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Abstract. Spontaneous counter-current imbibition into a finite porous

medium is an important physical mechanism for many applications, included

but not limited to irrigation, CO2 storage and oil recovery. Symmetry con-

siderations that are often valid in fractured porous media allow us to study

the process in a one-dimensional domain. In 1D, for incompressible fluids and

homogeneous rocks, the onset of imbibition can be captured by self-similar

solutions and the imbibed volume scales with
√
t. At later times, the imbi-

bition rate decreases and the finite size of the medium has to be taken into

account. This requires numerical solutions. Here, we present a new approach

to approximate the whole imbibition process semi-analytically. The onset is

captured by a semi-analytical solution. We also provide an a priori estimate

of the time until which the imbibed volume scales with
√
t. This time is sig-

nificantly longer than the time it takes until the imbibition front reaches the

model boundary. The remainder of the imbibition process is obtained from

a self-similarity solution. We test our approach against numerical solutions

that employ parametrizations relevant for oil recovery and CO2 sequestra-

tion. We show that this concept improves common first order approaches that

heavily underestimate early-time behaviour and note that it can be readily

included into dual porosity models.
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1. Introduction

The spontaneous invasion of a wetting phase into a porous medium due to capillary

forces is a remarkable physical phenomenon relevant to a wide range of geological and

engineering applications. Perhaps most importantly, spontaneous imbibition (SI) is one

of the main mechanisms of fluid exchange between fractures and matrix in fractured

geological formations. Hence, understanding SI is of importance to optimize hydrocarbon

recovery [Mason and Morrow , 2013], model water injection into geothermal reservoirs

[Li and Horne, 2009], understand the imbibition of brine into CO2 saturated rocks in

geological storage of carbon dioxide [Nordbotten and Celia, 2012] or analyse the migration

of fracturing fluids in shale formations [Birdsell et al., 2015; Dehghanpour et al., 2013].

Counter-current spontaneous imbibition is mathematically described by a non-linear dif-

fusion equation. Finding analytical solutions that are valid at early and late times has been

an open challenge for many years. At early time, that is, before the advance of the wetting

phase front is influenced by a no-flow boundary condition, the cumulative imbibed vol-

ume scales with
√
t [Lucas , 1918; Washburn, 1921]. The late-time behaviour, on the other

hand, is characterized by a decrease in the imbibition rate. It is usually presumed to follow

approximately an exponential expression of the form V/V∞ = 1− e−λ·t [Aronofsky et al.,

1958], where λ describes the rate of the transfer process. Models for this parameter have

been proposed over the last century [Washburn, 1921; Li and Horne, 2006; Zhou et al.,

2002; Ma et al., 1997; Mattax and Kyte, 1962; Tavassoli et al., 2005], but only recently a

general scaling group based on the analytical solution for the counter-current spontaneous

imbibition in semi-infinite domain was developed [Schmid and Geiger , 2012, 2013]. This

D R A F T May 27, 2016, 2:40pm D R A F T

This article is protected by copyright. All rights reserved.



X - 4 MARCH ET AL.: ACCURATE MODELLING OF SPONTANEOUS IMBIBITION

group properly includes the effects of rock wettability, viscosity ratio and other physical

parameters, such as arbitrary capillary pressure and relative permeability curves, and pro-

vides a good agreement with a large body of experimental data of spontaneous imbibition.

In the context of modeling and simulation of fractured reservoirs, dual-porosity models

provide a framework for simulation of such geological formations by considering the frac-

ture network as a second porous medium/continuum that is superposed to the matrix rock

[Warren and Root , 1963]. The fluid interchange between the two continua is modelled

by means of a transfer-rate function. In this sense, the exponential model for cumulative

imbibition is equivalent to a first-order model where the transfer rate depends linearly

on the saturation in the matrix block [Di Donato et al., 2007]. The first order transfer

function has been widely used as a model to represent the whole imbibition process. It

is observed, however, that this model underestimates drastically the imbibed volume at

the onset of the process [Zimmerman et al., 1993; Geiger et al., 2013; Tecklenburg et al.,

2013, 2016].

Based on a single-phase development [Zimmerman et al., 1993], Zimmerman et al. [1996]

presented an approximate solution for the pressure response of a spherical block subjected

to a step-function signal. Lu et al. [2008] suggested a similar first-order model with a

boost or correction factor to accurately model the early-time behaviour. Although these

approaches represent a significant improvement over classical first-order transfer-functions,

they lack generality since they rely on lumped models that average the saturation in

a matrix block. However, the exchange of fluids between fracture and matrix heavily

depends on the specific shape of the saturation distribution and hence cannot generally

be represented by a single average quantity. Therefore, these models lack generality and
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require specific fitting to each set of physical parameters. In an alternative approach,

Geiger et al. [2013], Tecklenburg et al. [2013] and Tecklenburg et al. [2016] linearise and

solve the non-linear diffusion equation for SI in Laplace space to obtain an exact solution

for the transfer-rate term. Nevertheless, linearisation of the diffusion coefficient may lead

to large errors in the estimate of the imbibition rate.

At early time, the
√
t scaling can be used to develop integral solutions to the non linear

diffusion equation that models counter-current spontaneous imbibition. In particular, we

consider the solutions of McWhorter and Sunada [1990], Doster et al. [2012] and Schmid

et al. [2011], as they do not assume any particular model for capillary pressure and relative

permeabilities. This represents a general solution for the SI problem. At early time we

are able to calculate the imbibed volume exactly for the one-dimensional case. At late

time, the aforementioned model of Aronofsky et al. [1958] with the universal transfer rate

coefficient may be used. Combining both solutions requires a proper characterization of

the transition between the two regimes. The idea of combining an early-time expression

based on semi-analytical solution with a late-time expression based on the exponential

approximation was suggested initially in Chen et al. [1995] and later in Tavassoli et al.

[2005]. Both authors assume that the transition between early and late time occurs when

the semi-analytical solution ceases to be valid. That is, when the wetting phase front

reaches the no-flow boundary of the domain. However, here we show that the imbibition

scales proportional to
√
t for a significantly longer period.

We therefore present a new hybrid approach to model the imbibed volume that combines

the models for early- and late-time behaviour. The early-time behaviour is represented by

a semi-analytical solution and the late-time behaviour uses an approximate exponential
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model with a universal transfer rate constant. We specifically consider the counter-current

imbibition of a wetting phase into a rock matrix at residual wetting phase saturation

where symmetry allows for a one-dimensional representation. A novel method that allows

us to reconstruct the saturation profile inside the physical domain and to estimate the

transition time is presented. The profiles of the imbibed volumes generated with this

hybrid model are evaluated by comparing the results with a series of high-resolution

numerical simulations with realistic physical properties arising from oil recovery and CO2

storage applications. Additionally, an analysis of the sensitivity of the results with respect

to the viscosity ratio and the capillary pressure is presented.

The paper is structured as follows. In section 2 the governing equations, as well as a

general discussion of the imbibition process and previously published early- and late-time

imbibition models are given. In section 3, we present a model that combines both early-

and late-time solutions and provides a physics based method to estimate the transition

between the two regimes. Section 4 shows simulations using realistic parameters to illus-

trate the validity of our approach for different physical systems. Finally, in section 5, the

conclusions are discussed.

2. Models for Counter-Current Spontaneous Imbibition

2.1. Governing Equations

The dynamics of two-phase flow in a porous medium are described by a set of mass

conservation equations. To close the system of PDEs, we use the extended Darcy’s law for

multiphase flow, with its constitutive relationships for relative permeabilities and capillary

pressure as well as volume conservation [Bear , 1972]. Here we consider the problem of a

one-dimensional homogeneous porous medium at residual wetting phase saturation that is
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sealed at one side and exposed to the wetting phase on the opposite boundary (Figure 1).

The domain is spontaneously imbibed by the wetting phase, leading to counter-current

flow of the non-wetting phase. Since capillary pressure is generally not strong enough to

compress the fluids by itself, we treat the phases as incompressible. This allows us to

rearrange the equations to obtain a single non-linear diffusion equation that captures the

full physical process. The equation is written as

ϕ
∂Sw

∂t
− ∂

∂x

{
Dw (Sw)

∂Sw

∂x

}
= 0, (1)

where ϕ denotes the porosity, Sw the wetting phase saturation in the medium, andDw (Sw)

the capillary diffusion coefficient defined as

Dw (Sw) ≡ −fwkλn
dpc
dSw

, (2)

where k the absolute permeability, λα the mobility of phase α, pc (Sw) = pn − pw is the

capillary pressure and fw denotes the fractional flow function of the wetting phase, defined

as

fw ≡ λw

λw + λn

. (3)

The following set of initial and boundary conditions is considered

Sw (x, t = 0) = Swr,

Sw (x = 0, t) = S0, (4)

∂Sw

∂x

∣∣∣
Lc

= 0,

where S0 denotes the saturation at the boundary, Lc is the size of the physical domain and

Swr is the residual wetting phase saturation. Equation (1) together with conditions given

by Equation (4) and a parametrization for the capillary pressure pc (Sw) form a closed set
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of equations that describe one-dimensional counter-current spontaneous imbibition. The

equivalent dimensionless form of Equation (1) is given by

∂Sw

∂t̃
− ∂

∂x̃

{
D̃ (Sw)

∂Sw

∂x̃

}
= 0, (5)

with the dimensionless diffusion coefficient given by

D̃ (Sw) = −1

ϕ
fwkλnpe

T

L2
c

dp̃

dSw

, (6)

where t̃ = t/T , x̃ = x/Lc and p̃ = pc/pe. pe is the capillary entry pressure and T

a characteristic timescale of imbibition. Note that the physical problem is completely

determined by a single dimensionless group and the shape of the constitutive functions

krw(Sw),krn(Sw) and pc(Sw). We can now use the dimensionless groups to map solutions

from different problems by simply adjusting the timescale T . In the remainder of this

paper we choose particular sets of parameters for the sake of concreteness but note that

the findings are general.

2.2. Behaviour of the Imbibed Volume

Semi-analytical solutions exist for the mathematical system described by Equations (1)

and (4) when Lc → ∞ (see e.g. McWhorter and Sunada [1990]). Recall that at early time,

the diffusive nature of imbibition leads to a
√
t scaling of the imbibed volume. Once the

boundary at Lc has a significant impact on the overall behaviour, the rate of imbibition

slows down. The scaling of this process reflects the whole non-linear nature of spontaneous

imbibition into a finite domain and a universal scaling is not available. The commonly

applied exponential expression proposed by Aronofsky et al. [1958] captures the process

reasonably well at late time, but not at early time as discussed before [Zimmerman et al.,

1993, 1996; Geiger et al., 2013; Tecklenburg et al., 2013, 2016]. Figure 2 illustrates the
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temporal evolution of the wetting phase during SI. At the onset of the process, the imbibed

volume increases proportional to
√
t, as predicted by Lucas [1918]. The semi-analytical

self-similar solution using this scaling behaviour matches perfectly the simulation results.

Once the imbibition slows down, this solution fails to capture the temporal evolution of

the imbibition and the curve is now approximately exponential. Conversely, the sigmoidal

function from the exponential model fails to represent the temporal evolution of the early

time. This period can be long for many applications. An accurate estimate of the time

when the transition from early- to late-time behaviour occurs, based solely on the phys-

ical parameters of the problem, forms the main contribution of this manuscript and is

presented in the following sections.

2.3. Early Time Regime

The wetting phase volume that has imbibed into the porous medium is given by the

solution of the initial and boundary value problem defined in Equations (1-4). This non-

linear parabolic equation has no general solution and requires some numerical solution

techniques [Schmid et al., 2011; Bjornara and Mathias , 2013]. However, at the onset of

imbibition a distinctive front with a finite velocity propagates into the medium due to

the vanishing diffusion coefficient for limS→Sr D(S) = 0. Hence, until the saturation front

reaches the boundary at Lc, the solution is identical with an imbibition into a semi-infinite

domain.

A semi-analytical solution for this problem was developed in McWhorter and Sunada

[1990] where the imbibition rate decreases ∝ t−1/2. The proportionality constant is ob-

tained by solving an implicit integral equation numerically. For convenience we briefly

present the solution below. Schmid et al. [2011] has shown that the counter-current im-
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bibition problem is well-posed once the saturation in the boundary is prescribed, as in

Equation (4), i.e. there is no need to prescribe a flux boundary condition for the wetting

phase. In other words, the flux in the boundary is a natural consequence of the saturation

difference between the boundary and the medium.

The analytical solution is based on the fact that before the wetting phase front reaches

a no-flow boundary or another wetting-phase saturation front traveling in opposite di-

rection, the nonlinear diffusion equation shows self-similarity for the variable η = xt−1/2.

The problem can then be rewritten as a nonlinear first-order differential equation, which

is solved using an iterative procedure. The wetting phase flux in the left boundary is

naturally imposed by the saturation at this point, S0, and is defined as

qw (0, t) = At−1/2, (7)

where A is the imbibition rate constant, with dimension of
[
L · t−1/2

]
. This parameter is

related to the saturation in the boundary through the following expression

A2 =
ϕ

2

∫ S0

Swr

(Sw − Swr)Dw (Sw)

Fw (Sw)
dSw, (8)

where Fw is the general fractional flow function defined as

Fw (x, t) =
qw (x, t)

qw (0, t)
. (9)

We obtain the fractional flow function and its derivative by solving iteratively the following

nonlinear integral equations

Fw (x, t) = 1−

[∫ S0

Sw

(
S

′
w − Sw

)
Dw

(
S

′
w

)
Fw (S ′

w)
dS

′

w

]
·

[∫ S0

Swr

(
S

′
w − Swr

)
Dw

(
S

′
w

)
Fw (S ′

w)
dS

′

w

]−1

F
′

w (x, t) =

[∫ S0

Sw

Dw

(
S

′
w

)
Fw (S ′

w)
dS

′

w

]
·

[∫ S0

Swr

(
S

′
w − Swr

)
Dw

(
S

′
w

)
Fw (S ′

w)
dS

′

w

]−1

, (10)
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which allows us to reconstruct the saturation front through the following expression

x (Sw, t) =
2A

ϕ
F

′

w (Sw) t
1/2 =

Qw (t)

ϕ
F

′

w (Sw) , (11)

where Qw (t) is the cumulative imbibed volume until time t. We note that this expression

is the capillary analogue for the well known Buckley-Leverett equation [Buckley and Lev-

erett , 1942]. Equations (8), (10) and (11) form a closed set of nonlinear integral equations

that can be solved to obtain the saturation profile and cumulative imbibed volume at each

time step. Strictly speaking, due to the assumption of an infinite domain, this equation

is only valid before the saturation front reaches the closest no-flow boundary. This time

is denoted here as t∗ and is given by setting x (Sw, t) = Lc in Equation (11):

t∗ =

(
Lcϕ

2AF ′
w (Swr)

)2

. (12)

The relative imbibed volume for the early-time regime E(t) is calculated as the ratio of

the imbibed wetting phase volume and the maximum volume available for imbibition

E (t) ≡ Qw (t)

(1− Swr − Snr)ϕLc

=
2At1/2

(1− Swr − Snr)ϕLc

. (13)

Equation (13) is a direct result of the integration of the flow rate in the boundary over

time, and it is equivalent to Equation (9) of [Schmid and Geiger , 2012]. This solution is

exact up to the tolerance at which the nonlinear problem given by Equation (10) is solved

numerically.

2.4. Late Time Regime

As mentioned before, the Aronofsky et al. [1958] expression for the late-time regime is

given by

V (t)

V∞
= 1− e−λt, (14)
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where the parameter λ controls the rate of imbibition. The exponential model is a proven

mathematical solution for the limit of late times when the diffusion coefficient is linear.

Its application to the nonlinear diffusion case, however, is a purely empirical model based

on the observed behaviour of the imbibition process [Kazemi et al., 1992]. The previously

described analytical solution can be used to derive a universal transfer rate coefficient

[Schmid and Geiger , 2012]. The total imbibition time tc is calculated as the time when

the total imbibed volume (see Equation (7)) is equal to the recoverable volume of non-

wetting phase. In other words, tc is such as

ϕLc (1− Swr − Snr) = 2At1/2c ⇒ tc =

(
ϕLc (1− Swr − Snr)

2A

)2

. (15)

The transfer rate parameter is then calculated as the reciprocal of the imbibition time tc

λ = γ

(
1

tc

)
· t ≡ γτc · t, (16)

where γ is regarded as a general fitting parameter in [Schmid and Geiger , 2012]. The pa-

rameter γ can be understood as fixed, suitable to a wide range of rock properties, capillary

and relative permeability relations, and mobility ratios without further adjustment, since

the scaling group τc should encompass all the information of the physical system. We

are then able to write and expression for the late-time behaviour of the relative imbibed

volume as

Λ (t) ≡ 1− eγτct. (17)

We obtained γ ≈ 1.6 for all the experiments carried in the course of this work.

3. A Hybrid Model for Spontaneous Imbibition

The late-time expression given by Equation (17) is normally used to model the relative

imbibed volume during SI [Di Donato et al., 2007; Lu et al., 2008; Schmid and Geiger ,
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2013]. However, as shown in Figure 2, this model underestimates the rate of imbibition

at early time. We hence propose an imbibition model that has the following shape:

Ψ (t) ≡ H
(
t̂− t

)
· E (t) +H

(
t− t̂

)
· Λ (t+∆t) , (18)

where H (x) is the Heaviside function that vanishes for negative values and is unity for

positive values. The hybrid model switches from early to late time on a predefined tran-

sition time t̂. We select the step function to transition between the models with just one

parameter. It is important to note, though, that other authors have suggested different

transition kernel functions (see, e.g., [Tecklenburg et al., 2013, 2016]) that may smooth

out the transition between both models and may replace H (x) accordingly in Equation

(18). These approaches, however, introduce additional parameters to characterize the

transition interval.

The late-time model defined by Equation (17) is shifted by ∆t in time to match the

early-time solution value on t̂ and is calculated as

∆t = − 1

γτc
ln

(
1− 2At̂1/2

(1− Swr − Snr)ϕLc

)
− t̂. (19)

The shifting of the late-time model ensures the continuity of the model at the transition

time t̂. The imbibed volume at early time given by Equation (13) is matched with the

value given by Equation (17) at this point.

3.1. The characterization of the transition time

The magnitude of the diffusion at early time and the shape of the wetting phase sat-

uration front are characterized by the diffusion coefficient. The vanishing nature of the

diffusion coefficient at residual saturations makes the existence of a saturation front pos-

sible, even though the physical nature of Equation (1) is diffusive. Previous studies that
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aimed to merge early- and late-time models (e.g. Tavassoli et al. [2005] and Chen et al.

[1995]) propose that t∗ is a good estimate for the transition from early to late time. And

indeed, the scaling of the imbibed wetting phase volume starts to deviate from
√
t at t∗

as the assumption for Equation (13) no longer hold true. However, observations indi-

cate that the imbibed wetting phase volume follows an approximate
√
t behaviour well

after t∗ was reached. We reason that during this time the spontaneous imbibition is still

predominantly driven by a saturation profile that is close to the one given by the semi-

analytical solution (see Figure (6) on the interval [0, 2.5]) and that the contribution of

the mismatching part of the profile is of minor importance. Once this contribution to the

overall diffusion is of major relevance, the scaling will substantially deviate from
√
t. We

denote this time as t̂. Further, we denote Ŝw as the saturation at the outer boundary at

the moment of transition and present below a methodology to determine the transition

time t̂ based on Ŝw.

3.2. The choice of Ŝw

The value of Ŝw, the saturation at the boundary that controls the transition to late-

time behaviour, shall be chosen based on the diffusion coefficient curve. Choosing Ŝw =

Smax
w may be suitable for some cases but is not necessarily applicable for all the physical

situations. Diffusion curves that are skewed to the left such as the one depicted in Figure

4, may still have high Dw (Sw) values for saturations greater than Smax
w . Hence, we choose

Ŝw as being the saturation under which some percentage of the total diffusion is achieved.

Mathematically, we define a cumulative diffusion function as

∆ (Sw) =

∫ Sw

Swr

Dw

(
S

′

w

)
dS

′

w. (20)
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The function ∆ (Sw) is invertible and we may define Ŝw as

∆
(
Ŝw

)
∆(1− Snr)

= ξ ⇒

Ŝw = ∆−1 (ξ ·∆(1− Snr)) , (21)

where ξ ∈ [0, 1] describes the threshold of cumulative diffusion that controls the transition

from early to late time (see Figure 5). This definition of Ŝw selects a transition value

such that higher saturation values are less important contributions to the diffusion in

the domain. Since the diffusion controls the early-time behaviour and the
√
t scaling,

Ŝw provides an adequate estimate for the saturation that controls the diffusion. The

simulations shown later span a wide range of shapes and magnitudes of diffusion coefficient

curves and show that the thresholds that describe the transition are typically around

ξ = 0.6. We hence have used this level for all the simulation cases. We note that the

calculation of Ŝw with Equation (21) can be easily achieved with the aid of numerical

quadrature and by building a search table of ∆ (Sw) |Sw values.

3.3. The calculation of t̂ - the Filling Back Procedure

Since the analytical model is based on the solution for a semi-infinite domain, the

front position defined by Equation (11) does not match the true solution after t = t∗.

Consequently, one needs to reconstruct the saturation profile inside the domain to estimate

the time when the saturation at Lc reaches Ŝw. We propose a scheme to approximate the

saturation profile in the finite domain with the help of the solution for the semi-infinite

domain. We take the imbibed volume that has left the finite domain according to the

analytical solution and fill it back into the domain. This is done by identifying the

saturation plateau S̃w that leads to an equivalent volume in the physical domain. We
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name this approach the Filling Back Procedure and formulate it mathematically as:

ALc−∞ =

∫ ∞

Lc

Sw

(
x, t̃

)
dx∫ Lc

0

H
(
S̃w − Sw

(
x, t̃

))
·
(
S̃w − Sw

(
x, t̃

))
dx = ALc−∞, (22)

where the Heaviside function is used to select just the part of the domain whose values of

the saturation plateau are greater than the values of the saturation profile. Given a satu-

ration profile at time t̃, we find the saturation level S̃w that compensates the area below

the saturation curve outside the physical domain, labeled as ALc−∞. With this scheme,

mass is conserved and we are correcting the analytical solution profile to approximate the

true profile inside the domain. In order to find t̂, the transition time, the problem defined

by Equation (22) is inverted. Instead of finding a saturation plateau that matches the

volume at a certain time, we now seek the time t̂ when the saturation plateau that satisfies

this system is exactly Ŝw, as defined in Equation (21) (see Figure 6). We therefore write

the following nonlinear problem for t̂:

Find t̂ such as∫ Lc

0

H
(
Ŝw − Sw

(
x, t̂

))
·
(
Ŝw − Sw

(
x, t̂

))
dx =

∫ ∞

Lc

Sw

(
x, t̂

)
dx. (23)

This Equation can be easily solved by the bisection method. The root lies necessarily

between t = t∗ and t =

(
Lcϕ

2A·F ′(Ŝw)

)2

, respectively the time when the saturation front

and Ŝw reach Lc, according to the analytical solution. The latter is an upper limit for t̂

because the analytical solution will always underestimate the saturation in the physical

boundary Lc in comparison with the true saturation profile.

4. Results and Discussion
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The previous sections show a systematic procedure to predict the imbibed volume due to

spontaneous imbibition for the entire duration of SI using arbitrary physical parameters.

Although ξ is as a fitting parameter, it was chosen to provide a good measure of the

transition time based on numerical experiments that span a wide range of possible shapes

and magnitudes of the diffusion coefficient, as will be shown in this section. Hence,

parameter ξ require no further adjustment. It is general in the sense that it may be used

for any set of rock and/or fluid properties.

We now analyse the accuracy of the hybrid imbibition model through a series of high

resolution numerical simulations. The first set of simulations is relevant to the imbibition

of brine into a CO2 saturated rock. This is of major relevance to the trapping of CO2 in

carbon sequestration applications [Nordbotten and Celia, 2012; Juanes et al., 2006; Taku

Ide et al., 2007]. The second set of simulations considers properties relevant to water-

flooding of an oil saturated rock, which is relevant to hydrocarbon recovery applications.

Finally, the third set of simulations comprises a sensitivity analysis where we analyse how

changes in the viscosity ratio and capillary pressure curves impact the accuracy of the

hybrid model.

4.1. Description of the Numerical Experiments

Numerical simulations were carried out in the Matlab reservoir simulation toolbox

MRST [Lie et al., 2011]. We simulate incompressible two-phase flow in a one-dimensional

and uniform domain. No-flow boundary conditions were set at the rightmost cell of the

domain. Saturation was prescribed as S0 = 1− Snr at the leftmost cell, which represents

a fracture fully saturated by a wetting phase. The remaining cells are found initially at

residual wetting phase saturation. There is no forced flow imposed in the domain, i.e. this
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set of initial and boundary conditions leads to counter current spontaneous imbibition.

The domain size was set as Lx = Lc = 2.5 m for all the simulations. In the x-direction,

i.e. the direction in which the wetting phase propagates, 1000 grid blocks were used

(Nx = 1000). We consider the usual power-law relationships for the capillary pressure

and relative permeability curves

pc (Sw) = pe ·
[
Seff
w

]−λp
,

krw (Sw) = kmax
rw ·

[
Seff
w

]−λkrw ,

krn (Sn) = kmax
rn ·

[
Seff
w

]−λkrn , (24)

where pe is the entry pressure, kmax
rw and kmax

rn are respectively the end points of the wet-

ting and non-wetting phase relative permeabilities, λp, λkrw and λkrn are, respectively,

the capillary pressure, wetting phase relative permeability and non-wetting phase relative

permeability power-law indexes. We note that these models are used to match experimen-

tal data. The effective saturations are normalized according to the residual saturations

as

Seff
w =

Sw − Swr

1− Snr − Swr

,

Seff
n =

1− Sw − Snr

1− Snr − Swr

. (25)

4.1.1. CO2-brine Set of Simulations

Four CO2-brine simulations are carried out using experimental data from Bennion and

Bachu [2010] (Table 1). Viscosities are taken as µw = 0.342 cP and µn = 0.07 cP. Porosity

and permeability are fixed at ϕ = 0.15 and k = 100 mD, respectively. Capillary pressure

and relative permeability curves were fitted against experimental data for the imbibition

of brine into CO2 saturated carbonate rocks using Equation (24). The selected cases
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show different shapes of diffusion coefficient curves. We label the CO2-brine simulations

as BC1 to BC4.

4.1.2. Waterflooding Set of Simulations

Five waterflooding simulations are carried out using experimental data from Dernaika

et al. [2013]. Viscosities are taken as µw = 1 cP and µn = 2.3824 cP, which are respectively

reference values for pure water and crude Brent oil (kinematic viscosity of ν = 2.86

mm2/s). The permeability is fixed at k = 100 mD. The porosity changes from simulation

to simulation. Capillary pressure and relative permeability curves were fitted against

experimental data for waterflooding in oil saturated carbonate rocks using Equation (24).

We label the waterflooding simulations as WO1 to WO5.

4.1.3. Sensitivity Analysis Set of Simulations

For the sensitivity analysis, the viscosity ratio is changed by varying the non-wetting

phase viscosity while keeping wetting phase constant. The pore-size distribution index λp

(see Equation (24)) is also changed within a set of three values. The cases are labeled

as LnVm where n is a natural number ranging from 1 to 3 and m is a natural number

ranging from 1 to 5. Each value corresponds to a different value of viscosity ratio and

power-law index. Table 3 and 4 show the values of these parameters.

4.2. Measures for the Shape of the Diffusion Coefficient Curve

Figure 7 shows the diffusion coefficient curves for the simulation cases specified in the

previous sections. The diffusion coefficient curves clearly span a wide range of shapes. To

obtain a parametrization we define two measures for the shapes of the diffusion coefficient

curves, µ and σ. The parameter µ, given by µ = Smax
w −Swr

1−Snr−Swr
is a measure of the position of

the maximum within the saturation range. The parameter σ, given by σ =
∫ 1−Snr
Swr

Π(Sw)dSw

1−Snr−Swr
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with Π (Sw) = 1 if Dw (Sw) ≥ 0.1 ·max (Dw (Sw)) and Π (Sw) = 0 otherwise, is a measure

of the “flatness” of the curve. µ and σ are real numbers in the interval [0, 1] and are

sufficient to characterize the diffusion coefficient curves (see Figure 8).

4.3. Results

The effectiveness of the filling back procedure and the improvement of the new imbibi-

tion function over a standard exponential function are discussed in this section. We first

analyse the extreme cases by selecting the four diffusion curves with highest values for µ

and σ and accordingly the other four cases with the lowest values for these parameters

(Figure 7). We calculate the errors incurred when estimating the transition time. We de-

fine the error in the estimate as E ≡ |
(
t̂true − t̂estimated

)
/t̂true|. We compare the estimated

t̂ with the true value given by high resolution numerical simulation. Figure 9 presents the

relative errors for all the simulation cases. The maximum error in the estimation of t̂ is

33%. A clear pattern is seen in the behaviour of the errors as it increases with smaller

values for µ and σ (Figure 9(a)). The largest errors occur when the saturation front of

the imbibed phase has a long tail at low saturations. For those cases, reconstructing the

saturation front with a plateau leads to higher errors. As we fill the domain with wetting

phase, the saturation increases globally in the physical domain since the overall level of

wetting phase is low. The estimation provides better results if we consider piston-like

shapes of the saturation front of the imbibed phase, which correspond to high values

of µ and σ. Considering the physical parameters, better estimates (i.e. smaller errors)

are related to high viscosity ratios and lower values of λp (Figure 9(b)), since increasing

the viscosity ratio and λp shifts the diffusion coefficient curve to the right part of the

saturation range. The improvement over an exponential model follows the same pattern
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(Figure 10). The improvement is a number between 0 and 1, with the first meaning no

improvement over the exponential model and the latter meaning a perfect fit to the sim-

ulation. It is defined as I ≡ | (EAronofsky − Ehybrid) /EAronofsky|, where E is the integral

over time of the difference between the imbibition curves of each method and the one

provided by the simulation. Significant improvements, with values close to 1 are observed

mainly for the cases concentrated at the upper-right quarter of the µ − σ map, i.e. for

simulations with high viscosity ratios. For these cases, displacement is piston-like. This

leads to faster invasion of the wetting phase and most of the imbibition time is dominated

by diffusion. Since we are matching the wetting phase front exactly at early time, very

good improvements are observed in these cases.

We now investigate the relative imbibed volumes (Figure 11) for the eight selected

cases shown in Figure 7. The best agreements with the simulation results are associated

with large periods of diffusive displacement and the transition to late time occurs when

more than 60% of the non-wetting phase has been already recovered. Furthermore, for

those cases the sigmoidal model provides a fairly good approximation for the late-time

behaviour, which leads to good overall matches between the predicted and true imbibition

curves. On the other hand, the cases with worse agreement have a longer overall imbibition

time, so the benefit of matching the early-time behaviour decreases. For those cases, it

is clear that the late-time behaviour is not well represented by an exponential model.

Despite providing a reasonable general scaling for the process, the late-time model given

by Equation (17) does not provide an accurate representation of imbibition in the later

stages of the process. A significant improvement with refined fitting procedures for the

parameter γ is impossible as the procedures do not address the wrong representation
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of the general scaling. We point out, though, that the exponential model is generally

used to model the entire range of imbibition (see, e.g. Kazemi et al. [1992]). Hence the

improvement that our proposed model offers is particularly noteworthy. Also, considering

that in these cases the early time still corresponds to very large physical time scales, the

good match at early time may still be sufficient for practical purposes such as improved

oil recovery simulations. It is also noteworthy that the filling back procedure provides

fairly good estimates of the transition time for all cases.

The hybrid imbibition model shown in this work provides better results for right-skewed

flat diffusion coefficient rates. Since increasing the wetting/non-wetting phase viscosity

ratio shifts the diffusion coefficient curve to the right part of the saturation range, the

hybrid model is particularly valid when the viscosity ratio is high. This scenario would

include applications from the imbibition of brine into a CO2 saturated rock, to several

hydrocarbon recovery scenarios where the non-wetting phase has a lower viscosity than

the wetting phase, and even the study of the imbibition of fracturing fluids into low

permeability rocks.

5. Summary and Conclusions

A hybrid model that captures both early- and late-time regimes of fluid transfer due to

counter-current spontaneous imbibition was presented. Early-time imbibition is governed

by capillary diffusion of the wetting phase into a semi-infinite domain. The self-similarity

of this process is used to obtain a semi-analytical solution. The late time behaviour of

the process is approximated by an exponential model.

The hybrid model switches from early-time to late-time behavior at the transition time

t̂ when the imbibed volume deviates from the t1/2 scaling. A procedure to determine
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this transition time based on the semi-analytical solution of the early-time regime has

been developed. The procedure obtains the transition time from the moment when the

saturation Ŝw corresponding to 60% of the cumulative diffusion has reached the boundary.

In order to approximate this moment from the semi-analytical solution we have introduced

the Filling Back Procedure.

A number of cases arising from different applications such as hydrocarbon recovery and

CO2-brine flow were considered to evaluate the accuracy of the newly developed model.

Results show that the filling back procedure is effective in the prediction of the true value,

providing errors that are always less than 33%. This is acceptable for our application,

since even though we may be underestimating the transition time, we still benefit from

the perfect matching at early time to provide an imbibition model that is at least as good

as the widely used exponential approximation. Improvement over estimates based on the

sigmoidal function is remarkably high for cases with high viscosity ratios, which makes the

hybrid model especially favourable for modelling brine imbibition in CO2 saturated rocks

during CO2 storage simulations. The hybrid recovery function may be straightforwardly

implemented into standard dual-porosity simulators, providing more accurate descriptions

of the saturation fields in the fracture system, hence leading to a better engineering design.

Acknowledgments. This material is based upon work supported by the U.S. Depart-

ment of Energy (DOE) National Energy Technology Laboratory (NETL) under Grant

Number FE0023323. This project is managed and administered by Princeton University

and funded by DOE/NETL and cost-sharing partners. Neither the United States Govern-

ment nor any agency thereof, nor any of their employees, makes any warranty, express or

D R A F T May 27, 2016, 2:40pm D R A F T

This article is protected by copyright. All rights reserved.



X - 24 MARCH ET AL.: ACCURATE MODELLING OF SPONTANEOUS IMBIBITION

implied, or assumes any legal liability or responsibility for the accuracy, completeness, or

usefulness of any information, apparatus, product, or process disclosed, or represents that

its use would not infringe privately owned rights. Reference herein to any specific com-

mercial product, process, or service by trade name, trademark, manufacturer, or otherwise

does not necessarily constitute or imply its endorsement, recommendation, or favoring by

the United States Government or any agency thereof. The views and opinions of authors

expressed herein do not necessarily state or reflect those of the United States Government

or any agency thereof.

The authors also thank the financial support provided by Foundation CMG and the

reviewers for the insightful comments that helped improving this work. All data for this

paper is properly cited and referred to in the reference list. Simulations were carried out

with the open source code MRST and the related Matlab scripts are available from the

first author upon request.

References

Mason, G., and N. R. Morrow (2013), Developments in spontaneous imbibition and pos-

sibilities for future work, Journal of Petroleum Science and Engineering, 110, 268–293,

doi:10.1016/j.petrol.2013.08.018.

Aronofsky, J. S., L. Masse, and S. G. Natanson (1958), A Model for the Mechanism of

Oil Recovery from the Porous Matrix Due to Water Invasion in Fractured Reservoirs,

SPE Journal, 213 (2), 2–4.

Bear, J. (1972), Dynamics of Fluids in Porous Media, American Elsevier Publishing Com-

pany.

D R A F T May 27, 2016, 2:40pm D R A F T

This article is protected by copyright. All rights reserved.



MARCH ET AL.: ACCURATE MODELLING OF SPONTANEOUS IMBIBITION X - 25

Bennion, B., and S. Bachu (2010), Drainage and Imbibition CO2/Brine Relative Perme-

ability Curves at Reservoir Conditions for Carbonate Formations, SPE Journal, pp.

1–18.

Birdsell, D. T., H. Rajaram, and G. Lackey (2015), Imbibition of Hydraulic Fracturing

Fluids into Partially Saturated Shale, Water Resources Research, 51, 1–10.

Bjornara, T. I., and S. Mathias (2013), A pseudospectral approach to the McWhorter and

Sunada equation for two-phase flow in porous media with capillary pressure, Computa-

tional Geosciences, 17 (6), 889–897.

Buckley, S. E., and M. C. Leverett (1942), Mechanisms of Fluid Displacement in Sands,

Transactions of the American Institute of Mining, Metallurgical and Petroleum Engi-

neers, (146), 107–116.

Chen, J., M. A. Miller, and K. Sepehrnoori (1995), Theoretical Investigation of Counter-

current Imbibition in Fractured Reservoir Matrix Blocks, SPE Journal.

Dehghanpour, H., Q. Lan, Y. Saeed, H. Fei, and Z. Qi (2013), Spontaneous Imbibition of

Brine and Oil in Gas Shales : Effect of Water Adsorption and Resulting Microfractures,

Energy & Fuels, 27, 3039–3049.

Dernaika, M. R., M. A. Basioni, A. Dawoud, and M. Z. Kalam (2013), Variations in

Bounding and Scanning Relative Permeability Curves With Different Carbonate Rock

Types, SPE Journal, pp. 11–14.

Di Donato, G., H. Lu, Z. Tavassoli, and M. J. Blunt (2007), Multirate-Transfer Dual-

Porosity Moeling of Gravity Drainage and Imbibition, SPE Journal, March, 77–88.

Doster, F., O. Hönig, and R. Hilfer (2012), Horizontal flow and capillarity-driven redis-

tribution in porous media, Physical Review E, 86 (1), 16,317.

D R A F T May 27, 2016, 2:40pm D R A F T

This article is protected by copyright. All rights reserved.



X - 26 MARCH ET AL.: ACCURATE MODELLING OF SPONTANEOUS IMBIBITION

Geiger, S., M. Dentz, and I. Neuweiler (2013), A Novel Multirate Dual-Porosity Model for

Improved Simulation of Fractured and Multiporosity Reservoirs, SPE Journal, August,

670–684.

Juanes, R., E. J. Spiteri, F. M. Orr, and M. J. Blunt (2006), Impact of relative permeability

hysteresis on geological CO2 storage, Water Resources Research, 42 (12).

Kazemi, H., J. R. Gilman, and a. M. Eisharkawy (1992), Analytical and Numerical So-

lution of Oil Recovery From Fractured Reservoirs With Empirical Transfer Functions,

SPE Journal, (May), 219–227, doi:10.2118/19849-PA.

Li, K., and R. N. Horne (2006), Generalized Scaling Approach for Spontaneous Imbibition

: An Analytical Model, SPE Journal, 9 (3), 251–258.

Li, K., and R. N. Horne (2009), Method to Evaluate the Potential of Water Injection in

Naturally Fractured Reservoirs, Transport in Porous Media, 83 (3), 699–709.

Lie, K.-A., S. Krogstad, I. S. l. Ligaarden, J. R. Natvig, H. M. l. Nilsen, and B. r. Skaflestad

(2011), Open-source MATLAB implementation of consistent discretisations on complex

grids, Computational Geosciences, 16 (2), 297–322.

Lu, H., G. Di Donato, and M. J. Blunt (2008), General Transfer Functions for Multiphase

Flow in Fractured Reservoirs, SPE Journal, pp. 24–27.
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Figure 1. Sketch of the one-dimensional domain with initial and boundary conditions.
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Figure 2. Semi-logarithmic plot of the imbibed volume vs time for an illustrative example.
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Figure 3. Illustrative example of a high-resolution simulation of an imbibition process into a

dry domain. Figure (a) shows saturation profiles at different times and (b) a log-log plot of the

imbibed volume. The instants of the three profiles are marked by filled circles. For reference the

slope 1/2 corresponding to the early-time analytical solution is also shown.
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Figure 4. Typical shape of a diffusion coefficient curve. The maximum of the diffusion is

marked by a blue circle.
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Figure 5. Illustration of the method to determine Ŝw through cumulative diffusion. Figure

(a) shows the diffusion coefficient curve for a representative case. The shaded area marks the

cumulative diffusion at Ŝw. Figure (b) depicts the percentage cumulative diffusion function. We

pick the saturation under which 60% of the percentage diffusion is concentrated.

Table 1. Parameters representative for CO2 storage in saline aquifers.

Case Data in [Bennion and Bachu, 2010] Swr Snr kmax
rw kmax

rn λkrw λkrn pe[kPa] λp

BC1 Wabamum #3 0.825 0.045 0.9165 0.1 6.25 1.72 35 0.5
BC2 Winnipegosis 0.2 0.4149 0.1346 0.6 1.65 1.55 55 0.5
BC3 Grosmont 0.53 0.356 0.0249 0.1 2.25 2.76 14.5 0.5
BC4 Cooking-Lake #2 0.6 0.268 0.0788 0.1 1.7 1.15 69 0.5

Table 2. Parameters representative for petroleum production through water flooding.

Case Data in [Dernaika et al., 2013] ϕ Swr Snr kmax
rw kmax

rn λkrw λkrn pe[kPa] λp

WO1 RT1-113 0.174 0.075 0.15 0.28 0.57 2.1 2.7 20 0.5
WO2 RT2-9 0.279 0.05 0.08 0.35 0.725 3 4 60 0.7
WO3 RT3-22 0.212 0.21 0.05 0.425 1 5 5 100 0.7
WO4 RT4-4 0.227 0.175 0.12 0.32 0.75 5 4 100 0.7
WO4 RT5-138 0.184 0.09 0.2 0.2 0.81 5 3 175 0.5

Table 3. General parameters for the sensitivity analysis.

ϕ µw [cP] kxx [mD] Swr Snr kmax
rw kmax

rn λkrw λkrn pe[kPa]
0.1 1 100 0 0 1 1 2 2 100
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Figure 6. Comparison between the reconstructed saturation profile (purple curve) and the

true saturation profile given by high resolution one-dimensional simulation (red curve). The

analytical solution for imbibition into an infinite domain is shown as blue dash-dotted curve.The

volume ALc−∞ of the analytical solution that left the boundary and has been ”filled back” is

shown in the picture.

Table 4. Viscosity ratio and capillary power-law index values for the sensitivity analysis.

Case µn [cP] µw/µn λp

L1V1 100 0.01 0.1
L1V2 10 0.1 0.1
L1V3 1 1 0.1
L1V4 0.1 10 0.1
L1V5 0.01 100 0.1
L2V1 100 0.01 0.5
L2V2 10 0.1 0.5
L2V3 1 1 0.5
L2V4 0.1 10 0.5
L2V5 0.01 100 0.5
L3V1 100 0.01 0.9
L3V2 10 0.1 0.9
L3V3 1 1 0.9
L3V4 0.1 10 0.9
L3V5 0.01 100 0.9
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Figure 7. Illustration of the normalised diffusion coefficients for parameters from tables 1, 2

and 4. Dark green curves correspond to cases with high µ and σ while the red ones correspond

to cases with low values of µ and σ.
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Figure 8. Illustration of the normalised diffusion coefficient functions (a) for parameters from

tables 1, 2 and 4 and their characterisation to the position of the maximum and the width (b).

Selected cases are highlighted in both plots through identical colours.
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Figure 9. Relative error of the predicted t̂ with respect to shape parameters (a) and physical

parameters (b). The error is represented through colours and radii of the circles. Edges of the

circles are coloured red and green to identify them with the coloured diffusion coefficient curves

of Figure 7.
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Figure 10. Improvement of the representation of the imbibition process of the hybrid model

over the sigmoidal model with respect to shape parameters (a) and physical parameters (b). The

improvement is represented through colours and radii of the circles. Edges of the circles are

coloured red and green to identify them with the coloured diffusion coefficient curves of Figure

7.
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Figure 11. Representative curves for the imbibed volume fraction for high values of µ and σ

(a) and low values of µ and σ (b).
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