DMRG) is a numerical approach that was initially

created as a powerful method for solving strongly-correlated quantum lattice systems.8 The

general idea is to build up the Hamiltonian for a larger lattice in a reduced basis of important

states found from a smaller lattice. The infinite-system symmetric DMRG considers two

blocks of sites either side of two sites, constructs this super block Hamiltonian and finds

the ground state. The reduced density matrix for the system comprising a block and a

site is constructed by tracing out the rest of the system (i.e. the other block and site) and

diagonalized, keeping track of particle number, spatial symmetries etc.. We note that this is

not the same as the first-order reduced density matrix or one matrix as there particles rather

than sites have been traced out. The largest M eigenfunctions of this reduced density matrix

are kept and these are the best states for a reduced basis to represent the larger system.8 A

new block is then formed from the last block and a site. The new block Hamiltonian and

operators connecting a block to a site are transformed into the basis of M eigenfunctions.

The process is repeated causing the number of sites to increase by two at each iteration yet

only M states are ever used to describe a block.

The finite-system algorithm improves accuracy for a give number of sites by maintaining

this number through increasing the left block at the expense of the right, then vice-versa.

A collection of iterations from a smallest block to the largest is known as a sweep. We note

that although DMRG is variational, the energy can increase within a sweep: if the right

block is very small then M may be larger than necessary to describe it but then M may be

too small to describe the left block well. It would be expected that the lowest energy in a

sweep would occur when the left and right blocks are similar in size.

The quantum chemistry Hamiltonian may be written as a lattice system where the or-

bitals become sites using the notation of second quantization:

Ĥ =
!

ij

hij ĉ
†
i ĉj +

1

2

!

ijkl

vijklĉ
†
i ĉ

†
j ĉlĉk, (1)

where hij are the one-electron integrals, vijkl are the two-electron integrals and ĉ†i creates an

electron at orbital i while ĉi annihilates. This was used to first adapt DMRG for quantum
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chemistry in Ref. 9. However now there are many more interaction terms to consider than

in Heisenberg or Hubbard model Hamiltonians.

In this work we use the parallel program Block12,14 and, in particular, make use of its

extension to spin-adapted states.15 We use the following protocol for the Block12,14 DMRG

calculations in this paper. Initially 4 sweep iterations with random noise of 10−4 and with

M = 50 then M = 250 are performed. We use 10−5 as the tolerance for the Davidson

algorithm. The random noise is then reduced to 10−5 and for 4 iterations we use M = 500.

The random noise is then removed and M = 1000 is used until a total of 31 iterations

have been performed or the energy convergence satisfies a tolerance of 10−9. In the early

stages of the calculation random noise is added12 to the density matrices to reduce the

chance that states with particle number or spatial symmetry that would be important for

the converged wavefunction are excluded when the wavefunction is very approximate. The

‘twodot’ algorithm is also used in that there are two sites that link the left and right blocks.

This provides more variational freedom when viewing the algorithm in terms of optimization

of matrix product states41 and, together with random noise, aims to reduce the chance that

the algorithm becomes trapped in a local minimum.42 The same Hartree-Fock molecular

orbitals are used for the DMRG calculation as for MCCI in this work. We emphasize that

we are not seeking to set a new standard of accuracy by attempting to extrapolate results so

they can approximate a FCI limit, rather we aim to demonstrate if DMRG and MCCI can be

used in a more ‘black box’ fashion to produce qualitatively correct results, with reasonable

computational resources, for quite complex electronic structure problems.

Orbital Ordering

Unfortunately the quantum chemistry Hamiltonian is generally neither one-dimensional nor

with short-ranged interactions. The choice of ordering for the orbitals may affect how well

the system maps to a lattice model that can be efficiently modelled using DMRG. The

accuracy and convergence rate of the DMRG algorithm may therefore depend on the orbital

order. In an investigation of orbital ordering in DMRG10 it was found that the orderings

that give the fastest convergence are not necessarily equivalent to those that give the lowest

energy. To attempt to reduce long-range interactions and find an appropriate ordering of
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orbitals we use an approach from Ref. 42. There an ordering is sought to minimize

F =
!

ij

|Kij |D2
ij. (2)

Here Dij is the distance between orbitals at positions i and j in the lattice calculated using

Dij = |i− j|, and the exchange integrals are

Kij =

" "
φ∗
i (r⃗1)φ

∗
j(r⃗2)φj(r⃗1)φi(r⃗2)

r12
d⃗r1d⃗r2. (3)

We use our own version of a genetic algorithm to minimize this function. This uses an

initial parent ordering to create ten more orderings by randomly swapping the position of

two orbitals. Ten random orderings are also created. If a better ordering is found then this

replaces the parent in the next iteration. If there is no improvement after 200 iterations then

a random parent is created. After 104 iterations the overall best ordering is used for the

DMRG calculation. These parameters were reached after experimentation with the genetic

algorithm. With this approach we found that by repeating the algorithm then the same

ordering could be found but with the orbitals listed from right to left rather than left to

right. This supports the idea that a sufficiently good ordering has been found.

We note that as the optimum ordering is unknown without running DMRG for every trial

then minimization of F is itself an approximation. Therefore the global minimum does not

necessarily represent a better ordering and a local minimum from a genetic algorithm should

hopefully be a sufficiently good ordering. We calculate an ordering for each set of orbitals

used. This means that a different ordering may be used for different states when they are of

different point groups as the initial Hartree-Fock calculation of this symmetry will generate

different molecular orbitals. This would be expected to remove the bias that could exist for

one state if its ordering were used for all subsequent calculations of a molecule.

Although we order the orbitals for DMRG, build up the value of M within a calculation

and use random noise it is important to note that this procedure is the same between

molecules and an active space is not used. We do not tailor the protocol to achieve a

presumed result and as such it is consistent with the aim of heading towards a more ‘black

box’ approach.
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Multireference Indicators

In Ref. 31, MR, a way to quantify the multireference character of a MCCI wavefunction was

proposed

MR =
!

i

|ci|2 − |ci|4. (4)

The coefficients of the configurations are normalized such that
#

|ci|2 = 1. For Slater deter-

minants a value of zero indicates there is only one determinants while MR approaches one

as all configurations become equally important and their number increases. This indicator

is approximate when non-orthonormal CSFs are used. When using CSFs and Hartree-Fock

molecular orbitals previously it was found32 that MR had a value of around 0.30 for a system

that should be amenable to approaches based on a single reference (hydrogen fluoride). For a

problem considered strongly multireference, the chromium dimer, then MR ranged between

0.8 and almost 1 with increasing bond length when using CSFs.

The T1 diagnostic,38 is a multireference indicator using the coupled cluster wavefunction

and is based on the magnitude of the vector of single excitation coefficients. For a reliable

CCSD calculation, it was proposed43 that T1 should be less than 0.02.

In Ref. 37 an orbital invariant way of viewing correlation and multireference character

was investigated for Slater determinants. There it was found that T1 generally predicted

the trends in multireference character despite not being calculated from a multireference

methods. We are interested in the challenge that these spin systems represent when using

the computationally accessible Hartree-Fock orbitals. Hence we use MR, rather than an

orbital invariant approach, to quantify the multireference character although we note that

an orbital invariant approach has been generalized to open-shell systems.36 Furthermore

we use non-orthonormal CSFs to calculate MR, but note that a computationally intensive

transformation of the CSFs to an orthonormal basis for calculating MR was used in Ref. 36

and we investigate this approach on TiCO in this work.
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RESULTS

CH

We first consider a carbyne system (methylidyne) as a test case that is amenable to FCI

calculations with reasonably large basis sets and has a relatively high spin-state of interest.

We consider the gap between the doublet and quartet states of CH. The quartet state was

experimentally found to be at 0.742± 0.008 eV in Ref. 44. For the quartet state we use the

experimental bond length of 1.085 angstrom as listed in Ref. 45 for the doublet state we use

the experimental46 bond length to three decimal places of 1.120 angstrom.

The stochastic nature of the MCCI algorithm did not strongly affect the reliability of the

results for these cut-offs: even at the largest cutoff we found that for ten calculations of the

doublet and quartet state for cc-pVDZ the mean difference in energy was −0.569 eV with a

standard error of 0.001 eV. The results using MCCI and DMRG are displayed in Table 1.

There we see that they are in reasonable agreement with the experimental value44 and this

agreement tends to improve with increasing basis set with the closest result from DMRG

with cc-pVQZ.

MCCI, with a small enough cut-off, and DMRG give essentially FCI results for cc-pVDZ.

The FCI space, when symmetry is accounted for, is of the order of 106 SDs here and we find

that MCCI used on average 4337 CSFs to describe the system when cmin= 10−4.

Basis 5× 10−4 2× 10−4 10−4 DMRG FCI

cc-pVDZ −0.567 −0.573 −0.573 −0.574 −0.574

cc-pVTZ −0.689 −0.659 −0.663 −0.672 −0.672

cc-pVQZ −0.580 −0.690 −0.674 −0.710 -

cc-pV5Z −0.679 −0.685 −0.688 - -

Table 1: Energies (eV) from MCCI for three cmin values, DMRG (M=1000) and FCI for the

gap between the 2Π and 4Σ− states of CH. Calculated in C2V using B2 and A2 symmetries

respectively.

For cc-pVTZ the FCI space comprises around 108 SDs. The mean number of CSFs

used in MCCI was 2927 when cmin= 5 × 10−4. On repeating the cc-pVTZ calculation with
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a cutoff of 2 × 10−4 we find that the mean number of CSFs more than doubled to 7025.

Lowering the cut off further to 10−4 used 13850 CSFs on average. The DMRG result for

this basis was almost the same as FCI. We see in Fig. 1 that if we vary the protocol to

reach a lower or higher final M then for lower M we have a noticeable difference with the

FCI result. For M = 2000 the result appears equally as good as M = 1000 on the scale of

the graph and in fact slightly overestimates the spin gap compared with M = 1000 which

slightly underestimates it. This result for CH of M = 1000 as a sufficiently accurate but

computationally tractable choice supports our use of M = 1000 going forward.

250 500 750 1000 1250 1500 1750 2000
Final M value

-0.72

-0.71

-0.7

-0.69

-0.68

-0.67

Sp
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 (e
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Figure 1: CH spin gap (eV) between the 2Π and 4Σ− states using DMRG for four final values

of M . Calculated in C2V using B2 and A2 symmetries respectively with the cc-pVTZ basis.

The difference between MCCI and DMRG is more noticeable for cc-pVQZ and given the

closeness of DMRG to FCI for the smaller bases and the experimental results then it seems

likely that this DMRG result is the most accurate. However we were not able to run the

cc-pV5Z DMRG calculation to convergence or for the maximum number of iterations. The

cc-pV5Z MCCI result had a slightly higher energy for the quartet than with the cc-pVQZ

basis for cmin= 5 × 10−4 suggesting that this cut off may be insufficient for the size of the

configuration space in the larger basis. The cc-pV5Z result is more in line with the others

for cmin= 2 × 10−4 using on average 11891 CSFs compared with 4690 at the largest cutoff.

On further lowering the cutoff to 10−4 we find that the result for cc-pVQZ is −0.674 eV and
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−0.688 eV for cc-pV5Z. This saw the mean number of CSFs rise to 22205 for cc-pVQZ and to

28653 for cc-pV5Z. The FCI spaces are approximately 1010 and 1012 respectively. Therefore

MCCI only used around 10−4% of the FCI space for cc-pVQZ and ∼ 10−6% for cc-pV5Z.

This meant that the cmin= 10−4 MCCI calculation could be used with a larger basis than

DMRG (M = 1000).

We do not focus on comparing timings as this could be misleading if the methods have

different accuracies. However as an indication of the computational costs for the chosen

parameters when using 12 processors we note that for the doublet state in cc-pVDZ the 10−4

MCCI result required approximately five minutes while DMRG needed about three minutes.

For the cc-pVQZ basis this increased substantially to around four and a half hours for MCCI

and thirty-six hours for DMRG.

It is worth remarking that the Hartree-Fock wavefunction for these bases predicts the

quartet, not the doublet, to be the ground state by around 0.28 eV. The MR values go

someway towards explaining this in that for cc-pVQZ with the lowest cutoff we find MR =

0.41 for the doublet and MR = 0.12 for the quartet. This shows that the doublet, with

these orbitals, is a multireference problem although not strongly so, while the quartet is

well-described by methods built around corrections to a single reference. Hence the single

determinant of Hartree-Fock would be expected, but not guaranteed, to be closer to the

exact energy for the quartet than the doublet. This is borne out by the percentage errors

compared with FCI where we find that for cc-pVTZ the Hartree-Fock energy has an error

of 0.38% for the doublet and this reduces to 0.29% for the quartet.

Metal Monocarbonyls

We now look at systems that are beyond FCI when using reasonable basis sets. First-row

monocarbonyls are known to be challenging to study computationally; energy level proxim-

ity and multireference character can lead to significant errors for traditional approaches e.g.,

NiCO.47 The complex nature of the electronic spectra and a high density of states presents

a similar challenge as observed for metal oxides e.g., TiO2 and MnO−
4 ,48,49 where stan-

dard response methods may fail in describing excited states due to problems appropriately

describing the ground state.
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Leslie et al produced an extensive study of first and second row mono and dicarbonyl

positive ions.50 The bonding in these systems were discussed in detail. The chemistry of

these molecules is important for organometallic systems as well as to understand important

mechanisms in catalysis and surface chemistry. The electropositive metals tend to react

with, for example, aldehydes or ketones.51 Fournier compiled results regarding the high

and low-spin states of MCO.52 In the same year he also evaluated their geometries using

density-functional theory applied to Ni(CO), Cr(CO) and Cu(CO). For the latter two, it

was found out that the linear structures are not as stable as bent ones by 3 kcal/mol. It

was a curious finding because until then all the geometries for first-row transition metal

monocarbonyls where assumed to be linear.53 In 2001 Zhou et al compiled an extensive

review that summarized experimental and theoretical studies of unsaturated MCOs.54 One

of the most recent experimental studies focuses on the rotational levels of metal carbonyls

Ni(CO) and Pd(CO) in their ground and first-excited vibrational levels.55 The gap between

the singlet and triplet of NiCO was investigated using DMRG in Ref. 18 with the cc-pVTZ

basis set. The ordering agreed with other approaches, although the gap was smaller than

CASSCF(18,26).

TiCO

Initially CCSD geometry optimizations using Gaussian56 were performed for the first four

spin states using the cc-pwCVTZ basis set. The relative energies are tabulated in Table 2.

The geometries were all linear and the bond lengths did not differ strongly for the first three

spin states. We now investigate whether the ordering of the states is preserved when we

apply two multireference approaches (MCCI and DMRG) to the optimized singlet geometry.

In this case we have r(Ti-C)= 2.080 Å and r(C-O)= 1.156 Å. We note that if these states

are sufficiently multireference then the CCSD results would perhaps not be expected to be

of particularly high accuracy, although for our proposes the CCSD geometries allow us to

focus on electronic structure, and contrast with earlier work. Geometry optimization with

either DMRG or MCCI is beyond the scope of the present work.

We first use a smaller basis (cc-pVDZ) and freeze 11 orbitals so that the calculations

are tractable. For MCCI and DMRG the Hartree-Fock orbitals from a calculation with

14



Spin State r(Ti-C) (Å) r(C-O) (Å) Relative energies (eV)

Singlet 2.082 1.156 0.98

Triplet 2.092 1.160 0.78

Quintet 2.055 1.144 0.00

Septet 2.152 1.236 6.78

Table 2: TiCO CCSD bond lengths (Å) and relative energies (eV) for optimized geometries

using the cc-pwCVTZ basis set. All geometries were found to be linear.

symmetry suggested by Molpro40 for a given spin are used.

Although we are interested in applying the methods in a more ‘black box’ manner rather

than extrapolation to attempt to approximate FCI results, we now initially consider the

effect of M on the accuracy of the DMRG calculations. To do this we follow the protocol

for the DMRG calculation discussed in the methods section except now M is doubled after

every four iterations until the final M value is reached. This M value is then used until the

calculation ends. Random noise is included at all stages of the procedure except for when

the final M value is reached. In Fig. 2 we present the results and see that on the scale

of the graph then increasing M in a range from 1000 to 3000 does not noticeably change

the relative energies. Hence we continue by using a maximum M value of 1000 with the

aim of producing consistent and sufficiently accurate results with reasonable computational

demands.

The symmetry that gave the lowest MCCI energy of each spin is presented in Table 3.

The lowest energy symmetry was in agreement with DMRG except for the septet where the

DMRG energy for A2 was slightly lower at 6.95 eV than the A1 result. The results with cc-

pVDZ are in qualitative agreement with CCSD calculations with a triple zeta basis set. This

is despite using the singlet geometry for the multireference calculations. Hence we did not

bias the multireference calculations to a quintet ground-state. We also use this geometry

with the partially spin restricted open-shell coupled-cluster approach RCCSD3 and with

perturbative triples (RCCSD(T)) in Molpro.40 RCCSD is known as partially spin restricted

as only the linear part of the cluster operator is constrained to give a spin eigenfunction.

The order of the states was the same as the multireference methods with RCCSD(T) and
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Figure 2: Relative energies (eV) for TiCO against the final value of M for the DMRG

calculation when using the cc-pVDZ basis with 11 frozen orbitals.

DMRG having the best quantitative agreement. This is despite all the T1 values suggesting

that RCCSD may not be reliable here and the MR values demonstrating that these are

multireference problems perhaps with the exception of the septet. We see that the highest

T1 value corresponds with the largest MR value, but the lowest of each do not occur for the

same state when using non-orthonormal CSFs.

We also use the procedure from Ref. 36 to calculate MR values when the CSFs are

made to be orthonormal to illustrate comparison with MR values for Slater determinant

wavefunctions.37 Here we find 0.32 for the singlet, 0.26 for the triplet and 0.25 for the

septet. This fits in the with their classification as multireference problems, but does not

suggest that they are strongly multireference. It also appears that the septet is relatively

slightly less challenging when using non-orthonormal CSFs. The quintet required slightly

more configurations than the other three calculations and this was sufficient to push it

beyond our computational resources for the current version of the computationally intensive

orthonormalization procedure.

We then consider these four states in the cc-pVTZ basis. The ordering is the same as

for cc-pVDZ and there is qualitative agreement between the four methods. However the

quantitative values for the lower-lying states display a dependence on the basis set. Our
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Spin State MCCI DMRG RCCSD RCCSD(T) T1 MR

Singlet (A1) 1.43 0.86 1.21 0.97 0.10 0.65

Triplet (A2) 0.64 0.34 0.42 0.38 0.054 0.56

Quintet (A1) 0.00 0.00 0.00 0.00 0.044 0.50

Septet (A1) 7.32 7.05 7.09 7.12 0.065 0.34

Table 3: TiCO relative energies (eV) with 11 Frozen orbitals using MCCI (cmin= 3× 10−4),

DMRG (M=1000), RCCSD and RCCSD(T) with the cc-pVDZ basis set. MCCI MR values

and RCCSD T1 results are also presented.

results for the ground state fit in with the 5∆ state found in earlier theoretical work.57 We

see in Table 4 that the results suggest that the singlet and triplet states energies are a little

high when using RCCSD and RCCSD(T). The DMRG results found that the same symmetry

as for MCCI gave the lowest energy for a spin except for the septet where A2 was slightly

lower than A1 to give a relative energy of 6.74 eV. Again the T1 values suggest that there

is multireference character and the largest corresponds to the largest MR, but the smallest

does not. The MR values are similar with the main noticeable difference being the lowering

of the quintet value to perhaps no longer classify it as a multireference problem.

Spin State MCCI DMRG RCCSD RCCSD(T) T1 MR

Singlet (A1) 0.86 0.63 1.17 0.91 0.10 0.59

Triplet (A2) 0.29 0.29 0.47 0.42 0.057 0.54

Quintet (A1) 0.00 0.00 0.00 0.00 0.045 0.38

Septet (A1) 7.69 6.79 7.01 7.07 0.063 0.30

Table 4: TiCO relative energies (eV) with 11 Frozen orbitals using MCCI (cmin= 3× 10−4),

DMRG (M=1000), RCCSD and RCCSD(T) with the cc-pVTZ basis set.

For the A1 quintet MCCI result in the cc-pVTZ basis the most important configuration

was formed from the occupied Hartree-Fock orbitals with a coefficient of 0.94. This had

11A1
1 as its highest energy orbital. The cc-pVDZ leading configuration was similarly formed

with the coefficient being almost the same at 0.94. The FCI space was around 1016 Slater

determinants for cc-pVDZ and the MCCI result for the singlet used ∼ 25000 CSFS. For
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the cc-pVTZ basis the FCI space consists of about 1020 Slater determinants but MCCI only

used ∼ 31000 for the singlet state. Given the qualitative agreement between cc-pVTZ and

cc-pVDZ for these TiCO results, then for computational efficiency we investigate the next

three MCO molecules using the cc-pVDZ basis.

VCO

We find that the CCSD cc-pwCVTZ optimized geometries are linear for VCO. For the

following calculations, the optimized geometry for the doublet is then used: r(V-C)= 1.817

Å and r(C-O)= 1.158 Å

The symmetry that gave the lowest energy for each spin when using MCCI is presented

in Table 5. The results for ground state support earlier theoretical work57 that found 6Σ+.

Using DMRG we found that the same symmetry gave the lowest energy as for MCCI. The

ordering of states agrees between the four methods with DMRG reducing the energy gaps

compared with MCCI and giving closer results to RCCSD(T). In this case the T1 and MR

values follow the same trend. T1 suggests multireference nature for all of the problems and

particularly so for the doublet. MR suggests that the octet is perhaps not classified as a

multireference problem while the doublet and quartet certainly pose a multireference chal-

lenge. For the lowest energy MCCI result the most important configuration had coefficient

0.94 and comprised the occupied Hartree-Fock orbitals. The highest energy such orbital was

12A1
1. For the doublet we find that MCCI used 31339 CSFs while the FCI space in this case

was around 1017.

Spin State MCCI DMRG RCCSD RCCSD(T) T1 MR

doublet (B2) 1.88 1.08 1.80 0.86 0.24 0.71

quartet (A1) 0.59 0.50 0.52 0.42 0.075 0.63

sextet (A1) 0.00 0.00 0.00 0.00 0.074 0.41

octet (A1) 7.33 7.06 7.02 7.06 0.054 0.32

Table 5: VCO relative energies (eV) with 11 Frozen orbitals using MCCI (cmin= 3× 10−4),

DMRG (M=1000), RCCSD and RCCSD(T) with the cc-pVDZ basis set. MCCI MR values

and RCCSD T1 results are also presented.
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CrCO

For CrCO we found that the optimized geometries were all linear. For the quintet state

with CCSD and the cc-pVTZ basis the optimized geometry was r(V-C)= 1.934 Å and r(C-

O)= 1.172 Å.

We tabulate results for the lowest energy of each spin state (table 6). We find that the

ground state spin is in agreement with an earlier study52 using density-functional theory

although that work did not use a linear geometry. We note that MCCI and DMRG re-

sults agreed on the symmetry except for the singlet when the DMRG A1 state was slightly

lower, but equivalent at the reported accuracy to a relative energy of 2.94 eV. RCCSD and

RCCSD(T) were unable to be used in Molpro40 for a singlet of A2 symmetry but the A1 sym-

metry or results without symmetry were 4.34 ev for RCCSD and 3.89 eV for RCCSD(T). As

seen for VCO, DMRG lowers the energy gaps compared with MCCI, yet all four methods are

in qualitative agreement for the ordering of states. Although the MCCI triplet looks a little

high compared with DMRG and RCCSD(T). MR suggests multireference character except

for perhaps the ground-state. T1 follows the trend of MR although even for the ground-state

it is still slightly above the maximum value of 0.02 suggested for a reliable CCSD calculation.

Spin State MCCI DMRG RCCSD RCCSD(T) T1 MR

singlet (A2) 3.15 2.94 - - - 0.77

triplet (B1) 2.87 1.65 2.51 1.99 0.16 0.78

quintet (A1) 0.92 0.39 0.66 0.47 0.10 0.54

septet (A1) 0.00 0.00 0.00 0.00 0.031 0.36

Table 6: CrCO relative energies (eV) to the sextet state with 11 Frozen orbitals using MCCI

(cmin= 3× 10−4), DMRG (M=1000), RCCSD and RCCSD(T) with the cc-pVDZ basis set.

MCCI MR values and RCCSD T1 results are also presented.

The leading configuration for the MCCI A1 septet result had coefficient 0.94. This had

13A1
1 as the highest energy orbital and contained the occupied Hartree-Fock orbitals. The

FCI space for the singlet consisted of approximately 1018 Slater determinants while the MCCI

result used 70265 CSFs.
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MnCO

In the case of MnCO we again find that the CCSD optimized geometries are linear and we

use that of the sextet with the cc-pwCVTZ basis: r(Mn-C)= 2.030 Å and r(C-O)= 1.160 Å.

We use the symmetries that gave the lowest energy for MCCI. The DMRG symmetries were

the same except for the doublet state where A2 symmetry had a lower relative energy of 3.01

eV. In table 7 we see that the ground state is a sextet with MCCI, DMRG and RCCSD, but

an octet with RCCSD(T). However the octet and septet are very close in energy for MCCI

and almost degenerate when using RCCSD(T). The order of the states is otherwise the

same although the quartet results seem appear too high for RCCSD and RCCSD(T) when

considering the results from DMRG and MCCI together with the significant multireference

character in this case. We note that the coupled cluster calculations for the quartet had

convergence issues and this fits in with the quartet having the most multireference character

when indicated byMR. However T1 was lower than for the doublet, but still rather high. The

octet may not be a multireference problem judging by its MR and borderline T1 value. This

could be the root of the slight difference in ground-states in that RCCSD would be expected

to describe the octet more accurately than the sextet which seems to be close in energy but

has some multireference character. The lowest MR value corresponds to the highest spin

state and this is observed for all the metal carbonyl molecules considered. Although for

this system the largest multireference character is the second lowest spin state, in general

MR and T1 tend to decrease as the spin state increases. This could be linked to, but is not

guaranteed by, the configuration space reducing in size for high-spin states.

The ground state found with all approaches, except RCCSD, supports the computational

work of Ref. 58 that assigned experimental observations the ground state 6Π which can

correspond to B1 in C2v and not 6Σ+ which would correspond to A1. The next two states

were assigned 8Π and 4Π respectively which again, with the exception of RCCSD, fit in with

the results here. The calculated gap between the octet and the sextet is also relatively small

in Ref. 58 at 0.087 eV.

The highest energy orbital in the most important configuration for the MCCI wavefunc-

tion of lowest energy was 13A1
1. This configuration comprised the occupied Hartree-Fock
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Spin State MCCI DMRG RCCSD RCCSD(T) T1 MR

doublet (A1) 3.61 3.42 3.71 3.17 0.14 0.47

quartet (B2) 1.47 0.69 2.74 2.23 0.10 0.73

sextet (B1) 0.00 0.00 0.32 0.00 0.05 0.45

octet (B2) 0.09 0.27 0.00 0.01 0.02 0.29

Table 7: MnCO relative energies (eV) with 11 Frozen orbitals using MCCI (cmin= 3×10−4),

DMRG (M=1000), RCCSD and RCCSD(T) with the cc-pVDZ basis set. MCCI MR values

and RCCSD T1 results are also presented.

orbitals and had coefficient 0.91. For this problem the FCI space was around 1019 Slater

determinants for the doublet, but MCCI required only 32496 CSFs for this state.

The Iron Dimer

Fe2, as a first-row transition metal dimer, is a challenging problem due to its expected

multireference nature with high-spin low-lying states. Ref. 59 used MRCI and CASPT2 to

suggest that the ground state of Fe2 is 7∆u and that of the anion is 8Σ−
u . Recently RASPT2

has been used39 with the ANO-RCC-VQZP basis and an active space of 16 electrons in 28

orbitals. This gave an active space size of around half a million CSFs and resulted in 9Σ−
g

as the ground state of Fe2 at a bond length of 2.02 Angstroms, while the anion ground state

was 8Σ−
u at a bond length of 2.10 Angstroms. There the ordering of the spin states of the

anion results was found to be in agreement with the MRCI results of Ref. 60. 8Σ−
u was also

the ground state for the cation at the same bond length of 2.10 angstrom.

We use these bond lengths and investigate how the ordering of these high-spin states

appears when using MCCI with a cutoff of 2 × 10−4 and DMRG with 1000 states. We use

the cc-pVDZ basis and freeze 18 molecular orbitals. We also consider how strongly the order

of the orbitals affects the DMRG (M = 1000) results for these molecules.
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Neutral Molecule

In Table 8 we see that the ground-state of 9Σ−
g is in agreement with the RASPT2 study39

rather than the earlier MRCI and CASPT2 results.59 The lowest energy MCCI result (9Σ−
g )

has a configuration comprising the occupied Hartree-Fock orbitals as the most important

with a coefficient of 0.86. Here the highest energy orbital was 8B1
1u. The ordering of the

excited states is, however, different to RASPT2 with the 7Σ−
g becoming higher in energy in

the MCCI calculation. The DMRG results reproduce the ordering of the RASPT2 calculation

with the first two excited states rather close in energy. Experimental results61 place the first

excitation at 0.53 eV and this fits in with the 7Σ−
g state calculated in Ref. 39. This higher

accuracy could be attributed to the larger basis and judicious choice of active space employed

in Ref. 39. For the ordering of the states displayed in Table. 8, the number of CSFs used in

MCCI were 63322, 77419 and 86161 respectively. This compares with FCI spaces of around

1018 SDs when symmetry is taken into account. There appears to be some multireference

character in the MCCI wavefunction, but it would not be considered strongly multireference.

If we do not reorder the molecular orbitals then they remain in the Molpro40 Hartree-

Fock orbital order. This means that they are ordered by symmetry and then increasing

energy within each symmetry. In this case we find that the three DMRG results all have

higher absolute energies. The ordering of states remains the same, but the relative energies

are higher: 0, 1.54 and 2.27 eV.

State MCCI DMRG RASPT239 MR

9Σ−
g (B1g) 0.00 0.00 0.00 0.52

7Σ−
g (B1g) 1.16 0.83 0.58 0.50

7∆u (B1u) 0.39 0.85 0.64 0.62

Table 8: Fe2 MCCI (cmin= 2 × 10−4) and DMRG (M = 1000) energies (eV) assigned from

the D2h symmetry (in parentheses) relative to the lowest state for the method and MR

values. Results at R = 2.02 Å with a cc-pVDZ basis with 18 frozen core orbitals compared

with the RASPT2 results of Ref. 39.
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Cation

For the cation results in Table 9 we find again that the ground state with MCCI is in

agreement with that of RASPT2. The effect of orbital reordering is more interesting in

this case. For 8Σ−
u and 10Σ+

u it lowers the energy, but for the other two states the energy

noticeably increases. As the FCI result is a lower bound for the DMRG energies, we therefore

use the lowest energy found when reporting the results in Table 9. We note that the DMRG

energies were always lower than the MCCI results. However due to the dependence on orbital

ordering it is not clear how balanced a treatment of the different states is being achieved

with DMRG at this level of accuracy. One might be tempted to speculate that this orbital

ordering may be detrimental when the system is not considered a multireference problem.

This seems to be the case for the 10Σ+
u state but does not explain the 8Σ−

u result.

It was noted in Ref. 39 that CCSD(T) and two functionals in DFT all give different

ground states: calculations62 with CCSD(T) found 10Σ−
g to have the lowest energy, DFT

with the B3LYP functional resulted in 10Σ+
u being labelled as the ground state63 while using

the BPW91 functional meant the ground-state was listed as 8∆u.63 This demonstrates the

difficulty that this high-spin system can pose.

The states calculated with MCCI and DMRG now display the same ordering as the

RASPT2 results and are also similar in value. The most important configuration for the

lowest energy MCCI result had a coefficient of 0.86 and was formed from the occupied

Hartree-Fock orbitals where the highest energy orbital was 3B2
3u. The MR values are similar

to those for the neutral molecule except for the 10Σ+
u state where the MCCI wavefunction

result suggests that it would perhaps not be classed as a multireference problem. The number

of CSFs in MCCI for the ordering of the states in Table. 9 was 55401, 50570, 44719 and

26937 respectively. Interestingly, the Hartree-Fock results place 10Σ+
u as lowest in energy

which fits in with its low MR value and number of CSFs for the MCCI wavefunction.

Anion

For Fe−2 , earlier work with MRCI60 gave the ground-state as 8Σ−
u while calculations with

CASPT2 found59 8∆g to be lower. In Table 10 we see that for the anion the MCCI ground
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State MCCI DMRG RASPT239 MR

8Σ−
u (Au) 0.00 0.00 0.00 0.55

8∆u (B1u) 0.78 0.66 0.46 0.52

10Σ−
g (B1g) 1.36 1.41 1.34 0.53

10Σ+
u (B1u) 2.40 2.52 2.75 0.26

Table 9: Fe+2 MCCI (cmin= 2× 10−4) and DMRG (M = 1000) energies (eV) assigned from

D2h relative to 8Σ−
u and MR values. Results at R = 2.1 Å with a cc-pVDZ basis and 18

frozen core orbitals compared with RASPT2 results of Ref. 39.

state agrees with the MRCI60 result and with the RASPT2 calculations39 rather than the

CASPT2 results.59 The overall MCCI ordering of states agrees with RASPT2 and the values

are also generally in agreement except for 8∆u where the MCCI result is a little low compared

with RASPT2. The MR values are similar to the neutral molecule in that they suggest

some, but not strong, multireference character. The number of CSFs used by MCCI for the

order of states in Table. 10 were respectively 100799, 98234, 77995 and 78473. For the 8Σ−
u

MCCI result we find that the leading term in the wavefunction is formed from the occupied

Hartree-Fock orbitals and has coefficient 0.79. This has 8B1
1u as the highest energy orbital.

For DMRG, reordering lowered the energies for the anion except for the 8∆g state. For

this state the energies were close for both orderings, however, with a difference of 0.1 eV. The

lowest energy state when using DMRG was 8Πg for both orderings. The DMRG absolute

energies were all lower than those from MCCI so it is interesting that the ground-state is

different to the other results in Table 10. This perhaps may be due to the smaller basis used

in this work compared with Ref. 39 or the FCI space being larger for this system than the

neutral and cation dimers.

For the iron dimer, its cation and its anion we have seen that there is agreement for the

ground-state between MCCI and RASPT2.39 The number of CSFs required for MCCI tends

to increase with the number of electrons as would be assumed. One might expect the cation

to be better modelled using MCCI than the neutral molecule as the size of the FCI space

is approximately ten times smaller. We indeed find that the MCCI cation results agree

in ordering with RASPT2, but so do the anion while the neutral results have a different
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State MCCI DMRG RASPT239 MR

8Σ−
u (Au) 0.00 1.69 0.00 0.66

8∆u (B1u) 0.10 0.79 0.67 0.67

8Πg (B2g) 0.71 0.00 0.71 0.58

8∆g (Ag) 0.95 0.99 0.91 0.66

Table 10: Fe−2 MCCI (cmin= 2× 10−4) and DMRG (M = 1000) energies (eV) assigned from

D2h relative to the lowest energy state found and MR values. Results at R = 2.1 Å with a

cc-pVDZ basis and 18 frozen core orbitals compared with RASPT2 results of Ref. 39.

ordering for the excited states. However the DMRG ground state and order are different

to MCCI and RASPT2 for the anion, yet the order is in agreement with RASPT2 for the

neutral and cationic molecule. The FCI space is around 1018 for the neutral molecule and it

seems that an increase or decrease in magnitude may have an effect on the accuracy of the

more ‘black box’ calculations in this case.

CONCLUSIONS

We first investigated the gap between the doublet and quartet states of methylidyne (CH)

with Monte Carlo configuration interaction (MCCI) and the density matrix renormalization

group (DMRG). For the cc-pVDZ basis we found that the MCCI energy, using a cutoff of

cmin= 10−4, was almost the same as the full configuration interaction (FCI) energy despite

using a very small fraction of the FCI configurations. The number of states for DMRG was

set at M = 1000 for this paper and at this level the DMRG and FCI energies were equivalent

to two decimal places for cc-pVDZ. The DMRG result was essentially that of FCI for cc-

pVTZ and the MCCI results were close, but slightly less accurate. Both methods appeared

to heading towards the experimental value as the basis set was enlarged with the cc-pVQZ

DMRG result being closest. We noted that the Hartree-Fock (HF) approach reversed the

order of the states. We used a multireference indicator (MR) to shed light on this: the

doublet appeared to have some multireference character, but the quartet did not. This

meant that a single determinant would describe the latter state more accurately.
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We then looked at monocarbonyls of first row transition metals with spin states up to

octets. We explored the spin states using MCCI, DMRG and partially spin-restricted open-

shell coupled cluster (RCCSD)3 at a CCSD optimized geometry. For TiCO we found that

increasing the accuracy of the DMRG calculation from M = 1000 to M = 3000 did not

noticeably affect the relative energies when using cc-pVDZ. For TiCO, VCO and CrCO we

found that the three computational methods gave the same ordering of spin states despite

the T1 indicator always suggesting multireference character and often substantially so. The

MCCI wavefunction was not always considered multireference for these three systems when

using MR, yet the highest MR value corresponded to the highest T1 and the indicators

often followed the same trend. The multireference nature tended to decrease with increasing

spin state for these systems. For MnCO there was agreement on the ordering of states

between MCCI, DMRG and experiment with a sextet ground state, but RCCSD gave the

octet as a ground state. We suggested that this was due to the octet being close to the

sextet and not appearing to be a multireference problem when using MR (and borderline

with T1) so it could perhaps be described more accurately using RCCSD. In addition the

quartet state appeared somewhat high with RCCSD which we attributed to it having the

most multireference character of the four spin states when quantified using MR.

Finally we considered spin states of the iron dimer, its anion and its cation. For the

neutral molecule the ground state of spin 9 was found with both MCCI and DMRG. This

was in agreement with work39 using RASPT2 and a larger basis. The ordering of the excited

states was different with MCCI, but those of DMRG and RASPT2 were the same. However

the RASPT2 results were closer to the experimental value for the first excited state. For the

cation we found that the ordering of the orbitals in DMRG could noticeably affect the order

of the states, although the ground state remained the same. Using the lowest energy DMRG

results we found qualitative, and close to quantitative, agreement between MCCI, DMRG

and RASPT2. The MCCI results agreed with RASPT2 for the anion although the first

excited state was noticeably lower in energy for MCCI. The DMRG results gave a different

order and ground-state, yet the energies were lower than MCCI. We proposed that the larger

FCI space needed for the anion could make this system more challenging. Most of the states

for these dimers were indicated to be multireference problems when using MR.
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Multireference methods are becoming increasingly important in quantum chemistry yet

often require substantial choices in setting up a calculation which could open up the pos-

sibility of bias in the calculation of a non-variational quantity. In this work we saw that

the spin systems considered were indeed often challenging. However the results with two

contemporary multireference methods that we applied in a manner moving towards a more

‘black-box’ implementation, MCCI and DMRG, were generally in qualitative agreement on

the ordering of spin states with each other and with previous work. For quantitative agree-

ment in such challenging spin systems then further work is necessary to achieve ‘black-box’

implementations with reasonable computational requirements.
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