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bInstitute for Mechanical, Process and Energy Engineering, Heriot-Watt University, Edinburgh,
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Abstract

Low bone strength is a major risk factor for osteoporotic fractures and is only

partially determined by clinical densitometry. Accumulated micro-damage in-

duces residual strains, degrades elastic modulus and reduces bone strength in-

dependently of bone mineral density. Histologically, overloading of bone in

compression and tension leads to distinct crack size, distribution and orienta-

tion which interact during combined loading scenarios. Statistics of rheological

models can describe this process and reproduce experimental stress-strain curves

with an unprecedented realism, but are computationally expensive and therefore

difficult to generalize to 3D. Accordingly, the aim of this work is to formulate a

continuum damage model that describes the key features of bone micro-damage,

namely the accumulation of residual strains, the degradation of elastic modulus

and the reduction of strength in compression, tension and especially in their se-

quential application. The promising qualitative agreement of the model with the



experiments will motivate a generalization to 3D and allow the biomechanical

investigation of bones and bone-implant systems subjected to cyclic overloading

in tension and/or compression.

Keywords: Bone, Compression, Constitutive Model, Damage, Microcracks,

Residual Strain, Strength, Tension

1. Introduction

Osteoporotic fractures represent a major health care problem in aging popula-

tions and prediction of fracture risk is an important clinical objective (Cosman

et al., 2014). Besides the increasing occurrence of falls in the elderly, low bone

strength represents a major risk factor that is only partially accounted for by

areal bone mineral density (aBMD) assessed in clinical routine (Keaveny et al.,

2010). Further efforts are therefore needed to decipher the determinants of hu-

man bone strength in terms of composition, multi-scale organization and ac-

cumulated damage in the form of diffuse damage and microcracks (Lee et al.,

2003). From a mechanical standpoint, cyclic overloading of compact and trabec-

ular bone tissue simultaneously produces residual strains and a reduction in elas-

tic modulus (Keaveny et al., 1994; Zysset and Curnier, 1996) and has been related

to the amount of histological micro-damage (Moore, 2001). When overloaded

in tension along the osteonal axis, compact bone undergoes diffuse microcrack-

ing perpendicular to this axis, but when loaded in compression, bone exhibits

∗Corresponding author’s email address: philippe.zysset@istb.unibe.ch
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better defined linear microcracks oriented obliquely with respect to the loading

axis (Seref-Ferlengez et al., 2015; Wolfram et al., 2016). In most computational

analyses, the post-yield behaviour of bone is simulated with plasticity or dam-

age models designed for other materials e.g. (Gupta et al., 2007; Carnelli et al.,

2011; Hambli and Allaoui, 2013; Kinzl et al., 2013). A few rate-independent and

one rate-dependent constitutive models were proposed to describe the coupled

process of residual strain accumulation and degradation of modulus in both com-

pact and trabecular bone (Zysset and Curnier, 1996; Fondrk et al., 1999; Garcia

et al., 2010; Schwiedrzik and Zysset, 2013). However, these models are limited to

proportional loading and do not account for the alternation of compressive, ten-

sile or shear stress modes that may occur during the daily or accidental loading

of the human skeleton.

Recently, an experimental study investigated the effects of compressive and ten-

sile damage overloading cycles on the compression/tension elastic and post-yield

behaviour (Mirzaali et al., 2015). A statistics of rheological models was then pro-

posed to describe the interaction of damage accumulation of compact bone in

tension and compression (Zysset et al., 2016). Although the description of the ex-

perimental stress-strain curves by this model is rather remarkable, the required

computing resources are significant and an alternative continuum model would

be desirable, especially in the perspective of a generalization to 3D finite element

analysis.

Consequently, the aim of this work is to develop an alternative continuum dam-
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age model that includes the key features of bone damage in compression/tension

and that necessitates less computational resources than a statistical approach.

Section 2 contains the mathematical formulation of the rheological model, the

principles of the numerical implementation and the selected material properties.

The details of the numerical algorithm are provided in the Appendix for concise-

ness. Section 3 presents the output of the model for the experiments performed

in (Mirzaali et al., 2015). The last section 4 discusses the strength and weaknesses

of the proposed model and concludes with a few perspectives.

2. Methods

2.1. Rheological model

The rheological model consists of a linear elastic spring representing the bone ex-

tracellular matrix (ECM) composite in series with two sliders representing each

a type of microcrack family. The rate-independent sliders stand for the stress

thresholds for crack opening and closing, while the springs bridging these cracks

get damaged along the respective maximal crack opening strain amplitudes (Fig.

1). These springs represent collagen fibres that were reported as bridging liga-

ments in the description of toughening mechanisms in bone (Nalla et al., 2003).

Due to their unilateral nature, tensile crack strains are not allowed to open under

compression. In contrast, the compressive cracks can also open under extension

and their corresponding strain become positive.
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The series arrangement of the model leads to an additive decomposition of the

elastic and crack strains

E = Ee + Ec + Et, (1)

where the residual compressive crack strain Ec and the residual tensile crack

strain Et ≥ 0 are independent internal variables. The same residual strains Ec

andEt are relevant for stretching of the bridging springs. The series arrangement

implies also that the total stress is identical in the matrix and in the two crack

families.

2.2. Free energy

The Helmholz free energy of the model represents the sum of the recoverable

energy stored in the extracellular matrix and in the collagen fibers bridging the

E
e

E
c

E
t

Figure 1: Rheological model of a linear elastic bone matrix (spring) with compression

and tension crack families that exhibit distinct frictional stress levels for opening and

closing (sliders). A lockingmechanism limits the strain in the perpendicular tensile crack

family but not in the oblique compression crack family. Damage of the crack bridging

springs is triggered by the maximal opening strains.
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two cracks:

ψ = ψe(E, Ec, Et) + ψc(Ec, Dc) + ψt(Et, Dt).

The free energy of the matrix is expressed in function of the primal strain vari-

ables

ψe = 1
2ε(E − Ec − Et)2, (2)

where ε is Young’s modulus of the intact matrix. The free energy related to the

bridging of collagen in the compression crack is

ψc =

⎧⎪⎪⎨
⎪⎪⎩

0 if Dc = 0
1
2

(1−Dc)
Dc εEc2 if Dc > 0,

(3)

where Dc ∈ [0, 1[ is a primal damage variable that reduces the modulus of the

linear compression crack spring and depends on the compression crack strain

history

κc(t) = Maxτ∈[0,t]{−Ec(τ)} > 0. (4)

The free energy related to the the bridging of collagen in the tensile crack is

ψt =

⎧⎪⎪⎨
⎪⎪⎩

I[Et,clo,+∞[(Et) if Dt = 0
1
2

(1−Dt)
Dt εEt2 + I[Et,clo,+∞[(Et) if Dt > 0,

(5)
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where I{.}(x) is the indicatrix function

I{.}(x) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x ∈ {.}
+∞ if x /∈ {.},

(6)

that ensures that the tensile strains remain bounded by a tensile crack closure

strain Et,clo(κt) > 0, which is a function of the tensile crack history

κt(t) = Maxτ∈[0,t]{Et(τ)} > 0. (7)

Dt ∈ [0, 1[ is a second damage variable that reduces the modulus of the tensile

crack spring and is a function of both the tensile and compressive crack strain

histories Ec(t) and Et(t).

Following (Garcia et al., 2010), the modulus reduction ratio (1−D)
D
is used for dam-

age of the springs bridging the cracks in order to produce the classical reduction

of modulus (1 − D) of the full rheological model.

2.3. Total stress and conjugate variables

The conjugate total stress S is given by the derivative of the free energy with

respect to the total strain

S = ∂ψ

∂E
= ε(E − Ec − Et). (8)

The conjugate residual compressive stress SEc
also derives from the free energy

with respect to the compressive crack strain and represents the stress in the com-
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pression slider

SEc = − ∂ψ

∂Ec
=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ε(E − Et) if Dc = 0

ε(E − Ec − Et) − 1−Dc

Dc εEc if Dc > 0
, (9)

because Dc = 0 ⇒ Ec = 0. The conjugate residual tensile stress SEt
derives

similarly from the free energy with respect to the residual tensile strain and rep-

resents the stress in the tension slider,

SEt ∈ −∂Etψ

∈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if Et < Et,clo

] − ∞, ε(E − Ec)] if Et = Et,clo

∅ if Et > Et,clo

if Dt = 0

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if Et < Et,clo

] − ∞, ε(E − Ec − Et) − 1−Dt

Dt εEt] if Et = Et,clo

ε(E − Ec − Et) − 1−Dt

Dt εEt if Et > Et,clo

if Dt > 0

,

(10)

where ∂xψ is the subdifferential of the function ψ with respect to the variable

x, generalizing the derivative for non-smooth functions (Rockafellar, 1970). The

conjugate energies to the two damage variables are also obtained by taking the
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subdifferential of the free energy with respect to the primal damage variables:

W Dc ∈ −∂Dcψ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[0, +∞[ if Dc = 0

1
2ε Ec2

Dc2 if Dc > 0
, (11)

W Dt ∈ −∂Dtψ

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

[0, +∞[ if Dt = 0

1
2ε Et2

Dt2 if Dt > 0
. (12)

It is clear that by definition both conjugate energies are always positive.

2.4. Dissipation potential

Following the framework of standard generalized materials (Germain, 1973), the

constitutive equations of the conjugate variables are prescribed by selecting a

dissipation potential expressed in terms of the rates of their corresponding pri-

mal variables. Convexity of the dissipation potential ensures that the Clausius-

Duhem inequality is satisfied a priori. Here, the dissipation potential is divided

in compressive and tensile parts, both associated with opening/closing of the

cracks and the energy release of the springs bridging the cracks:

φ = φEc(Ėc) + φEt(Ėt; Et) + φDc(Ḋc; κc) + φDt(Ḋt; κc, κt),

9



where the variables after the semi-colon are considered as parameters. The dissi-

pation potential related to compression crack opening and closing is of frictional

nature but with different coefficients in the two sliding modes:

φEc = σEc−H(−Ėc) + σEc+H(Ėc), (13)

where H(x) is the Heaviside function

H(x) =

⎧⎪⎪⎨
⎪⎪⎩

0 if x < 0

+1 if x ≥ 0
, (14)

and σEc− > 0 and σEc+ ≥ 0 are respectively the opening and closing stresses of

the compression crack.

The dissipation potential related to opening and closing of the tensile crack is of

similar asymmetric nature:

φEt =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∅ if Et < Et,clo

σEt−H(−Ėt) + σEt+H(Ėt) + I[0,+∞[(Ėt) if Et = Et,clo

σEt−H(−Ėt) + σEt+H(Ėt) if Et > Et,clo,

(15)

where σEt− ≥ 0 and σEt+ > 0 are respectively the opening and closing stresses

of the tensile crack. The indicatrix function guarantees that the tensile crack

cannot close further when the minimal strain Et,clo is reached. The dissipation

potential related to compression crack failure is

φDc = hc(κc)Ḋc + I[0,+∞[(Ḋc), (16)
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where

hc(κc) = (σDc(κc) − σEc−)2

2ε(1 − Dc(κc))2 , (17)

and where σDc(κc) is the total compression crack initiation stress. The indicatrix

function ensures that the dissipation potential is convex in Ḋc, so that damage

can only increase and the Clausius-Duhem inequality is respected.

The dissipation potential related to tensile crack failure is

φDt = ht(κc, κt)Ḋt + I[0,+∞[(Ḋt), (18)

where

ht(κc, κt) = (σDt(κc, κt) − σEt+)2

2ε(1 − Dt(κc, κt))2 , (19)

where σDt(κc, κt) is the total tensile crack initiation stress. The indicatrix func-

tion warrants that Ḋt remains positive.

The constitutive equations for the conjugate crack stresses are the subdifferen-

tials of the dissipation potentials with respect to the primal rate variables:

SEc ∈ ∂ĖcφEc =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

{−σEc−} if Ėc < 0
[
−σEc−, +σEc+

]
if Ėc = 0

{+σEc+} if Ėc > 0

, (20)
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SEt ∈ ∂ĖtφEt =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
∅ if Et < Et,clo

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if Ėt < 0
]
−∞, +σEt+

]
if Ėt = 0

{+σEt+} if Ėt > 0

if Et = Et,clo

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

{−σEt−} if Ėt < 0
[
−σEt−, +σEt+

]
if Ėt = 0

{+σEt+} if Ėt > 0

if Et > Et,clo

. (21)

The conjugate energies are also obtained from the subdifferentials of the corre-

sponding dissipation potentials

W Dc ∈ ∂ḊcφDc =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∅ if Ḋc < 0

]−∞, hc(κc)] if Ḋc = 0

{hc(κc)} if Ḋc > 0

, (22)

and

W Et ∈ ∂ḊtφDt =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∅ if Ḋt < 0

]−∞, ht(κc, κt)] if Ḋt = 0

{ht(κc, κt)} if Ḋt > 0

. (23)
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2.5. Dual dissipation potential and flow rules

The dual dissipation potential φ∗ is the generalized Legendre-Fenchel transform

of the dissipation potential φ and allows to derive the flow rules for the primal

variables:

φ∗ = SupĖc,Ėt,Ḋc,Ḋt [SEc

Ėc + SEt

Ėt + W Dc

Ḋc + W Dt

Ḋt − φ]

= SupĖc

[
SEc

Ėc − φEc(Ėc)
]

+ SupĖt

[
SEt

Ėt − φEt(Ėt; Et)
]

+SupḊc

[
W Dc

Ḋc − φDc(Ḋc; κc)
]

+ SupḊt

[
W Dt

Ḋt − φDt(Ḋt; κc, κt)
]

= φ∗Ec(SEc) + φ∗Et(SEt ; Et) + φ∗Dc(W Dc ; κc) + φ∗Dt(W Dt ; κc, κt). (24)

The dual dissipation potential is the sum of four parts, each being the indicatrix

of a convex set, which confirms the rate-independency of the evolution of each

internal variable. For instance, the compression crack opening/closing part is

given by

φ∗Ec(SEc) = I[−σEc−,σEc+](SEc). (25)

The tensile crack opening/closing part is given by

φ∗Et(SEt ; Et) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

∅ if Et < Et,clo

I]−∞,+σEt+](SEt) if Et = Et,clo

I[−σEt−,+σEt+](SEt) if Et > Et,clo .

(26)
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The compression failure part is expressed by

φ∗Dc(W Dc ; κc) = I[0,hc(κc)](W Dc). (27)

Finally, the tensile failure part is given by

φ∗Dt(W Dt ; κc, κt) = I[0,ht(κc,κt)](W Dt). (28)

The flow rule for the compression crack strain variable derives from the subdif-

ferential of the corresponding part of the dual potential

Ėc ∈ ∂SEc φ∗Ec =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if SEc
< −σEc−

] − ∞, 0] if SEc = −σEc−

{0} if SEc ∈] − σEc−, +σEc+[

[0, +∞[ if SEc = +σEc+

∅ if SEc
> +σEc+.

(29)

Similarly, the flow rule for the corresponding damage variable becomes

Ḋc ∈ ∂W Dc φ∗Dc =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ ifW Dc
< 0

{0} ifW Dc ∈ [0, hc(κc)[

[0, +∞[ ifW Dc = hc(κc)

∅ ifW Dc
> hc(κc).

(30)
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For the strain variable related to the tensile crack, the flow rule is expressed by

Ėt ∈ ∂SEt φ∗Et =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{
∅ if Et < Et,clo

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

{0} if SEt ∈] − ∞, σEt+[

[0, +∞[ if SEt = σEt+

∅ if SEt
> σEt+

if Et = Et,clo

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ if SEt
< −σEt−

] − ∞, 0] if SEt = −σEt−

{0} if SEt ∈] − σEt−, +σEt+[

[0, +∞[ if SEt = +σEt+

∅ if SEt
> +σEt+

if Et > Et,clo

(31)

For the corresponding damage variable, the flow rule reads

Ḋt ∈ ∂W Dt φ∗,t =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∅ ifW Dt
< 0

0 ifW Dt ∈ [0, ht(κc, κt)[

[0, +∞[ ifW Dt = ht(κc, κt)

∅ ifW Dt
> ht(κc, κt).

(32)
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2.6. Numerical algorithm

The latter flow rules determine entirely the mechanical behavior of the rheo-

logical model and represent the mathematical basis of the numerical resolution

scheme. Knowing the internal variables at the previous time step, the algorithm

of a strain based method aims at calculating the total stress S and the update of

the internal variables for a given new total strain E. In the alternative case of a

stress based approach, an iterative method is used to estimate a new strain Ei+1

that requires additionally the tangent operator dSi+1/dEi+1.

The overall algorithm consists in detecting first if some damage is present either

in compression or tension and then finding out if existing cracks open or close.

In a second phase, the crack growth criterion in compression or tension is tested

and both total stress and tangent operator are calculated. Tensile cracks do not

grow under shortening because of crack closure and compressive cracks do not

grow under extension, because the necessary stress is above the threshold of the

tensile cracks (σDt
< σDc

). However, compressive cracks can continuously close

and reopen during tensile crack opening and growth.

At convergence, the internal variables that did not flow, keep the value of the

previous step Xn+1 = Xn, while the others take over the value of the last itera-

tion Yn+1 = Yi+1. In particular, the minimal residual compressive strain and the

maximal tensile strain amplitudes must be updated

κc
n+1 = Max(−Ec

n+1, κc
n) κt

n+1 = Max(Et
n+1, κt

n). (33)

16



The numerical algorithm was programmed in Mathematica (Wolfram, Cham-

paign, IL, USA) and the full details are given in the Appendix.

2.7. Material properties

First, the material functions must be defined. For the sake of simplicity of the im-

plicit projections, linear hardening is selected for total stress in both compression

and tension:

σDc(κc) = σDc

0 + εχcκc, (34)

σDt(κc, κt) = σDt

0 + εχtcκc + εχtκt, (35)

where χc, χtc and χt are dimensionless hardening slopes relative to the elastic

modulus of the extracellular matrix ε. The parameter χtc characterises the influ-

ence of the compressive damage on the initiation threshold of tensile cracks.

The crack closure function is also chosen to be linear with the maximal tensile

residual strain

Et,clo(κt) = γtκt γt ≥ 0. (36)

During damage accumulation in compression, the above choice and the constant

threshold for opening and closing cracks lead to the following expression of total

stress as the sum of the plastic slider and spring stresses:

σDc
0 + εχcκc = σEc− + ε

1 − Dc(κc)
Dc(κc) κc. (37)
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Similarly, during damage accumulation in tension:

σDt
0 + εχtcκc + εχtκt = σEt+ + ε

1 − Dt(κc, κt)
Dt(κc, κt) κt. (38)

Resolution of the two above equations for the damage functions leads to

Dc(κc) = εκc

(σDc
0 − σEc−) + ε(1 + χc)κc

, (39)

Dt(κc, κt) = εκt

(σDt
0 + εχtcκc − σEt+) + ε(1 + χt)κt

. (40)

In the absence of crack growth but in presence of crack opening or closing, an ap-

parent damage functionDapp can be defined by the continuum tangent operator

dS

dE
= (1 − Dapp)ε, (41)

with the classical interpretation of a relative reduction of the loading/unloading

modulus with respect to the intact one. The apparent damage in tension that

emerges from both sources of damage is

Dt,app(κc, κt) = 1 − 1 − Dc − Dt + DcDt

1 − DcDt
. (42)

Please note that the above expression simplifies into Dt when Dc = 0. Since

the tensile cracks close in compression, the apparent damage in compression is

simply Dc. The different damage functions are shown in Fig. 2.
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Figure 2: Damage functions in compression (top), tension (middle) and apparent damage

in tension (bottom) when both cracks are opening/closing simultaneously.
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Thematerial constantswere determined from the six different experimental curves

for bovine bone obtained by Mirzaali et al. (2015) (Table 1). The opening crack

Variables ε σD
0 σE−

σE+
χ χtc γt

Units [MPa] [MPa] [MPa] [MPa] [-] [-] [-]

ECM 21′700 − − − − − −
Compression − 195.3 0.0 32.5 −0.2 − −
Tension − 108.5 27.1 0.0 0.05 −0.3 0.2

Table 1: Material constants of the ECM, the compressive and tensile crack families.

stresses were chosen to be zero in order to match the observed co-linearity of

the reloading slopes with the origin in tension (Garcia et al., 2010). A small shift

of the crack closure strains Et,clo improves the qualitative correspondence with

the experimental curves where the tensile cracks do not close completely.

3. Results

The response of the developed model under cyclic loading is illustrated in Fig. 3.

The presented model was designed and the material properties were determined

iteratively to reproduce the six experiments reported by Mirzaali et al. (2015).

First, the monotonic tests provide the damage criteria in compression (Fig. 4)

and tension (Fig. 5) including the relative hardening slopes. Second, the cyclic

tests in compression (Fig. 6) reveal the reduction in elastic modulus and the dis-

sipation associated with opening and closing of the cracks. They also show that

the modulus reduction in compression is also visible in tension. Third, the cyclic

tests in tension (Fig. 7) reveal a similar crack growth, opening and closing behav-
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Figure 3: Response of the model to cyclic stress with increasing amplitudes. The evolu-

tion of strain and stress with time are shown in the top left and right graphs respectively.

The bottom left graph illustrates the resulting stress-strain curve, while the bottom right

graph describes the evolution of compression (blue) and tensile (orange) apparent dam-

age with total strain. The model accounts for residual strains, the dissipated energy

during crack closing and distinct reductions in elastic modulus for the compressive and

tensile modes. The positive hardening slopes were chosen different from the values of

Table 1 to demonstrate that the full Newton algorithm converges well (the number of

iterations remains below 3).

ior but the modulus reduction in tension is not reflected in compression. Then,

the significant influence of compressive damage on the tensile damage criterion

is evaluated (Fig. 8). Finally, the lack of influence of tensile damage on the com-

pressive damage and strength is demonstrated (Fig. 9).
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Figure 4: Monotonic compressive strain (top, left), experimental (top, right) and numer-

ical (bottom, left) stress-strain curves as well as compressive (blue) and tensile (orange)

apparent damage evolution (bottom, right) for the test performed inMirzaali et al. (2015).

The damage is identical for compression and tension.

Figure 5: Monotonic tensile strain (top, left), experimental (top, right) and numerical

(bottom, left) stress-strain curves as well as compressive (blue) and tensile (orange) ap-

parent damage evolution (bottom, right) for the test performed in Mirzaali et al. (2015).

The tensile damage does not affect compression.
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Figure 6: Strain-based loading scheme (top, left), experimental (top, right) and numer-

ical (bottom, left) stress-strain curves as well as compressive (blue) and tensile (orange)

apparent damage evolution (bottom, right) for the cyclic compression test performed in

Mirzaali et al. (2015). The shaded points in the stress-strain and damage plots are the

experimental values for the compression and tension interrogation cycles.

4. Discussion

The original continuum damage model published in (Garcia et al., 2010) was ex-

tended to include distinct effects of compressive and tensile overloading cycles.

Although not as accurate as the statistics of rheological models presented in (Zys-

set et al., 2016), the results of the present continuummodel exhibit a good qualita-

tive agreement with the 6 experiments performed in (Mirzaali et al., 2015). More-

over, the numerical algorithm computing the response of the presented loading

histories consumes no more than a few seconds of CPU time.
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Figure 7: Strain-based loading scheme (top, left), experimental (top, right) and numerical

(bottom, left) stress-strain curves as well as compressive (blue) and tensile (orange) ap-

parent damage evolution (bottom, right) for the cyclic tensile test performed in Mirzaali

et al. (2015). The points in the damage plot are the experimental values for the compres-

sion and tension interrogation cycles.

The use of a single threshold for crack initiation, opening and closing leads to a

somehow linear approximation of the smooth stress-strain curves, but the key

features of the damage behaviour are accounted for: residual strains, reduction in

elastic modulus and dissipation associated with crack opening and closing. The

choice to fit the material parameters to the damage variables imply that the resid-

ual strains are underestimated. The reasons behind this divergence are the dif-

ficult, somehow arbitrary definition of modulus reduction in the case of marked

hystereses and the absence of time-dependence in the formulated model. The

viscous behaviour of damaged bone during unloading overestimates the resid-
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Figure 8: Strain-based loading scheme (top, left), experimental (top, right) and numerical

(bottom, left) stress-strain curves as well as compressive (blue) and tensile (orange) ap-

parent damage evolution (bottom, right) for the overloading test performed in (Mirzaali

et al., 2015). The points in the damage plot are the experimental values for the compres-

sion and tension interrogation cycles.

ual strains as no relaxation has time to take place. We therefore expect that the

reduced residual strains predicted by our model are the quasi-static strains after

relaxation. A further limitation concerns the lack of fatigue damage mechanisms

and the 1D nature of the model that needs to be extended to shear damage in

other anatomical planes (Feerick et al., 2013).

Given the complexity of the experiments, the correspondence of the modulus

reductions is fair and the observation that the reloading curves in tension re-

main co-linear with the origin after damage accumulation, implies that the stress

threshold for crack opening in tension is zero, which seems to be a reasonable
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Figure 9: Strain-based loading scheme (top, left), experimental (top, right) and numerical

(bottom, left) stress-strain curves as well as compressive and apparent tensile damage

evolution (bottom, right) for the overloading test performed in (Mirzaali et al., 2015). The

points in the damage plot are the experimental values for the compression and tension

interrogation cycles.

finding.

Interestingly, the response of the model under cyclic loading (Fig. 3) resembles

very much to the cyclic curves reported by (Zysset and Curnier, 1996) for tra-

becular bone, which indicates that the underlying damage mechanisms are the

same in compact and cancellous bone.

In conclusion, an improved 1D continuum damage model for bone tissue is pro-

posed that describes successfully the distinct accumulation of damage due to

compressive and tensile overloading. Although the numerical implementation
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involves multiple cases, a generalisation of this model to 3D seems feasible and

would allow finite element analyses of more complex and realistic overload-

ing schemes of human bones. In fact, patient-specific finite element analysis

gains acceptance for estimating bone strength, exploring the efficacy of treat-

ment against osteoporosis (Zysset et al., 2015) and will benefit from improved

continuum models for bone tissue.
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7. Appendix: Numerical algorithm

In the first phase, four cases need to be distinguished

Dc
n = 0 and Dt

n = 0

Dc
n = 0 and Dt

n > 0

Dc
n > 0 and Dt

n = 0

Dc
n > 0 and Dt

n > 0

7.1. No compressive and no tensile damage exists

If Dc
n = 0 and Dt

n = 0, κc
n = Ec

n = 0, κt
n = Et

n = 0 and the total trial stress is

simply given by:

Stot,trial
i+1 = εEi+1 (A1)

7.1.1. No crack generation

If −σDc
0 < Stot,trial

i+1 < +σDt
0

Si+1 = Stot,trial
i+1 = εEi+1 (A2)
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and the tangent is

dSi+1

dEi+1
= ε (A3)

7.1.2. Compression crack initiation

If the trial stress is lower than the compressive crack initiation threshold,

Stot,trial
i+1 ≤ −σDc (A4)

then the crack strains are projected implicitly on the compressive damage crite-

rion

Ec
i+1 = Ei+1 + σDc

0
ε

+ χcκc
i+1 (A5)

and realising that during crack growth the cumulated plastic strain reaches the

maximum κc
i+1 = −Ec

i+1, which leads to

Ec
i+1 =

Ei+1 + σDc
0
ε

1 + χc
(A6)
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The maximal norm of the compressive strain κc
i+1 and the damage variable

Dc(κc
i+1) are increased and the stress becomes

Si+1 = ε(Ei+1 − Ec
i+1) (A7)

The tangent is

dSi+1

dEi+1
= ε

χc

1 + χc
(A8)

7.1.3. Tensile crack initiation

If the trial stress is higher than the tensile crack initiation threshold,

+σDt ≤ Stot,trial
i+1 (A9)

then the crack strains are projected on the total stress criterion

Et
i+1 = Ei+1 − σDt

0
ε

− χtκt
i+1 (A10)

with κt
i+1 = Et

i+1, that leads to

Et
i+1 =

Ei+1 − σ
Dt
0
ε

1 + χt
(A11)

33



The total stress is then

Si+1 = ε(Ei+1 − Et
i+1) (A12)

The tangent is

dSi+1

dEi+1
= ε

χt

1 + χt
(A13)

7.2. Presence of compressive damage only

This means that Dc
n > 0 and Dt

n = 0 and only compressive cracks can open or

close. Therefore, the tensile element has no crack strain history κt
n = Et

n = 0.

The trial stress for compressive crack opening, closing or initiation needs to be

computed:

SEc,trial
i+1 = ε(Ei+1 − Ec

n) − 1 − Dc
n

Dc
n

εEc
n (A14)

7.2.1. Neither opening nor closing of the compression crack

If −σEc− < SEc,trial
i+1 < +σEc+, the total stress is

Si+1 = ε(Ei+1 − Ec
n) (A15)
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and the tangent is

dSi+1

dEi+1
= ε (A16)

7.2.2. Compression crack opening and potential growth

If SEc,trial
i+1 ≤ −σEc− the following projection is performed:

Ec
i+1 = Dc

n(Ei+1 + σEc−

ε
) (A17)

If Ec
i+1 < −κc

n the crack must grow further and an alternative projection is

performed on the damage criterion:

Ec
i+1 =

Ei+1 + σDc
0

ε

1 + χc
(A18)

In both cases, the stress is

Si+1 = ε(Ei+1 − Ec
i+1) (A19)

For the crack opening case, the tangent is

dSi+1

dEi+1
= (1 − Dc

n)ε (A20)
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For the crack growth case, the tangent is

dSi+1

dEi+1
= ε

χc

1 + χc
(A21)

7.2.3. Compression crack closing and potential tensile crack initiation

If SEc,trial
i+1 ≥ +σEc+, the following projection is performed:

Ec
i+1 = Dc

n(Ei+1 − σEc+

ε
) (A22)

The resulting stress becomes the total trial stress for the damage criterion

Stot,trial
i+1 = ε(Ei+1 − Ec

i+1) (A23)

If Stot,trial
i+1 ≥ +σDt

, simultaneous projections must take place

Et
i+1 = Ei+1 − Ec

i+1 − σDt (κc
n,κt

i+1)
ε

Ec
i+1 = Dc

n(Ei+1 − Et
i+1 − σEc+

ε
) (A24)

that leads to

Et
i+1 =

(1 − Dc
n)Ei+1 + Dc

n
σEc+

ε
− σDt

0
ε

− χtcκc
n

1 − Dc
n + χt

Ec
i+1 = Dc

n(Ei+1 − Et
i+1 − σEc+

ε
) (A25)
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where tensile damage Dt
i+1(κc

n, κt
i+1) is initiated.

In any case, the resulting stress remains

Si+1 = ε(Ei+1 − Ec
i+1 − Et

i+1) (A26)

Without damage, the tangent is

dSi+1

dEi+1
= ε

χt

1 + χt
(A27)

With damage initiation the tangent becomes

dSi+1

dEi+1
= ε

(1 − Dc
n)χt

(1 − Dc
n) + χt

(A28)

7.3. Presence of tensile damage only

This means that Dc
n = 0 and Dt

n > 0 and only tensile cracks can open or close.

No crack strain history κc
n = Ec

n is present in the compressive element. The trial

stress for tensile crack opening, closing or generation needs first to be computed:

SEt,trial
i+1 = ε(Ei+1 − Et

n) − 1 − Dt
n

Dt
n

εEt
n (A29)
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7.3.1. Neither opening nor closing of tensile cracks

If −σEt− < SEt,trial
i+1 < +σEt+, the total stress is

Si+1 = ε(Ei+1 − Et
n) (A30)

and the tangent is

dSi+1

dEi+1
= ε (A31)

7.3.2. Tensile crack opening and potential growth

When σEt+ ≤ SEc,trial
i+1 a simple projection is performed

Et
i+1 = Dt

n(Ei+1 − σEt+

ε
) (A32)

In case Et
i+1 ≥ κt

n a further projection on the damage criterion becomes neces-

sary

Et
i+1 = Ei+1 − σDt

0
ε

− χtκt
i+1 (A33)

that leads to

Et
i+1 =

Ei+1 − σ
Dt
0
ε

1 + χt
(A34)
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The total stress is then

Si+1 = ε(Ei+1 − Et
i+1) (A35)

In the case of crack opening the tangent is

dSi+1

dEi+1
= (1 − Dt

n)ε (A36)

and in case of crack growth,

dSi+1

dEi+1
= ε

χt

1 + χt
(A37)

7.3.3. Tensile crack closing and potential compression crack initiation

When SEt,trial
i+1 ≤ −σEt− the first projection is

Et
i+1 = Max{Et,clo

n , Dt
n(Ei+1 + σEt−

ε
)} (A38)

If Et
i+1 = Et,clo

n a total trial stress must be formulated

Stot,trial
i+1 = ε(Ei+1 − Et,clo

n ) (A39)
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If Stot,trial
i+1 ≤ −σDc(κc) then the projection on the damage criterion is made

Ec
i+1 = Ei+1 + σDc

0
ε

+ χcκc
i+1 (A40)

that leads to

Ec
i+1 =

Ei+1 − Et,clo
n + σDc

0
ε

1 + χc
(A41)

The compressive strain amplitude κc
i+1 and the damage variable Dc(κc

i+1) are

increased and the stress becomes

Si+1 = ε(Ei+1 − Ec
i+1 − Et

i+1) (A42)

For tensile crack closing, i.e. Et
i+1 > Et,clo

n the tangent is

dSi+1

dEi+1
= (1 − Dt

n)ε (A43)

For a closed tensile crack Et
i+1 = Et,clo

n and the absence of compression crack

growth, the tangent is

dSi+1

dEi+1
= ε (A44)
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Finally, for closed tensile crack and compression crack growth, the tangent be-

comes

dSi+1

dEi+1
= ε

χc

1 + χc
(A45)

7.4. Presence of both compressive and tensile damage

This means that Dc
n > 0 and Dt

n > 0 and both compressive and tensile cracks

can open or close. First, both trial stresses must be calculated

SEc,trial
i+1 = ε(Ei+1 − Ec

n − Et
n) − 1 − Dc

n

Dc
n

εEc
n

SEt,trial
i+1 = ε(Ei+1 − Ec

n − Et
n) − 1 − Dt

n

Dt
n

εEt
n (A46)

Beyond the absence of any crack strain flow, six cases must be distinguished:

SEc,trial
i+1 ≤ −σEc− and SEt,trial

i+1 > −σEt−

SEc,trial
i+1 > −σEc− and SEt,trial

i+1 ≤ −σEt−

SEc,trial
i+1 ≥ σEc+ and SEt,trial

i+1 < σEt+

SEc,trial
i+1 < σEc+ and SEt,trial

i+1 ≥ σEt+

SEc,trial
i+1 ≤ −σEc− and SEt,trial

i+1 ≤ −σEt−

SEc,trial
i+1 ≥ −σEc+ and SEt,trial

i+1 ≥ σEt+
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For the two latter cases, compressive and tensile cracks evolve simultaneously.

In all cases, the eventuality of crack growth must be considered.

7.4.1. No crack strain flow

IfSEc,trial
i+1 > −σEc− andSEc,trial

i+1 < +σEc+ andSEt,trial
i+1 > −σEt− andSEt,trial

i+1 <

+σEt+, no crack family opens or closes, the stress is

Si+1 = ε(Ei+1 − Ec
n − Et

n) (A47)

and the tangent is

dSi+1

dEi+1
= ε (A48)

7.4.2. Cracks opening under compression and no closing under tension

If SEc,trial
i+1 ≤ −σEc− and SEt,trial

i+1 > −σEt−, the following projection is per-

formed:

Ec
i+1 = Dc

n(Ei+1 − Et
n + σEc−

ε
) (A49)
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IfEc
i+1 < −κc

n then projection of the compressive damage criterion is necessary

Ec
i+1 =

Ei+1 − Et
n + σDc

0
ε

1 + χc
(A50)

The resulting stress remains

Si+1 = ε(Ei+1 − Ec
i+1 − Et

n) (A51)

In case of compression crack opening, the tangent is

dSi+1

dEi+1
= (1 − Dc

n)ε (A52)

In case of compression crack growth, the tangent is

dSi+1

dEi+1
= ε

χc

1 + χc
(A53)

7.4.3. Cracks closing under tension and no opening in compression

If SEc,trial
i+1 > −σEc− and SEt,trial

i+1 ≤ −σEt− the alternative projection is per-

formed

Et
i+1 = Max{Et,clo

n , Dt
n(κc

n, κt
n)(Ei+1 − Ec

n + σEt−

ε
)} (A54)
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The maximum ensures that the crack does not close beyond zero strain.

The total stress is

Si+1 = ε(Ei+1 − Ec
n − Et

i+1) (A55)

If Et
i+1 = Et,clo

n

dSi+1

dEi+1
= ε (A56)

else

dSi+1

dEi+1
= (1 − Dt

n)ε (A57)

7.4.4. Cracks closing under compression and no opening under tension

If SEc,trial
i+1 ≥ +σEc+ and SEt,trial

i+1 < σEt+, the following projection is performed:

Ec
i+1 = Dc

n(Ei+1 − Et
n − σEc+

ε
) (A58)

The resulting stress is

Si+1 = ε(Ei+1 − Ec
i+1 − Et

n) (A59)

44



The tangent is

dSi+1

dEi+1
= (1 − Dc

n)ε (A60)

7.4.5. Cracks opening under tension and no closing under compression

Then, if SEc,trial
i+1 < σEc+ and SEt,trial

i+1 ≥ σEt+, the other projection is performed:

Et
i+1 = Dt

n(Ei+1 − Ec
n − σEt+

ε
) (A61)

Then if Et
i+1 > κt

n the projection on the tensile damage criterion is made

Et
i+1 =

Ei+1 − σ
Dt
0
ε

− χtcκc

1 + χt
(A62)

The total stress remains

Si+1 = ε(Ei+1 − Ec
n − Et

i+1) (A63)

In the absence of tensile crack growth, the tangent is

dSi+1

dEi+1
= (1 − Dt

n)ε (A64)

45



Conversely, the tangent becomes

dSi+1

dEi+1
= ε

χt

1 + χt
(A65)

7.4.6. Cracks closing under compression and cracks opening under tension

If SEc,trial
i+1 ≥ +σEc+ and SEt,trial

i+1 ≥ σEt+, a double projection is enforced

Ec
i+1 =

Dc
n((1 − Dt

n)Ei+1 + Dt
n

σEt+

ε
− σEc+

ε
)

1 − Dc
nDt

n

Et
i+1 =

Dt
n((1 − Dc

n)Ei+1 + Dc
n

σEc+

ε
− σEt+

ε
)

1 − Dc
nDt

n

(A66)

If Et
i+1 > κt

n the alternative projection on the tensile damage criterion must be

done

Et
i+1 =

(1 − Dc
n)Ei+1 + Dc

n
σEc+

ε
− σDt

ε
− χtcκc

n

1 − Dc
n + χt

Ec
i+1 = Dc

n(Ei+1 − Et
i+1 − σEc+

ε
) (A67)

The resulting stress is

Si+1 = ε(Ei+1 − Ec
i+1 − Et

i+1) (A68)
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In the absence of crack growth, the tangent is

dSi+1

dEi+1
= ε

(
1 − Dc

n − Dt
n + Dc

nDt
n

1 − Dc
nDt

n

)
(A69)

In the presence of tensile crack growth, the tangent becomes

dSi+1

dEi+1
= ε

(1 − Dc
n)χt

(1 − Dc
n) + χt

(A70)

7.4.7. Crack closing under tension and crack opening under compression

If SEt,trial
i+1 ≤ −σEt− and SEc,trial

i+1 ≤ −σEc−, the alternative double projection is

done

Et
i+1 = Max{Et,clo

n ,
Dt

n((1 − Dc
n)Ei+1 − Dc

n
σEc−

ε
+ σEt−

ε
)

1 − Dc
nDt

n

} (A71)

Then if Et
i+1 > Et,clo

n ,

Ec
i+1 =

Dc
n((1 − Dt

n)Ei+1 − Dt
n

σEt−
ε

+ σEc−
ε

)
1 − Dc

nDt
n

(A72)

else if Et
i+1 = Et,clo

n ,

Ec
i+1 = Dc

n(Ei+1 − Et,clo
n + σEc−

ε
) (A73)
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If Ec
i+1 < −κc

n the projection on the compressive damage must be performed

Ec
i+1 =

Ei+1 − Et
i+1 + σDc

0
ε

1 + χc
(A74)

The resulting stress is

Si+1 = ε(Ei+1 − Ec
i+1 − Et

i+1) (A75)

If Et
i+1 > Et,clo

n , the tangent is

dSi+1

dEi+1
= ε

(
1 − Dc − Dt + Dc

nDt
n

1 − Dc
nDt

n

)
(A76)

else if Et
i+1 = Et,clo

n ,

dSi+1

dEi+1
= (1 − Dc

n)ε (A77)

Finally, in the presence of compression crack growth

dSi+1

dEi+1
= ε

χc

1 + χc
(A78)
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