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Abstract 

Combining the two-scale continuum model and the discrete fracture network model, a 

continuum-based model is developed that calculates the reactive flow of acid in carbonate 

rock with a complex fracture network. The locations of fractures in the model are explicitly 

defined and the method can capture complex geometric relationships. The governing 

equations are discretized by the finite-volume method, where the diffusion term and 

convection term are discretized using the two-point flux approximation (TPFA) scheme and 

the upwind scheme, respectively. The physical domain is discretized by Delaunay 

triangulation. To keep the robustness and efficiency of the TPFA scheme, the optimization 

algorithm is used to move the centroid node of the control volume to improve the 

orthogonality of the grids. Numerical simulations of reactive flow in 2D fractured porous 

media, in cases with simple and complex fracture arrays, under linear and radial flow 

conditions, are presented. In particular, a sensitivity analysis of the dissolution process with 

respect to the presence of fractures, fracture aperture, fracture distribution, and acid injection 

rate, is conducted.  

Keywords: Reactive flow; Wormhole; Acidization; Fractured carbonate rock; Discrete 

fracture; Finite volume method. 

 

1. Introduction 

Matrix acidizing is a common stimulation treatment for improving the flow characteristics 

of the near-wellbore region in carbonate reservoirs. It consists of injecting acid into the 

formation around some interval of the wellbore at pressures below the fracturing pressure. 

During the process, acid penetrates into the pores of the formation and dissolves some rock 

components such as cements or grains, and usually, if successful, creates wormholes, which 
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can bypass a potentially-damaged zone around the wellbore, providing some highly 

permeable channels for hydrocarbon flow into the well. The productivity of a well can be 

enhanced significantly by acidizing, especially when near-wellbore damage is present and has 

motivated the decision to undertake this treatment. If a well does not have drilling-caused 

damage, the economic benefit of performing acidizing stimulation is less obvious, so matrix 

acidizing is generally applied only to a well that has a high skin factor which cannot be 

attributed to the mechanical aspects of the completion, such as partial penetration, perforation 

efficiency and so on (Economides and Nolte, 2000). Nevertheless, this rule is commonly 

broken when natural fractures are present in the formation. In naturally fractured reservoirs, 

injected acid may penetrate to a sufficient distance to yield a productivity enhancement 

greater than that normally expected from an acidizing treatment in un-fractured carbonate 

reservoir (Economides and Nolte, 2000; Liu et al., 2017). For this reason, acidizing is a 

widely conducted stimulation treatment in fractured carbonate reservoirs to increase the 

production (Bratton et al., 2006). Since the details of acid flowing through the fractured 

reservoir are different from the case of general matrix acidizing in a comparable un-fractured 

reservoir, a good understanding of the effect of natural fractures on the acidization process is 

needed to improve the design of the operation.  

Numerous experimental studies have been conducted to understand the dissolution process 

in fractured cores (Detwiler, 2008; Detwiler et al., 2003; Dijk et al., 2002; Dong et al., 1999; 

Durham et al., 2001; Gouze et al., 2003; Polak et al., 2004). In laboratory experiments, 

artificial fractures are designed by contacting two rock samples together along a quasi-planar 

interface, and the fracture aperture is represented by the gap between the samples (Dong et al., 

1999). The surfaces of the core samples, which compose the “fracture” walls, are either 

smooth or rough. Before and after the dissolution experiments, the aperture fields are 

quantified with digital reconstruction techniques, such as high-resolution X-ray computed 

tomography (CT) (Gouze et al., 2003) and nuclear magnetic resonance imaging (NMRI) 

(Dijk et al., 2002). The influence of parameters, such as the roughness of the fracture wall, 

the reaction kinetics, and the mineral dissolution rate, on the dissolution pattern can therefore 

be investigated. These experiments provide a direct observation of the consequences of 

dynamic acid flow and dissolution in rock fractures, and are fundamental for the 

mathematical model development to predict the reactive flow process in fractures. For 

example, Detwiler et al. (2003) conducted a series of reactive flow experiments on artificial 

fractures and concluded that the dissolution-induced evolution of aperture variability is 

determined by the relative magnitude of the diffusion and advection of the reactants as well 
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as the mineral dissolution rate. In addition, two types of geometrical changes in fractures after 

being exposed to reactive fluid are observed (Deng et al., 2016). One is the enlargement or 

reduction of the fracture aperture, resulting from dissolution or precipitation of minerals 

around the fractures (Deng et al., 2016; Detwiler, 2008; Durham et al., 2001). The other one 

is the formation of a porous altered layer in the near-fracture region, resulting from the 

reactant dispersion into the rock matrix and the fast reaction rate (Deng et al., 2016; Ellis et 

al., 2013; Noiriel et al., 2007). However, the experimental works have so far only 

investigated the dissolution process in a single fracture. The effect of the presence of multiple 

fractures, especially those which exist in a complex fracture network, relative to the 

dissolution process, have not yet been investigated through experiment, and hence a 

numerical method is needed. 

The numerical models developed to investigate the reactive flow in fractured rocks can be 

classified mainly into three types: (1) single fracture model (Deng et al., 2016; Detwiler and 

Rajaram, 2007; Dong et al., 2002b; Hanna and Rajaram, 1998; Hill et al., 2001; O’Brien et al., 

2003; Szymczak and Ladd, 2009; Upadhyay et al., 2015), (2) fracture network model (Dong 

et al., 2001; Dong et al., 2002a), and (3) pseudo-fracture model (Kalia and Balakotaiah, 2009; 

Yuan et al., 2016). Here, we give a brief review of these models. In the single fracture model, 

only one fracture is considered, which is generated by contacting two surfaces together with a 

gap between them. The two surfaces can be either smooth or rough, and the resulting aperture 

is assumed to depend on a spatial variable. The model is based on mass conservation for fluid 

flow and reactant transport, and equations for chemical kinetics within the fracture space. The 

matrix leakoff is considered by introducing a source/sink item. The pressure, acid 

concentration, and fracture aperture as functions of space and time can be calculated by 

numerical simulation. Different dissolution patterns, which depend on the physical and 

chemical characteristics of the fracture-fluid system, are obtained, and the results have a good 

agreement with those observed in the experiments. These models provide a useful starting 

point for numerical analysis of reactive flow in fractured porous media. However, a single-

fracture model cannot explain the dissolution process in real fractured rock, in which the 

fracture distribution is complex. 

In the fracture network model, the matrix is ignored and the fractured medium is 

represented by a system of intersecting fractures, which provides the pathway for acid 

transport and dissolution. The fracture network model is an extension of the single fracture 

model and is based on the assumption that acid always creates a channel in only one main 

flow path in the fracture network. Acid flowing into tail fractures (fractures that are not on 
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the main flow path) and matrix is calculated by using a leakoff coefficient. Subject to these 

assumptions, the flow and dissolution in those fractures that are not connected with the 

wellbore cannot be characterized in this model. In addition, as the main flow path should be 

pre-determined and the acid can only flow along this main flow path, the branching 

characteristic of the dissolution pattern cannot be described. However, this model proposes a 

field-scale design method for well treatments in a fractured reservoir and demonstrates that 

acidizing in a fractured reservoir is more efficient than in un-fractured reservoir, as observed 

in many carbonate acidizing treatments.  

In pseudo-fracture models, the fractures are treated as a type of matrix that has 

anomalously-high porosity, and the fracture is represented by one mesh cell whose thickness 

is greater than the actual fracture aperture. These models are actually the same as those 

matrix acidizing models in terms of the mathematical equations. Therefore, they can naturally 

couple the acid flow and reaction in matrix with that in the fractures. Pseudo-fracture models 

provide an easy way to investigate the effect of the presence of fractures and the fracture 

location and orientation on dissolution dynamic, and the results are convenient for 

comparison with the results of matrix acidizing simulations. However, these models just set 

up some high-porosity channels in a domain of matrix to represent the fractures, and they 

lead to the need to create a finer grid to represent the fracture with one mesh cell, which will 

undoubtedly increase the computational time. In addition, this sort of model is particularly 

unsuited for use if one wished to extend the analysis to include concurrent geomechanical 

effects related to the fracture system changes caused by the acidizing (this will be addressed 

in our future work). All of these shortcomings make pseudo-fracture models inappropriate for 

simulating the reactive flow in porous media that have complex fracture arrays. 

The main aim of this paper is to develop a reactive-transport simulation model that permits 

an evaluation of the effect of multiple, intersecting fractures on reactive flow in carbonate 

rocks. This can be accomplished by the combination of the two-scale continuum model 

developed by Panga et al. (2005) with the methods of a discrete fracture model. For the sake 

of convenience, we denote the combined new model, described below, as the two-scale 

discrete-fracture continuum model (TSDFC). The locations of fractures in the TSDFC model 

are explicitly defined, and hence the effect of each individual fracture on fluid flow and 

solute transport can be accounted explicitly. In comparison to the single-fracture model, the 

fracture-network model, and the pseudo-fracture model, the TSDFC model is more effective 

for a systematic investigation of the acidization process in fractured carbonate rock masses.  
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This paper is organized as follows. In Section 2, the mathematical model is presented, to 

describe the fluid flow, solute transport, and chemical reaction in both the matrix and the 

fracture system. In Section 3, a detailed numerical solution method is given, which discretizes 

the physical domain with Delaunay triangulation and discretizes the governing equations with 

the finite volume method. In Section 4 we compare the simulation results obtained from a 

degenerate model with a previous computational study to verify our work. In Section 5, the 2-

D simulation results of the reactive flow in fractured carbonate media, with simple or 

complex fracture networks, under linear or radial flow conditions, are presented. The 

sensitivity of the acidization process with respect to fracture aperture, fracture distribution, 

and the geometry of the domain are also analyzed in this section. Finally, the paper is 

summarized by conclusions in Section 6.  

2. Mathematical model 

In this section, by adding the equations describing fluid flow, solute transport, and rock 

dissolution in fracture system, the two-scale continuum model presented by Panga et al. 

(2005) is extended to simulate the reactive dissolution of fractured carbonate rocks. The 

TSDFC model describes the phenomenon of solute transport and reaction in porous media at 

the Darcy (i.e. continuum) scale, and couples the dissolution processes occurring at the pore 

scale through structure-property relationships, which account for the change of permeability, 

pore radius, and acid-rock interfacial area when porosity is increasing due to the dissolution 

(Kalia, 2008). Mathematical equations for describing reactive flow in both the matrix and 

fracture system of fractured porous media are required in the TSDFC model. In the following 

subsection, we give a detailed description of the model for the matrix system by modifying 

Panga’s work (Panga et al., 2005) and the two-scale continuum model for the fracture system.  

2.1 Model of matrix system 

The mathematical model used to describe the reactive flow in matrix system consists of 

the Darcy-scale model and the pore-scale model. The equations in the Darcy-scale model are 

given by: 
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where, v is the Darcy or superficial velocity vector; k is the permeability tensor, which is 

calculated from a pore-scale model or determined by lab measurement; μ is the viscosity of 

the fluid phase; P is the pressure of pore-fluid (because of the local scale of applicability, we 

do not need to include the gravity term);   is the porosity of the rock; Cf is the cup-mixing 

concentration of the solute in the fluid phase; t is the time; De is the effective diffusion tensor, 

av is the interfacial area available for reaction per unit volume of the medium;  Rc is the mass 

transfer coefficient; Rs is the dissolution rate constant, with units of velocity; α is the 

dissolving power of the acid, defined as grams of dissolved solid per mole of acid reacted; 

and ρs is the density of the solid. It should be noted that the model described above is for first 

order irreversible reaction (valid for the case of HCl-CaCO3 reaction), but the model 

proposed is completely general and can be extended to other kinetics. 

Eq. (2) is the continuity equation which describes the increase of the local porosity of the 

matrix as the reactive flow progresses. The last two terms on the left hand side of Eq. (2)

represent the normal components of fluid flux across the interface between the fracture and 

matrix. The flux flowing from the fracture system to the matrix system can be computed as 

  
fm

fm fmq q P 


     k   (5) 

where, fm  represents the interface of the fracture and matrix system. Obviously, for the 

porous matrix without adjacent fractures, the exchange flux is zero. 

Eq. (3) describes the mass balance of the acid species. The last two terms on the right hand 

side of Eq. (3) are advective-diffusive gain and loss of solute mass across the fracture-matrix 

interfaces, respectively. Correspondingly, this source term is only present in the matrix 

adjacent to fractures and can be calculated as: 
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To describe the variation of permeability, average pore radius, and the rock-acid 

interfacial surface area at the Darcy-scale, a pore-scale model is adopted here as follows 

Kalia and Balakotaiah (2007): 
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where k0 is the initial permeability of the matrix, β is a constant that depends on the structure 

of the medium, rp is the pore radius, 
0r and 

0a  are the initial values of average pore radius and 

interfacial area, respectively. It would be possible to replace this simple pore-scale model 

with a model based on detailed textural analysis of a real rock material, and the related 

understanding which could be derived relative to pore-scale arrangements of mineral 

components and surface areas, and thus the reactive potential of that real rock (Kalia, 2008). 

The mass transfer coefficient and the effective dispersion coefficients are expressed by the 

following relations: 
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where Sh is the Sherwood number and represents the dimensionless mass transfer coefficient; 

Dm is the magnitude of fluid velocity; Rep is the pore Reynolds number defined as

Re 2p pur  ,  is the kinematic viscosity; Sc is the Schmidt number defined as 
mSc D ; 

and  DeX and DeT are the longitudinal and transverse dispersion coefficients, respectively. αos, 

λX and λT are constants that depend upon the pore structure, and have typical values of 0.5, 

0.5, 0.1 for a packed-bed of spheres, respectively (Kalia, 2008; Kalia and Balakotaiah, 2009; 

Panga et al., 2005). 

2.2 Model of fracture system 

In a discrete fracture model, the locations of the fractures that partition the matrix are 

explicitly defined, and the dimensionality of fractures (relative to how they are depicted in 

the model) is reduced from n to (n-1) (Frampton and Cvetkovic, 2007; Ghogomu and 

Therrien, 2000; Huang et al., 2014; Huang et al., 2011; Karimi-Fard et al., 2003). For 

example, fractures in a 3D fractured porous medium are reduced to 2D planes and in a 2D 

fractured porous media they are reduced to 1D line segments. Using the well-known 

Poiseuille equation for laminar flow between parallel plates, the average flow velocity in a 

fracture is related to the pressure as follows (Deng et al., 2016; Hanna and Rajaram, 1998): 
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Eq. (13) implies that the local permeability of the fracture can be written as: 
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12

fr b
k    (14) 

where, the superscript fr represents the fracture system; u is the fluid velocity in the fracture; 

b is the fracture aperture (here taken to be constant over each line segment). 

The continuity equation of the fluid phase in the fractures is given by 

   0mf mf

b
b q q

t

 
   


u   (15) 

where the last two terms on the left hand side are the normal components of fluid flux 

flowing from surrounding matrix to fracture through the interface. The flux value can be 

calculated by: 

  
mf

mf mfq q b P 


      k   (16) 

where, mf  represents the boundary interface that separates the fracture and porous matrix. 

The species balance equation that describes the change of the acid concentration in 

fractures with time and local coordinates is given by: 
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where 
frD  is the hydrodynamic dispersion coefficient in fracture. The last two terms on the 

right side of Eq. (17) are advective-diffusive gain and loss solute mass that transport from 

surrounding matrix to fracture across the boundary interface. The value of the solute mass is 

found to be 

    
mf

fr

mf mf f fb D C C 



        
 

u   (18) 

It should be noted that the dimensions of fractures are less than those of the matrix by the 

factor of one. Therefore, the corresponding differential operator used in fracture system is 

defined in the local coordinate.  

As the acid flows along fractures, it dissolves some of the minerals within the matrix that 

is located on the fracture wall; if this dissolution amount approaches 100%, the process 

effectively enlarges the fracture aperture. However, for the purpose of this paper, we assume 

that the fracture aperture is unchanged and the dissolution process only changes the porosity 

of the adjacent matrix. This is a valid approximation (relative to simulating fluid flow) as 

long as the fracture permeability is significantly larger than the matrix permeability (Deng et 
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al., 2016). Additionally, previous experimental and modelling work has shown that the 

altered matrix (if the porosity increase is “small” and thus the matrix porosity is only altered 

slightly) has negligible contribution to the effective fracture permeability (Chen et al., 2014; 

Deng et al., 2016; Noiriel et al., 2007). Practically, this choice allows us to focus on the 

patterns of wormhole development and their relationship to the fracture distribution, without 

any complications from changes to the fracture system itself, which could require that the 

computational grid would need to be regenerated.  

For solute transport in a fracture, we define the hydrodynamic dispersion coefficient in the 

fracture according to Steefel and Lichtner (1998b) as  

 
fr fr

mD u D     (19) 

where 
fr is the dispersity along the fracture and has a value of 0.5 in the following 

simulations. 

2.3 Boundary and initial conditions 

To represent the experimental conditions where acid was injected into the rocks at a 

constant rate linearly or radially, we consider a constant flow rate at the inlet with a fixed 

pressure at the outlet: 

 
0 , at inlet boundary

k P
v
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 , at outlet boundaryeP P   (21) 

where v0 is the injection velocity, n  is the normal component along the injection direction, 

and Pe is the pressure at the exit boundary of the domain. For solute transport, we use a 

Dirichlet boundary condition at the inlet, and no-flux at the outlet as follows: 

 0 , at inlet boundaryfC C   (22) 

 0, at outlet boundary
fC

n





  (23) 

where, C0 is the concentration of the injected acid. In addition, for the linear flow condition, 

the no-flux conditions are imposed at the transverse boundaries for both fluid flow and solute 

transport, which can be expressed as: 

 0, 0, at transverse boundaries
fCP

n n


 

 
  (24) 

The initial conditions are given by: 

 0, at  0fC t    (25) 

 0
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 0 , at 0b b f t     (27) 

where, f̂  and f  are random fluctuations in the initial porosity field and initial fracture 

aperture field, respectively, which can be either uniform or exponentially distributed in the 

specified interval, and are introduced to represent some degree of heterogeneity of the 

fractured carbonate porous media. 

2.4 Dimensionless models 

The following dimensionless variables and parameters are defined  
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where the subscript D represents dimensionless variable; L is the reference length, which 

equals to the length of the domain for linear flow or the radius of the domain re for radial 

flow, respectively; U and V are dimensionless velocities in the matrix and fracture, 

respectively; κ is the dimensionless permeability tensor; D is the dimensionless dispersion 

tensor; η is the pore-to-domain scale ratio; αL0 and αR0 are the aspect ratio for linear flow and 

radial flow, respectively; H is the height of the domain for linear flow. The parameters 

obtained from the non-dimensionalization are the pore scale Thiele modulus 
2

Th , defined as 

the ratio of diffusion time to reaction time, Damkӧhler number Da, defined as the ratio of 

convection time to reaction time, the axial Peclet number PeL, defined as the ratio of 

advective transport rate to diffusive transport rate, the acid capacity number Nac, defined as 

the volume of solid dissolved per unit volume of acid consumed, and the macroscopic Thiele 

modulus 
2  is the core-scale equivalent of the pore-scale Thiele modulus. More details on 

the definition of these dimensionless groups can be found in Panga et al. (2005) and Kalia 

and Balakotaiah (2009). The partial differential equations (PDEs), after conversion into the 

non-dimensionalized form, are as follows: 
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Substituting Eq.(34) in Eq.(30) and Eq.(32), and defining  
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we can rewrite the models as: 
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And the resulting boundary and initial conditions are 
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3. Numerical solution 

In this section we detail the numerical solution procedure on a 2-D fractured medium by 

using the finite volume method, which is locally conservative and has a clear physical 

interpretation (Eymard et al., 2000; Eymard et al., 2006; Gallouët et al., 2000; Karimi-Fard et 

al., 2003; Moukalled et al., 2016; Versteeg and Malalasekera, 2007). This procedure is 

comprised of the discretization of the domain, a process known as meshing, and the 

discretization of the partial differential equations (Moukalled et al., 2016). In the discrete 

fracture plus matrix model, the total physical domain is decomposed into the matrix 

subdomain and the fracture subdomain, both of which are considered to be Darcy continua. 

Due to the complexity of the fracture configuration, which needs to be represented by 

unstructured meshes, the Delaunay triangulation is used to discrete the physical domain.  

Fig. 1 (a) depicts a 2-D discretization of a fractured porous medium using triangles for the 

matrix and segments for the fractures. The thick red line represents the fracture trace. The 

fracture thickness is not represented explicitly in the grid domain, but considered in the 

computational domain (Fig. 1 (b)) when evaluating flow and transport between control 

volumes. This simplification makes the grid generation easier, which is significant in the case 

of complex fractured porous media. The errors associated with the “expansion” of the 

fractures when constructing the computational domain are negligible, if only a few fractures 

are included in the model (Karimi-Fard et al., 2003; Ma et al., 2006). However, the mismatch 

between the total volume in the grid domain and computational domain resulting from the 
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“expansion” increases as the number of fractures increases. For the complex fractured media 

with abundant fractures, to maintain the matched volume, the volumes of the matrix blocks 

adjacent to the fractures should be modified by removing equivalent pore volume from them. 

The amount of the removed volume depends on the number and size of the fractures to which 

the matrix blocks are connected (Karimi-Fard et al., 2003). In addition, unknowns such as 

pressure, concentration, porosity, and fracture aperture are stored at the centroids of grid 

elements, which is called the cell-centered variable arrangement method. 

(a) (b)

 

Fig. 1 Sketches for discretization of a 2-D fractured porous medium. (a) Grid domain; (b) Computational 

domain. 

The aim of the discretization is to transform the set of conservation partial equations (Eq. 

(37)~Eq. (41)) governing the reactive processes into an equivalent set of algebraic equations 

defined over the elements of the computational domain, which includes transforming the 

derivatives of time and space into algebraic equations. It is easy to see that two forms of 

spatial derivatives, named the diffusion term and the convection term, are involved in the 

mathematical model. For convenience, we denote the diffusion and convection terms by 
DF  

and 
CF , respectively. Their expressions are given by 

  DF     (44) 

  cF V    (45) 

where   is the coefficient of the diffusion transmission;   denotes the unknown variable; 

V  is the velocity vector which can be calculated previously. 

3.1 Discretization of spatial derivatives 

The discretization of equations using the finite volume method starts by integrating the 

equation over the control element, and then transforming the volume integral into a surface 

integral using the divergence theorem (Versteeg and Malalasekera, 2007). After that, the 

diffusion and convection terms are transformed into 
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  D

IF ndS


     (46) 

  C

IF V ndS


    (47) 

where   is the surface of the control element.  

As shown in Fig. 1 (a), the thick red line representing a fracture is divided into several 

linear segments. The segments are the edges of the triangles that comprise the matrix mesh. 

There are three types of connections in the grid domain, namely matrix-matrix, matrix-

fracture and fracture-fracture connections (Fig. 2). This geometrical information is used in the 

discretization process to express the diffusion and convection terms (Eq. (46) and Eq.(47)) in 

terms of the variables at the element and its neighboring elements.  

Face centroid Cell centroid

(a) (b) (c)

 

Fig. 2 Different connections in grid domain. (a) matrix-matrix, (b) matrix-fracture, (c) fracture-fracture. 

In this paper, the simplest and the most robust discretization technique, named the two-

point flux approximation (TPFA), is used to discretize the diffusion term. Using the TPFA 

scheme on element 
i  as shown in Fig. 3, Eq. (46) can be expressed as 

       =D

I ik k i

k

F ndS T M M


        (48) 

Here, we have introduced a new variable named transmissibility, i.e. 
ikT . Mi is the centroid 

node of the element 
i . As the method of using the TPFA scheme in fractured porous media 

has been described in detail in the literature (Karimi-Fard et al., 2004), we will not repeat it 

here. For the evaluation of the transmissibility of matrix and fracture blocks, and the method 

of handling the intersection of multi-fractures through start delta transformation, we refer the 

reader to Karimi-Fard et al. (2004). It is worth mentioning that the TPFA scheme allows the 

aperture of each fracture element to be different. 
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Fig. 3 Schematic of grid connection used to define the discretization scheme 

It is important to note that, even though the TPFA scheme is monotonic, robust, and 

relatively simple to code, the result is accurate only for orthogonal (or for K-orthogonal 

(Karimi-Fard et al., 2004; Karimi-Fard et al., 2003; Lie, 2014)) grid systems. If the grid 

systems are not orthogonal, the TPFA scheme will produce different results depending on the 

orientation of the grid. It may even converge to a wrong solution. To avoid this, other 

schemes are needed; one example is the multi-points flux-approximations (MPFA) method 

(Sandve et al., 2012). However, these MPFA schemes increase the accuracy at the cost of 

more complexity, slower computational speed, and are less robust, compared with TPFA. 

Another way to address the accuracy issue of the TPFA method is to make the connections 

between the centroid node inside the control volume with the relevant centroid nodes of the 

surrounding cells as orthogonal as possible, which can be accomplished by moving the 

computing node to construct a near orthogonal grid (Karimi-Fard, 2008). Furthermore, 

Karimi-Fard et al. (2003) have demonstrated that the accuracy of using the TPFA scheme is 

acceptable, if the grid systems are near orthogonal. In their work, Delaunay triangular grids 

are used, and two-phase flow simulation results, calculated by using TPFA scheme on 

improved Delaunay triangular grids, have a close agreement with that calculated using 

Cartesian grid in Eclipse. In this paper, to keep the robustness and efficiency of the numerical 

algorithm, the computing node inside the triangle which stands for matrix element, are re-

determined to improve the orthogonality of the Delaunay triangular grid by using the 

optimization algorithm proposed in (Karimi-Fard, 2008), and this improvement of the 

orthogonality is crucial for using the TPFA scheme in solving the reactive flow problem. 

The discretization of the convection term is important for the stability of the solution. The 

upwind scheme, which is more compatible with the advection process, is used in the current 

work. The convection term (Eq. (47)) can be discretized as 
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          (49) 

where ,i km  is given by 

 
, , , ,i k i k i k i km A V n   (50) 

In Eq. (49), the term ,a b  represents the maximum of a and b.  

3.2 Temporal discretization and matrix assembly 

Eq. (37) and Eq. (38), which describe the fluid flow in fractured porous media, are not 

dependent on time and there is no need for a further discretization in time. After applying the 

discretization scheme in the spatial derivative for all elements, a system of algebraic 

equations is obtained as 

     1 1 ,
i

n n n n

ik D i D k D i m

k

T P M P M C V 

         (51) 

     1 1 0,n n

ik D i D k i f

k

T P M P M       (52) 

where 
i

V  is the volume of cell 
i ; 

m  and f  are the whole computational domain of 

matrix and fracture system, respectively; the superscript n and n+1 represent the current and 

next time step, respectively; the value of   is calculated by 
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Combining Eq. (51) and Eq. (52), these equations can be written in matrix form as 

 
D A P b   (54) 

We denote the number of matrix elements and fracture elements as Nm and Nf, respectively. 

The expanded forms of vector 
DP  and b are given by 
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P b   (55) 

The structure of the coefficient matrix A is depicted in Fig. 4. It consists of matrix-matrix 

transmissibility, matrix-fracture transmissibility, and fracture-fracture transmissibility, which 

all are assembled together in one matrix. The pressure field can be obtained by solving the 
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system of algebraic equations using the bi-conjugate gradients stabilized method (Barrett et 

al., 1994), and then the results are used to calculate the velocity field with Darcy’s law. 

 

 

Fig. 4 The structure of the coefficient matrix for solving the pressure 

The coupled equations that describe the mass balance and reaction are a bit more 

complicated, and depend on time. After discretization of the diffusion and convection terms, 

Eqs. (39)~ (41) can be written as 
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Noting that   and   are functions of   and 
DC , Eqs. (56)~(58) can be rearranged as 
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  (59) 

here we have grouped the values in all of elements into a vector with the definition 

Matrix-matrix assembly 

Matrix-fracture assembly 

Fracture-fracture assembly 
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and similarly for vector functions F, G, and H, this system of ordinary differential equations 

(Eq. (59) ) can be written more compactly by introducing 

 ,



   
   

     
   
   

F

G

H

F   (61) 

then the problem can be expressed as 

  
D

d

dt


 F   (62) 

To solve the ordinary differential equation system (Eq.(62) ) numerically, the Gear method 

is recommended, which is an auto-adaptive implicit algorithm and has higher calculation 

efficiency and precision in solving nonlinear and stiff problem (Davis, 2013; Wang and Wen, 

2006). Through solving the above matrix, the mass balance equation and reaction equation 

can be coupled, thus the concentration and porosity fields will be obtained together. 

4. Model testing  

For the reason that no numerical or experimental result for wormhole formation in 

fractured masses is available in the literature, the model described in this work is tested by 

comparing it with the reactive flow problem (described in previous works) without 

considering fractures. This demonstrates that the discretization method used in the 

unstructured grid formulation is suitable for the reactive flow problem. Furthermore, we must 

ensure that the method to characterize the fractured medium, based on discrete fracture 

network model, can be used for this kind of convection-diffusion problem. Fortunately, the 

accuracy of using the discrete fracture network model has been demonstrated by Therrien and 

Sudicky (1996), Steefel and Lichtner (1998a), Ghogomu and Therrien (2000), and Karimi-

Fard et al. (2003), to cite a few, who solve that transport problem in water resource 

engineering and petroleum engineering. 

We compare the results using our method with the results obtained by Panga et al. (2005). 

For this purpose, a rectangular 2-D domain is considered, where the acid is injected from the 

top boundary and fluid flows out from the bottom boundary. The values of all parameters and 

dimensionless groups used in this example are the same as those given in Panga et al. (2005), 

except that we use Delaunay triangulation to discretize the domain, while orthogonal grids 
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are used in Panga’s work. As Panga et al. (2005) mentioned, we define the pore volume of 

acid required to breakthrough, PVBT as the amount of acid consumed per pore volume when 

acid reaches the downstream end of the domain. Additionally, in numerical simulations, we 

take the breakthrough time as the time when the overall pressure drop across the rock drops 

to 1/100
th
 of its initial value. The calculations of porosity profiles and PVBT obtained from our 

work and from Panga’s are compared in Fig. 5 and Fig. 6, respectively. It can be observed 

from Fig. 5 that the dissolution patterns (face dissolution, conical dissolution, wormhole, 

ramified wormhole, and uniform dissolution) obtained from our work are the same as with 

Panga’s, when the Damköhler number varies from 3×10
4
 to 1. From Fig. 6, it can be seen that 

our calculations of PVBT and the optimum injection rate are all highly consistent with Panga’s 

work. The slight deviation could be because of the randomness of the perturbation introduced 

to generate the heterogeneous porosity field or the difference of the dissolution structure. For 

the latter, as the consumption of the acid is relative to the volume of the rock to be dissolved, 

different dissolution structures correspond to different amounts of acid.  

 

Fig. 5 Comparison of dissolution patterns obtained from (A) Panga’s work (Panga et al., 2005)and (B) 

the current work. The values of Damköhler numbers for different patterns are: (a) Da=3×10
4
, (b) Da= 10

4
, 

(c) Da=500, (d) Da= 40, (e) Da =1. 
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Fig. 6 Quantitative comparison of the breakthrough volume obtained using the proposed numerical 

method and by Panga et al. (2005). 

5. Simulation results and discussion 

This section presents 2D simulation results describing the sensitivity of the acidization 

process in fractured carbonate media, with respect to fracture aperture, fracture distribution, 

and the geometry of the domain. Acid is injected at one end using the boundary and initial 

conditions in Eqs. (42)~(43), and the model is calculated until breakthrough occurs. The 

values of parameters and dimensionless numbers used in the simulations, are shown in Table 

1. All the values remain fixed throughout the study, unless otherwise stated. The grid size 

was determined on the basis of PVBT before performing any set of computations. Firstly, a 

simulation on a coarse grid is performed to get the initial PVBT. And then, the grid size is 

refined until the PVBT becomes insensitive to any grid changes. Finally, the coarsest grid that 

keeps the PVBT constant is used to perform the following simulations. 

Table 1 List of parameters and dimensionless numbers used in simulation. 

Parameter  Value 

L  10cm 

H  6cm 

re  10cm 

rw  2cm 

0   0.2 

   0.15 

b  1×10
-5

 m 

10-4 10-3 10-2 10-1 100
0

5

10

15

20

25

30

35

 

 

 Panga (2005)
 Current work

P
V
B
T

1/D a
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b   5×10
-6

 m 

2

Th   0.07 

2   10
6
 

Sh∞  3 

Nac  0.1 

Sc  1000 

   10
-6

 

os   0.5 

T   0.5 

X   1 

m  1 

β  1 

 

5.1 Reactive flow in fractured porous media 

First, simulations of the reactive flow in fractured porous media are conducted, by using a 

rectangular domain with a set of pre-defined fractures, and the set of variables summarized in 

Table 1. On the basis of these simulations, the effect of fracture aperture on dissolution 

dynamics is examined. As an example for comparison, a series of simulations for the un-

fractured porous media with various injection velocities (Da=20000, Da=2000, Da=250, 

Da=50, Da=1) are conducted, and the dissolution patterns that have been created when acid 

breaks through the domain are depicted in Fig. 7 column (a). Here, the effect of injection rate 

on the dissolution patterns is studied by varying the Damkӧhler number (Da), which is 

inversely proportional to the velocity. Fig. 7 columns (b, c, d) show the dissolution patterns 

with the same numerical parameters and the introduction of fractures, with fracture apertures 

of 10
-6

m, 10
-5

m, 10
-4

m in the three columns. It should be noted that the initial (slightly 

heterogeneous) porosity fields used in these simulations are same.  
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Fig. 7 Dissolution patterns (Porosity fields) from 2D simulations in un-fractured porous media 

(column (a)) and fractured porous media with same fracture distribution but different fracture 

aperture: (b) b=10
-6

m; (c) b=10
-5

m; (d) b=10
-4

m. The dissolution patterns and corresponding injection 

rates are: (A) face dissolution at Da=20000; (B) conical dissolution at Da=2000; (C) dominate 

wormhole at Da=250; (D) ramified wormhole at Da=50; (E) uniform dissolution at Da=1.  

By comparing column (a) and (b) of Fig. 7, we can conclude that the fracture array with 

smallest apertures has almost no effect on dissolution structure. The injected acid tends to 

flow into the bigger pores rather than the fracture, because the permeability of the matrix is of 

the same order of magnitude with that of the fractures. With the increase of fracture aperture 

and thus the fracture permeability, the fracture network gradually draws more acid than 

matrix. As a result, the dissolution pattern is dramatically different and dominated by the 

large fractures as shown in Fig. 7 (c) even though the injection rate and porosity field are kept 

the same. Therefore, in the following cases, only large fractures are characterized in the 

model, and fractures with small length or small aperture are ignored. However, as the fracture 

aperture further increases, the dissolution patterns are almost unchanged as can be observed 
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in Fig. 7 (d). This is because the flow is now limited by the characteristics of the matrix areas 

between the fractures. The same property field of matrix in all models causes the injected 

acid to go through and etch the same matrix pore-throats. It results in the same dissolution 

pattern in cases where matrix flow is the controlling factor, as in both columns (c) and (d) of 

Fig. 7. The effect of porosity heterogeneity on dissolution patterns of fractured media will be 

discussed in the next subsection. 

By looking through each row of Fig. 7, we can conclude that the presence of fractures and 

the increase of fracture aperture have no influence on the type of dissolution patterns. Face 

dissolution, conical wormhole, dominant wormhole, ramified wormhole, and uniform 

dissolution patterns are observed for all cases as Da varies from 20000 to 1. This is because 

the differences between these dissolution patterns are the result of competition between axial 

advection, transverse dispersion and the reaction mechanism process at the dissolution front 

(Kalia and Balakotaiah, 2009). For example, if the magnitude of axial advection is smaller 

than transverse dispersion and reaction rate, the solute transport will be dominated by the 

dispersion mechanisms and the acid is consumed instantaneously at the fluid-solid interface. 

As a result, the whole face of the rock is dissolved, which leads to the face dissolution. With 

the increase of the magnitude of axial advection, acid transport begins to be governed by 

advection and dispersion mechanism together. When dispersion still plays an important part 

in acid transport, the dissolution front propagates in both axial and transverse directions and 

conical wormholes are observed. When the magnitude of axial advection, transverse 

dispersion and reaction rate reaches such a level of equilibrium that the velocity of acid 

transporting to the dissolution front by advection and dispersion is exactly equal to the rate of 

acid reacting with the rock, acid preferentially flows into bigger pores and hence only these 

bigger pores keep growing with time, which results in some conducting narrow channels 

named dominate wormholes. When the magnitude of axial advection further increases and 

becomes larger than the magnitude of the reaction rate, the injected acid cannot be 

completely consumed at the dissolution front. The residual acid will be transported in all 

directions by the dispersion mechanism. In this case, highly branched channels known as 

ramified wormholes are created. In the extreme case of very high advection velocity, the acid 

transports so fast that it has insufficient time to react with the rock. As a result, acid reaches 

nearly all parts of the rock and increases the porosity throughout the rock uniformly, leading 

to a uniform dissolution. The change in advective velocity in any one model is determined by 

the injection rate and independent of the permeability of the media. Accordingly, the 

presence of fractures has no influence on the type of dissolution patterns. 
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Another conclusion obtained by comparing each row of  Fig. 7 is that the presence of 

fractures has almost no effect on the dissolution structure, when acid injection velocity is 

very low (Fig. 7 (A)) or very high (Fig. 7 (E)). At very high Da (very low injection rate), as 

mentioned above, the transport velocity is very slow compared to the reaction rate and most 

of the acid is consumed before it penetrates deep into the rock. This means that there is no 

unreacted acid flowing into the high permeability region. Hence, the role of fractures is 

negligible as they only provide some preferential flow channels for injected acid. When Da is 

very low (very high injection rate), the convection velocity is very fast, compared to the 

reaction rate. The acid does not have sufficient time to react with the minerals, and, although 

the existence of fractures can increase the local convective velocity, because the convective 

velocity is already very high, this increase has little effect on the dissolution process. 

Different from above two extreme cases, the magnitude of convection, diffusion, and reaction 

rates are comparable at intermediate injection rates. The increase in local convective velocity 

due to the presence of fractures makes the injected acid to flow more easily to the fractures 

and the dissolution structure is dominated by the fracture distribution as shown in  Fig. 7  

rows (B~D)  and columns (c~d). 

Fig. 8 shows the breakthrough curves for un-fractured rock as well as for fractured rock 

with fracture aperture of 10
-6

m, 10
-5

m, and 10
-4

m. Similar to the previous works (Kalia and 

Balakotaiah, 2009; Maheshwari et al., 2013), the breakthrough curves are expressed by 

plotting PVBT (pore volumes to breakthrough) against the inverse of Damkӧhler number 1/Da. 

For un-fractured porous media, the PVBT is defined as the acid volume required for 

breakthrough, per unit initial pore volume of the media. Mathematically, it can be expressed 

as 

 0

0

BT
BT

v At
PV

V
   (63) 

where A is the area of injection end, BTt  is the time when injected acid breakthrough, V is the 

bulk volume of the rock. For fractured porous media, since the pore volume of fractures is 

negligible compared to the matrix system, the definition of PVBT (Eq. (63)) in un-fractured 

porous media is still used to plot the breakthrough curve. However, it should be noted that the 

presence of fractures will substantially increase the effective permeability of the composite 

porous medium. Since the breakthrough time BTt  is defined according to the initial pressure 

drop, which is inversely proportional to the effective permeability, the pressure drop in 

fractured porous media is smaller than that in un-fractured porous media when breakthrough 
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occurs. For example, in our simulations, when the injected acid breaks through the rock and 

the dominate wormholes are formed, the value of the dimensionless pressure drop in 

fractured porous media is 0.8 times of that in un-fractured porous media. And that is why the 

PVBT in fractured porous media with fracture aperture of 10
-6

m (dissolution patterns is shown 

in Fig. 7 column (b)) is slightly larger than that in un-fractured porous media (dissolution 

patterns is shown in Fig. 7 column (a)) although the presence of fractures almost has no effect 

on the dissolution structure. 

 

Fig. 8 Effect of the presence of fracture and the fracture aperture on breakthrough curves 

The curves in Fig. 8 show a minimum at intermediate Da, which corresponds to the 

wormhole formation, and is called the optimum injection rate. The optimum injection rate is 

practically important, since it is usually extrapolated to define the optimum flow rate to be 

used in the field in order to have a successful treatment at low cost (Cohen et al., 2008). It can 

be seen from Fig. 8 that the optimum injection rate for both the fractured and un-fractured 

porous media are approximately the same. This means that when the acid-mineral system 

keeps the same, the optimum conditions determined from an un-fractured reservoir can also 

be used in a fractured reservoir. Another observation from Fig. 8 is that the PVBT decreases 

when the fracture aperture increases. Moreover, the difference of PVBT values between 

domains with different aperture increases when reaching the dominate wormhole regime and 

decreases when moving toward the face dissolution or uniform dissolution regime. In other 

words, the effect of fracture aperture on PVBT has its maximum influence when the dominate 

wormholes are created. As the PVBT at the optimum injection rate for fractured porous media 
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is lower than for un-fractured porous media, the acidizing stimulation is more efficient in 

fractured reservoir compared with that in un-fractured reservoir, and the efficiency increases 

with the fracture apertures are larger. 

5.2 Complex fracture network 

In this subsection, numerical simulations of reactive flow in fractured porous media with a 

complex fracture network are presented, and the effect of matrix heterogeneity on dissolution 

structure is investigated. Before simulation, we develop a 2D random fracture generator to 

produce the complex fracture networks, in which fractures are represented by lines. A 

fracture is characterized by the fracture midpoint location, orientation, trace, and aperture. All 

of these quantities follow geostatistical distributions. Fracture networks can be generated 

according to the following procedure: 

(1) Define the physical domain size and the number of fractures. 

(2) Generate fracture central coordinates with uniform distribution function. 

(3) Generate fracture orientation with normal or fisher distribution function. 

(4) Generate fracture trace with negative exponential distribution function. 

(5) Draw fractures and eliminate all portion of the fracture outside the physical domain by 

using the Liang–Barsky algorithm (Liang et al., 1984). 

As mentioned above, the fracture aperture field is introduced in the numerical simulator as 

an initial condition. Since fractures with small aperture or small trace have negligible 

influence on dissolution patterns, these micro-fractures are ignored in the model. Using this 

fracture generator, a set of 20 random fracture networks, in which fracture orientation obeys a 

normal distribution, are generated and used to study the effect of matrix heterogeneity on 

dissolution patterns in fractured porous media. In addition, as the optimal target of the 

acidizing is to create some wormholes, we focus on the wormhole formation in the following 

examples by postulating the injection rate as Da=250.  

Fig. 9 depicts the wormhole structure at the point when acid breaks through the core, and 

the corresponding breakthrough volumes. These four models have the same fracture system 

and average porosity magnitude, but different spatial distributions of porosity. It can be seen 

that the final dissolution structure varies with the matrix porosity distribution, although 

fractures dominate the wormhole structure. This happens because the injection of acid mainly 

flows along the path with the least resistance. In this example, the fractures are not well-

connected. Acid must etch some matrix to connect the fractures. As the matrix is 

heterogeneous, the resistance between fractures is different in different locations and in 
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different models. Typically, the acid preferentially flows through the region with high 

permeability, leading to the formation of dissolution structures that reflect the matrix property 

distribution. In addition, as the fracture system is the same and the matrix heterogeneity 

magnitude is fixed at [0.05, 0.35], the acid volumes for breakthrough are approximately the 

same, although the corresponding dissolution structures are slightly different.  

 

Fig. 9 Effect of matrix porosity distribution of fractured porous media with not well-connected fracture 

network on wormhole structure and breakthrough volumes.  

However, the effect of matrix heterogeneity on wormhole structure is negligible when the 

fractures are well-connected. To illustrate this conclusion, we generate a set of orthogonal 

random fractures, in which the fractures are presented in pairs that are perpendicular to each 

other. Fractures are generated until the fracture system is well-connected. Finally, a well-

connected fracture network which includes 60 fractures is created, and four cases are 

simulated based on this fracture network. The fracture aperture field remains fixed for all 

simulation cases, but the heterogeneity magnitude of the matrix is different. The ranges of the 

porosity fields are: (a) [0.05, 0.35]; (b) [0.08, 0.32]; (c) [0.1, 0.3]; (d) [0.15, 0.25].  Fig. 10 

shows the wormhole structure when acid breaks through, and the corresponding breakthrough 

volumes. The injection velocity in all the cases is constant. It can be seen that both the 

wormhole structures and the breakthrough volumes are insensitive to the matrix 

heterogeneity magnitude. This is totally different from the conclusion obtained with un-

fractured porous media by Kalia and Balakotaiah (2009), in which the effect of local 

heterogeneities on pattern formation is investigated and it is found that media heterogeneity 
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influences both the PVBT and structure of the dissolution patterns. However, in the current 

cases, acid mainly flows inside the fracture network and the heterogeneity of the matrix only 

has an effect on the rate of acid leaking off the fracture. 

 

Fig. 10 Wormhole patterns and corresponding breakthrough volume when acid is injected into the 

porosity heterogeneity at Da=250. The range of the porosity fields are: (a) [0.05, 0.35], (b) [0.08, 0.32], (c) 

[0.1, 0.3], (d) [0.15, 0.25]. 

5.3 Radial flow condition 

In this subsection, numerical simulations of reactive flow in fractured porous media under 

a radial flow condition are presented. The effect of a dominant fracture, which has a larger 

aperture than other fractures, is studied relative to the resulting wormhole structure. 

Simulating reactive flow under a radial flow condition is a reproduction of the actual 

acidizing treatment used in the subsurface. The acid is injected via the wellbore, radially into 

the formation, and the average velocity of the fluid decreases rapidly versus radius. To mimic 

the wellbore situation, a 2D radial domain is considered and the dimensions are: external 

radius of 10cm and internal radius of 2cm. Here, we inject on all of the inner face of the 

borehole, rather than at points which might be the case with perforations; this choice is to 

allow us to test the method, and to derive generalities. The role of perforations and 

cement/casing will be addressed in the future work. For this model, a set of 16 fractures is 

introduced, evenly distributed around the “wellbore”. The fracture apertures are assumed the 
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same and equal to 10
-5

m. Other parameter values are as in Table 1. Again, we focus on the 

optimal injection condition, at which the wormhole dissolution occurs.  

Fig. 11 (a) shows the dissolution structure when acid breaks through. It can be seen that 5 

main fractures are strongly affected by dissolution and become a part of the wormholes in 

this case. These wormholes are distributed uniformly and symmetrically in terms of angular 

direction. A similar phenomenon has also been observed by Gdanski (1999), in which the 

wormhole formation in un-fractured carbonate under radial flow condition is studied. 

However, the dissolution structure will be quite different, if there is a dominant fracture 

around the wellbore, as shown in Fig. 11 (b). In case (b), one fracture (thick line in Fig. 11 (b)) 

was set to be the dominant fracture, by changing the fracture aperture value into 10
-4

m and 

keeping all other parameters fixed. By comparing Fig. 11 (a) and (b), it can be seen that the 

dominant fracture in Fig. 11 (b) draws almost all the injected acid, and the growth of other 

wormholes are suppressed, resulting in only one wormhole being formed. The aim of 

injecting acid into the fractured reservoir is not limited to the formation of wormholes but 

also to ensure that all reservoir zones are sufficiently treated. Consequently, self-diverting 

acids such as in situ cross-linked acids(Ratnakar et al., 2013), surfactant-based viscoelastic 

acids(Alleman et al., 2003; Taylor et al., 2003), and emulsified acids(Maheshwari et al., 2016; 

Maheshwari et al., 2014), are proposed to get more uniform stimulation. The simulation study 

of injecting self-diverting acid into fractured porous media will be presented in the future 

work. 

 

Fig. 11 Wormhole structure in radial domain to show the effect of dominate fracture. (a) uniform 

fracture aperture field, (b) with a dominant fracture. 

(a) (b) 
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6. Conclusions 

The main contribution of this work is the development of a continuum model (TSDFC) 

that can calculate the reactive flow of acid in fractured carbonate rock with a complex 

fracture network. The TSDFC model is the combination of the two-scale continuum model, 

which is developed by Panga et al. (2005) for simulating reactive flow in un-fractured 

carbonate rock, and a discrete fracture model. The model retains the inherent features of two 

original models and calculates the dissolution of rock mass, increasing the porosity in the 

reacted locations, with feedbacks to the flow system. The numerical algorithm is given for a 

2-D version of the model. Some cases that highlight the difference in dissolution patterns 

with and without the presence of fractures are simulated. Particularly, the effect of the 

characteristic parameters of fracture arrays, such as fracture aperture, and fracture distribution, 

are investigated in both linear and radial flow conditions. The effect of matrix heterogeneity 

on the resulting dissolution patterns in fractured porous media, with well-connected and not 

well-connected fracture networks, is also studied. The main results can be summarized as 

follows: 

(1) The dissolution patterns vary with the increase of fracture aperture, up to a point. 

Specifically, fractures with small apertures will not dominate the wormhole propagation and 

have almost no influence on breakthrough volume, and hence they can be neglected in the 

computational domain. Whereas, with the increase of fracture aperture as well as the 

associated increase of the fracture permeability, the dissolution pattern is dramatically 

different and is dominated by the fractures. However, as the fracture aperture further 

increases, the dissolution patterns are almost unchanged.  

(2) The presence of fractures and the increase of fracture aperture have no influence on the 

type of dissolution patterns. Face dissolution, conical wormhole, dominant wormhole, 

ramified wormhole, and uniform dissolution patterns are observed in the fractured porous 

media, when the injection rates are the same as in un-fractured porous media, to generate 

these dissolution patterns.  

(3) The dissolution structure is dominated by the fracture distribution at an intermediate 

injection rate of acid, but independent with the natural fractures at very low or very high 

injection rates. 

(4) The optimum injection rate is almost unchanged from the un-fractured medium to the 

fractured medium if the acid-mineral reaction system keeps the same. The existence of 
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fracture only affects the breakthrough volume and the dissolution structures. The structures 

are associated with different injection rates.  

(5) The breakthrough volume PVBT decreases when the fracture aperture increases. 

Moreover, the difference of PVBT values, between domains with different fracture apertures, 

increases when reaching the dominate wormhole regime, and decreases when moving toward 

the face dissolution or uniform dissolution regime. As shown above, the optimum injection 

rate is defined as the injection rate corresponding to the minimum PVBT. In acidizing 

experiments, the acid needs to be injected into the core at different injection rates to get the 

breakthrough curve and determine the optimum injection rate. Since cores used in an 

acidizing experiment cannot be reused, many cores that have same size and similar physical 

properties are needed. Therefore, we must make sure whether the core contains fractures 

when conducting the acidizing experiment as the presence of fracture will dramatically 

influence the breakthrough volume PVBT. 

(6) For the fractured porous media with a not-well-connected fracture network, different 

matrix porosity distributions give various dissolution structures, even though the fracture 

network is fixed and will dominate the dissolution structure. The final dissolution structure is 

influenced by both the matrix and fracture distributions. For a well-connected fracture 

network rock mass, both the wormhole structures and the breakthrough volumes are 

insensitive to the matrix heterogeneity magnitude. 

(7) If there is a dominant fracture around the wellbore, it will draw almost all the injected 

acid. The growth of other wormholes is suppressed, resulting in only one wormhole being 

formed. In this case, self-diverting acids are recommended to get more uniform stimulation. 

It should be noted that wormhole formation in fractured carbonate rocks is a complex 3D 

phenomenon. Although the model developed in this work is completely general and valid for 

any dimension, this paper only presents simulations for the 2D version and is meant to 

capture only the main qualitative features of the reactive dissolution process in fractured 

porous media. Another challenge arises when simulating this model on 3D fractured porous 

media, associated with the mesh discretization of the domain. The simulation of reactive flow 

in 3D fractured porous media will be pursued in future work. 
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1. A continuum model is developed to study the reactive flow in fractured porous media 

with a complex fracture network. 

2. Numerical method for solving the developed model is described. 

3. The structure of the dissolution patterns is computed under various conditions. 

3. The effect of the characteristic parameters of complex fractures is analysed. 

 

 


