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We study locking phenomena of two strongly coupled, high quality factor nanomechanical resonator
modes to a common parametric drive at a single drive frequency in different parametric driving regimes. By
controlled dielectric gradient forces we tune the resonance frequencies of the flexural in-plane and out-of-
plane oscillation of the high stress silicon nitride string through their mutual avoided crossing. For the case
of the strong common parametric drive signal-idler generation via nondegenerate parametric two-mode
oscillation is observed. Broadband frequency tuning of the very narrow linewidth signal and idler
resonances is demonstrated. When the resonance frequencies of the signal and idler get closer to each
other, partial injection locking, injection pulling, and complete injection locking to half of the drive
frequency occurs depending on the pump strength. Furthermore, satellite resonances, symmetrically offset
from the signal and idler by their beat note, are observed, which can be attributed to degenerate
four-wave mixing in the highly nonlinear mechanical oscillations.

DOI: 10.1103/PhysRevLett.118.254301

The development of lasers and masers opened up the
path to the realm of controlled nonlinear physics. If a
material with a nonlinear susceptibility is strongly pumped
above a certain threshold by a coherent drive source, its
response exhibits characteristic nonlinear effects. The Kerr
effect, second-harmonic generation, spontaneous paramet-
ric down-conversion, or four-wave mixing are just some
prominent examples for the great variety of nonlinear
physical effects [1]. Installing the nonlinear medium inside
a resonant cavity leads to the concept of parametric
oscillators, in particular the optical parametric oscillator
(OPO) [2]. During the past decades, this model system has
been exploited to study a variety of parametric effects
including injection locking [3], where an oscillator is
strongly pumped at a frequency close to its natural
resonance frequency. If the amplitude of the pump exceeds
a threshold value, the oscillator will lock to the pump in
frequency and/or phase. This phenomenon was originally
proposed by Adler [4] and has been studied in a variety of
systems, for example, semiconductor lasers [5–8], elec-
trical oscillators [9–12], organ pipes [13,14], and micro-
masers [15] amongst others.
For the case of simultaneous frequency and phase

locking in combination with the reduction of phase noise,
synchronization of two or more oscillators to a reference
oscillator or to each other [4] is observed.
Recently, the study of parametric oscillation [16–19],

thermal-noise two-mode squeezing [20–23], and synchro-
nization phenomena has been transferred to mechanical

microresonators [24–30] and the field of cavity opto- or
electromechanics. In the latter case, special attention needs to
be paid to distinguish between the demonstration of real
synchronization as originally defined above [31–36] and the
mixing and locking phenomena of oscillators [37–43].
In this work, we demonstrate a set of characteristic

nonlinear physical effects in a nanoelectromechanical sys-
tem by investigating different parametric driving regimes of
strongly coupled, high quality factor nanomechanical res-
onator modes subject to a joint strong parametric pump. In
particular, we observe frequency mixing products that are
analogous to second-order and third-order nonlinear effects
in nonlinear optical systems. Depending on the frequency
difference of the two modes and the strength of the para-
metric drive, we observe broadband frequency tunable
signal-idler generation via nondegenerate parametric two-
mode oscillation (NDP2O), satellite resonances induced by
degenerate four-wave mixing (D4WM), partial injection
locking including injection pulling, and injection locking
over a large frequency range. The effects are investigated
by measuring the frequency spectra of the two coupled
nanomechanical resonator modes near the avoided energy
level crossing.
The employed nanoelectromechanical system (cf. the

Supplemental Material [44]) consists of the flexural in-plane
(in) and out-of-plane (out) mode of a 55 μm long, 270 nm
wide, and 100 nm thick doubly clamped silicon nitride string
resonator operated in vacuum at room temperature, which is
flanked by two adjacent gold electrodes.Adcvoltage applied
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to the electrodes enables dielectric tuning (∝ U2
dc) of the

resonance frequencies (fout ≈ fin ≈ 6.5 MHz) via electric
gradient fields [45]. When the two modes are tuned into
resonance they hybridize into normal modes, i.e., linear
combinations of in-plane and out-of-plane modes, and
exhibit a pronounced avoided crossing. This reflects the
strong coupling of the nanomechanical two-mode system
[46–48]. The mechanical modes exhibit a high mechanical
quality factor near 500 000,which reduces quadraticallywith
the applied dc voltage [45]. A microwave cavity connected
via the same two electrodes is employed for signal trans-
duction and heterodyne read-out [49].
We investigate the dynamics of the two coupled modes in

the vicinity of the avoided crossing under a strong common
parametric drive tone for drive powers between Pd ¼
−1.5 dBm and Pd ¼ 15 dBm by applying the following
measurement scheme.
We initialize the system to the left-hand side of the

avoided crossing by choosing an appropriate dc voltage
(see e.g. Fig. 1). At this point, the two modes are thermally
excited at their resonance frequencies by the thermal noise

of the room temperature environment. Note that the
thermal amplitudes of the two modes are too small to be
resolved in the frequency spectra discussed in the follow-
ing. A nonresonant strong sinusoidal drive tone at fd is
continuously applied to the system. This parametric drive
tone, modulating the resonant frequencies at approximately
twice the eigenfrequencies of the out-of-plane and in-plane
mode, fd ≈ 2fout ≈ 2fin, is also applied to the electrodes as
a corresponding rf voltageUd ∝

ffiffiffiffiffiffi

Pd
p

sinð2πfdtÞ. Note that
this rf voltage does not effectuate a resonant driving for the
lack of a mechanical mode at this frequency and hence the
system can be viewed as a pair of nondegenerate parametric
oscillators [20,23,50]. By changing the dc voltage, the two
thermally excited resonances are tuned through the avoided
crossing where we record the mechanical frequency spectra
for each particular Udc.
Prior to eachmeasurement, the avoided crossingof the two

modes is recorded in the weakly driven regime by tuning the
dc voltage, where the mechanical modes are resonantly
excited by a weak 10 MHz bandwidth noise drive. The
coupling strength is determined from the avoided crossing
data. A center frequency fc is chosen as a frequency in
between the two modes at the avoided crossing frequency
splitting. Note that fc does not need to be chosen as themean
of the two respectivemode frequencies. The frequency of the
strong parametric sinusoidal drive tone fd corresponds to
twice the center frequency fd ¼ 2fc.
Figure 1(a) depicts the color-coded frequency spectra for

a strong parametric drive of Pd ¼ 14.6 dBm. In Fig. 1(b)
the extracted parametric oscillation peaks of the frequency
spectra are displayed as red dots. The gray dots visualize
the response of the system under a weak resonant driving,
i.e., the avoided crossing of in-plane (fin) and out-of-
plane (fout) resonances with a level splitting of 0.97 kHz.
At a voltage of Udc ¼ −14.5 V two sharp frequency peaks
at f1 ≈ foutð−14.5 VÞ and f2 ≠ finð−14.5 VÞ suddenly
appear. From the extracted frequencies we find

f1 þ f2 ¼ fd ¼ 2fc; ð1Þ
which mimics the signal-idler generation process in optical
parametric oscillation [2]. The strong pump at fd parametri-
cally amplifies the thermally excited resonances of the out-
of-plane mode (signal) and the in-plane mode (idler) if
their resonance frequencies get close enough to half of the
pump frequency (NDP2O above the parametric instability
threshold). The NDP2O appears due to the coupling of the
two modes, where we denote the out-of-plane parametric
oscillation (f1) as the signal, and the in-plane parametric
oscillation (f2 ¼ fd − f1) as the idler, since f1 ≈ fout. The
fact that the idler frequency f2 differs from the resonance
frequency of the natural in-planemode clearly establishes the
analogy to the process of signal-idler generation via theOPO
in a doubly resonant cavity, which is a second-order non-
linear optical effect. The in-plane mode is forced to oscillate
at a frequency f2 determined from the frequency-matching
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FIG. 1. (a) Color-coded frequency spectra versus dc voltage
for a strong parametric drive power Pd ¼ 14.6 dBm at
fd ¼ 13.18163 MHz. Parametric oscillation resonances (f1, f2),
satellites from degenerate four-wavemixing (f3, f4), and complete
injection locking (f5) to half of the drive frequency are observed.
(b) The extracted peak frequencies of the above spectra (red dots)
and calculated satellite resonances from Eq. (2) (blue daggers)
exhibit excellent agreement. The gray dots display the avoided
crossing of the twomodes under aweak resonant drivewith amode
splitting of 0.97 kHz. Some gray dots are missing for the in-plane
mode due to the bad detection efficiency of this mode.
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condition (1), which is analogous to the phase-matching
condition in the OPO [2]. In the present experiment, the
optical cavity is replaced by the two flexural modes of the
nanomechanical string resonator and the nonlinear optical
medium corresponds to the highly nonlinear response of the
resonant modes under parametric oscillation. The mechani-
cal nonlinearity is intrinsic to the material and becomes
apparent because of the high mechanical quality factors and
the corresponding large vibration amplitudes of the in-plane
and out-of-plane mode. After the parametric instability
threshold, we are able to tune the two sharp parametric
resonances towards each other in frequency as a function of
the dc voltage. In this way, we are able to independently tune
theNDP2Oby approximately 2.5 kHz, which corresponds to
roughly 100 times the linewidth of the natural in-plane and
out-of-plane resonances, hence establishing a broadband-
tunable, very narrow linewidth two-mode parametric oscil-
lator. Note that the tuning behavior slightly deviates from the
frequency tuning curves of the natural resonator modes
subject to a weak resonant drive, even for the signal para-
metric resonance (f1) and the natural out-of-plane mode
(fout). We attribute this to the high amplitudes of the para-
metric resonances compared to the amplitudes of the two
modes when linearly driven on resonance. The electric field
gradient of the inhomogeneous electric field can only be
linearized as a function of the dc voltage in the limit of small
deflections of the string resonator [45], which gives rise to the
quadratic tuning of fout, whereas a modified tuning curve is
expected for f1.
Additionally, we observe two satellite resonances, which

are offset from the parametric resonances by their frequency
difference and hence correspond to their beat note [42,43].
We interpret the appearance of the two satellites as the third-
order nonlinear process of degenerate four-wave mixing [1]
since the frequencies of the satellites can be expressed as
mixing products of the present oscillation frequencies:

f3 ¼ 2f1 − f2; f4 ¼ 2f2 − f1: ð2Þ
In Fig. 1(b) the calculated frequencies following Eq. (2)
are displayed as blue daggers and they perfectly match
the satellite frequencies extracted from the experimental
data. Moreover, the frequency tuning of the satellites with
applied dc voltage follows exactly the trend expected from
Eq. (2). Note that the frequency sum of the satellite
resonances always equals the pump frequency, f3 þ f4 ¼
f1 þ f2 ¼ fd ¼ 2fc.
As the parametric resonances are tuned closer to each

other, at a voltage of−14.31 V corresponding to a frequency
difference of 2.41 kHz, the two modes suddenly lock to a
single, extremely narrow high amplitude line and remain
frequency locked for dc voltages exceeding themeasurement
span. The frequency of the line (f5 ¼ 6.59082 MHz) equals
exactly half of the pump frequency,

f5 ¼
1

2
fd ¼ fc: ð3Þ

We attribute this threshold effect to the appearance of
injection locking [3,4] of the two mechanical modes to half
of the common pump frequency due to degenerate parametric
two-mode oscillation (DP2O). As can be deduced from the
extremely large locking range, this state is highly stable
against perturbations of the system, in this case against the
tuning of the natural resonance frequencies of the twomodes.
While the natural in-plane (fin) and out-of plane (fout)
resonances are detuned by approximately 12.5 kHz at the
end of the measurement span, corresponding to roughly 500
times their resonance linewidth, the injection locking still
persists. Moreover, the two coupled flexural modes of the
nanomechanical string resonator locked to the same fre-
quency [26] can be considered as a mechanical analog of an
electrical quadrature LC oscillator following the work of
Mirzaei et al. [12].
Figures 2(a) and 2(b) depict the results of the

same measurement scheme for a weak parametric drive of
power Pd ¼ −1.5 dBm and a different drive frequency
fd ¼ 13.18454 MHz. Again, we observe NDP2O (f1, f2)
and D4WM (f3, f4) starting at Udc ¼ −15.15 V. In
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FIG. 2. (a) Color-coded frequency spectra versus dc voltage
for a weak parametric drive power Pd ¼ −1.5 dBm at
fd ¼ 13.18454 MHz. Parametric oscillation resonances (f1,
f2), satellites from degenerate four-wave mixing (f3, f4), a
higher order satellite (f40 ), and a chaotic regime are observed.
(b) The extracted peak frequencies of the above spectra (red dots)
and calculated satellite resonances from Eq. (2) (blue daggers)
exhibit excellent agreement. The gray dots display the avoided
crossing of the two modes under a weak resonant drive with a
mode splitting of 6.16 kHz. Some gray dots are missing for the in-
plane mode due to the bad detection efficiency of this mode.
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addition, another satellite (f40) appears at the bottom in
Fig. 2. The additional satellite has the same spacing from
f4 as the first-order satellites (f3, f4) from the signal
and idler resonance (f1, f2). The symmetric counterpart
of this second-order satellite resonance is barely visible at
the top of Fig. 2(a) with a too small signal power for the
peak frequency extraction of the color-coded data. The
appearance of second-order satellite resonances can again
be interpreted as a D4WM process of the signal-idler
frequencies and the first-order satellites (f40 ¼ 2f4 − f2).
Equivalently expressed, the beat note between the signal
and the idler creates satellite resonances that are offset by
integer multiples of their beat note similar to those observed
with conceptually different approaches [42,43].
Interestingly, the two parametric resonances do not

exhibit injection locking to the pump in this experiment
since the parametric drive is not strong enough to overcome
the threshold of injection locking. Instead, the signal and
idler enter a chaotic regime at Udc ¼ −14.54 V and dis-
appear after a short dc voltage range [31,42,51].
Note that the coupling strength is 6.16 kHz in this

measurement although the experiment is conducted on the
same sample. Under continuous large-amplitude vibration,
a decrease of the coupling strength was observed, which we
attribute to a reduction of the electrical polarizability of the
silicon nitride string as detailed in the Supplemental
Material [44].
In Figs. 3(a) and3(b)we show the results of the experiment

for an intermediate parametric drive power Pd ¼ 13 dBm at
a drive frequency fd ¼ 13.18502 MHz, where the coupling
of the modes is extracted as 1.87 kHz from the avoided
crossing data. Analogous to the above measurements, the
system exhibits signal and idler resonances via NDP2O and
satellite resonances offset by their beat note starting at
Udc ¼ −14.65 V.When the modes are tuned closer towards
each other in frequency, they enter a chaotic regime similar to
the results in Fig. 2. At a dc voltage ofUdc ¼ −14.20 V, the
modes start to lock to half of the drive frequency f5 ¼ fd=2
out of the chaotic regime. However, the drive power is
apparently not high enough to completely lock the two
modes to the common drive. Interestingly, the system
exhibits additional resonances compared to the strong pump
experiment in Fig. 1. The satellite resonances (f6 to f11) are
equidistantly offset from the locked resonance by integer
multiples of a frequency fb that increaseswith the dc voltage.
Following the work of Razavi [11], we attribute the appear-
ance of the satellites to the process of injection pulling [11]
in combination with the observed partial injection locking
to f5 [6–9,24,26]. In thework of Razavi [11], the appearance
of injection-pulled satellite resonances in a single quasi-
locked electrical oscillator was found only on the positive
frequency offset side of the injection locking peak at
finjþnfb¼fd=2þnfbðn¼1;2;3;…Þ. The frequency offset
from the injection locking frequency finj equals fb ¼
½ðf0 − finjÞ2 − δ2�1=2, where

δ ≈
f0
2Q

Ainj

A0

ð4Þ

represents the maximum locking range, which depends on
the amplitude ratio of the quasi-injection-locked oscillation
(Ainj) and the oscillation (A0) at the natural resonance
frequency f0. In this work, the partial locking of two strongly
coupled resonator modes to the common drive leads to
additional injection-pulled satellites at fd=2 − nfb, the
negative frequency offset side of the injection locking peak.
The observed satellite resonances are completely axial
symmetric with respect to the partial locking resonance.
Furthermore, assuming that f5, f6, and f7 are present,

the remaining satellites can as well be obtained by
frequency mixing,

f8 ¼ 2f6 − f7; f9 ¼ 2f7 − f6;

f10 ¼ 2f6 − f5; f11 ¼ 2f7 − f5; ð5Þ

depicted as blue daggers and yellow crosses in Fig. 3(b).
By further detuning the natural resonance frequencies

from the avoided crossing via the dc voltage, the partial
locked and injection pulled state translates into another
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FIG. 3. (a) Color-coded frequency spectra versus dc voltage for
an intermediate parametric drive power Pd ¼ 13 dBm at
fd ¼ 13.18502 MHz. Parametric oscillation resonances (f1,
f2), satellites from degenerate four-wave mixing (f3, f4), and
a partial injection locking peak (f5) are observed. Additionally,
equidistant injection pulling peaks appear (f6 to f11). (b) The
extracted peak frequencies of the above spectra (red dots) and
calculated satellite resonances from Eq. (2) (blue daggers, yellow
crosses) exhibit excellent agreement. The gray dots display the
avoided crossing of the two modes under a weak resonant drive
with mode splitting of 1.87 kHz. Some gray dots are missing for
the in-plane mode due to bad detection efficiency of this mode.

PRL 118, 254301 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
23 JUNE 2017

254301-4



chaotic regime. At a voltage of Udc ¼ −13.75 V the signal
and idler resonances reappear out of the chaotic regime and
resemble the dynamics of the system on the left-hand side
of the avoided crossing until the parametric oscillation
vanishes at Udc ¼ −13.51 V. A comparison of the data
provided in Fig. 3 to the model of Adler [4] is carried out in
the Supplemental Material [44].
In conclusion, we investigated the dynamics of two

strongly coupled, high quality factor nanomechanical
resonator modes subject to a common parametric drive
in different parametric driving regimes. Depending on the
driving strength and the frequency spacing of the two
modes, we observed signal-idler generation via NDP2O in
combination with satellite resonances at their beat-note
frequency, partial injection locking, and two-mode injec-
tion pulling, as well as complete injection locking of the
two coupled modes to the common drive frequency by
DP2O. By individually tuning the frequency separation of
the NDP2O, we demonstrated universal control of the
nanomechanical signal-idler pair in all examined para-
metric driving regimes, which opens up the path towards
parametric control in multimode nanoelectromechanics.
An integration of phase read-out technology into the

presented experimental setup will allow for the implemen-
tation of passive phase noise cancellation approaches [52]
over a large range of frequencies.
Moreover, the high mechanical quality factors in combi-

nation with the dielectric control of the system will allow
for the study of correlated phase noise dynamics [53]
without the need to add extra noise to the system.
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