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 12	  

ABSTRACT: A two-dimensional shallow water hydro-sediment-morphodynamic 13	  

model is applied to investigate alternate bar formation, development and sediment 14	  

sorting in straight channels. The model is coupled, explicitly incorporating the 15	  

flow-sediment- bed interactions by using the full mass and momentum conservation 16	  

equations, which are numerically solved by a well-balanced version of the finite 17	  

volume Slope LImiter Centred (SLIC) scheme. The model is first tested against a 18	  

flume experiment on alternate bars formed over uniform sediment bed, which clearly 19	  

exhibits processes of bar formation, migrating and finally approaching an equilibrium 20	  

state. Then it is applied to another flume experiment on alternate bars due to 21	  

non-uniform sediment transport. The computational results are evaluated, with a 22	  
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focus on the longitudinal and vertical sediment sorting. It is argued for the first time 23	  

that the inconsistent sediment sorting patterns observed in previous studies are 24	  

determined by different sediment transport conditions, i.e., full versus partial transport. 25	  

When a condition of full transport is achieved, under which all size fractions are fully 26	  

mobilized and transported, the longitudinal surface sediment shows a sorting pattern 27	  

of coarse-on-head and fine-in-pool, and the vertical substrate sediment exhibits an 28	  

immobile-fine-coarse structure upwards. In contrast, for a partial transport condition, 29	  

under which only finer fraction participates in the transport process, an opposite 30	  

longitudinal pattern (i.e., fine-on-head and coarse-in-pool) and a different vertical 31	  

structure (i.e., immobile-coarse-fine) are observed. Concurrently, numerical 32	  

experiments with specified conditions show that the critical aspect ratio for the 33	  

formation of migrating alternate bars is approximately equal to 12. With the increase 34	  

of the aspect ratio, the bar length grows gradually, while the bar height increases 35	  

rapidly for moderate values of the aspect ratio and then keeps nearly stable. The bar 36	  

celerity, however, is weakly sensitive to the variation of this ratio. 37	  

 38	  

KEYWORDS: alternate bar; mathematical model; non-uniform sediment; sediment 39	  

sorting; aspect ratio 40	  

 41	  

Manuscript description for Twitter publicising (max. 140 characters): Previously 42	  

observed distinct patterns of sediment sorting over alternate bars can be reconciled as per full 43	  

versus partial transport regime. 44	  
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1. Introduction 45	  

Alternate bars are typical bed forms in natural rivers, characterized by a sequence of 46	  

riffles and pools in the downstream direction. They are common in straight and weakly 47	  

meandering channels and originate from the inherent morphodynamic instability. 48	  

Typically, the growing bars will result in the change of flow structure, bank erosion as 49	  

well as the increase of channel width and sinuosity, which induces the initiation of 50	  

meandering and braided rivers. Thus the formation and development of alternate bars 51	  

have profound impacts on the evolution of river patterns. Enhanced understanding of 52	  

the mechanisms underlying alternate bars is of significance for river regulation. Bars 53	  

can be divided into steady and migrating bars. The migrating celerity of steady bars is 54	  

small enough (in the order of meters per year) so that the bars can be approximately 55	  

treated as steady or non-migrating. By contrast, the celerity of migrating bars is 56	  

usually large, reaching the order of meters per hour, and every bar unit can migrate 57	  

freely. Bars can also be classified into forced or free bars according to whether a 58	  

forcing effect (e.g., a permanent obstruction) is imposed. This paper focuses on 59	  

migrating free bars. 60	  

A key factor for the development of alternate bars is the aspect (width-to-depth) ratio 61	  

of the channel. Generally, migrating free bars can grow in a straight channel when this 62	  

ratio exceeds a threshold value between 12 and 20. No migrating bars will form at 63	  

smaller aspect ratios, while for too large values multiple-row bars, meandering or 64	  

braided rivers are expected to form (Parker, 1976; Struiksma et al., 1985; Colombini 65	  

et al., 1987). 66	  
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Theoretically, stability analyses based on the analytical solution of simplified 67	  

governing equations have contributed a lot to understanding the physical mechanisms 68	  

in bar formation and development. A linear stability analysis can provide the critical 69	  

conditions for bar formation and predict the values of bar length, migrating celerity and 70	  

growth rate, whilst the value of bar amplitude cannot be obtained directly (Blondeaux 71	  

and Seminara, 1985; Struiksma et al., 1985; Struiksma and Crosato, 1989; Lanzoni 72	  

and Tubino, 1999; Lanzoni, 2000a). Yet, the linear approximation is invalid once the 73	  

amplitude of perturbation is not infinitesimal. Therefore, some weakly nonlinear 74	  

theories were established in the neighborhood of critical conditions (Colombini et al., 75	  

1987; Schielen et al., 1993). They account for the nonlinear interactions between 76	  

different harmonics, thus are valid for slightly larger perturbations and capable of 77	  

predicting the value of bar amplitude. Unfortunately, both linear and nonlinear stability 78	  

analyses of migrating alternate bars cannot give well predictions for bar features when 79	  

flow and sediment conditions are far from the critical status. 80	  

Several field observations of alternate bars are available (e.g., Lisle and Madej, 1992; 81	  

Welford, 1994; Eekhout et al., 2013; Jaballah et al., 2015; Rodrigues et al., 2015), 82	  

which facilitate a general description of bar development, sediment transport and 83	  

grain size distribution on the bed surface. Also, there are laboratory experiments on 84	  

bar development with uniform and non-uniform sediments. Among uniform sediment 85	  

experiments, Struiksma and Crosato (1989) firstly conducted experiments in a straight 86	  

flume and a curved flume respectively with constant discharge and a local 87	  

perturbation imposed near the inflow. Then Tubino (1991) performed experiments to 88	  
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investigate the development of alternate bars under unsteady flows. Later on, a series 89	  

of short-duration experiments were conducted by Lanzoni (2000a), which provided 90	  

detailed measurements of bed profiles and bar features. Crosato et al. (2011, 2012) 91	  

carried out long-duration experiments with or without a local perturbation near the 92	  

inflow to reveal the long-term development of alternate bars. With regard to 93	  

experiments with non-uniform sediment, Lisle et al. (1993) and Venditti et al. (2012) 94	  

studied the alternate bars’ response to a reduction or termination in sediment supply, 95	  

while others focused on the characteristics of bar formation and migrating as well as 96	  

sediment sorting (Lisle et al., 1991; Diplas, 1994; Lanzoni, 2000b; Takebayashi and 97	  

Egashira, 2001). In particular, Lisle et al. (1991), Lisle and Madej (1992), Diplas (1994) 98	  

and Lanzoni (2000b) show an obvious trend of bar head coarsening, but in sharp 99	  

contrast a fining trend on bar heads was observed by Takebayashi and Egashira 100	  

(2001). To date, observations of sediment sorting over bar heads and pools show 101	  

inconsistency, for which there have been no reasonable explanations. 102	  

Computational river modelling has become a proactive tool for enhancing the 103	  

understanding of the mechanisms of bar formation and development, as it can 104	  

consider the fully nonlinear processes without involving any linear approximations. 105	  

Also it is time-saving and easier to be operated than physical experiments. The last 106	  

several decades have witnessed the development and application of some 107	  

mathematical models for alternate bars, but most of them were restricted to cases 108	  

with uniform sediment transport (Nelson and Smith, 1989; Struiksma and Crosato, 109	  

1989; Defina, 2003; Federici and Seminara, 2003; Bernini et al., 2006; Nicholas, 2010; 110	  
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Crosato et al., 2011, 2012). Only a few models (Takebayashi and Egashira, 2001; 111	  

Takebayashi and Okabe, 2002; Nelson et al., 2015a, b) were applied for alternate 112	  

bars formed on bed with non-uniform sediment. Unfortunately, these models are 113	  

decoupled, whereby neglecting the interactions between the flow, sediment transport 114	  

and morphological evolution to some extent. Its effect on the results remains unknown. 115	  

Also, sediment transport is presumed to be always equal to the transport capacity. 116	  

This assumption, however, may not be generally justified from physical perspectives 117	  

(Cao et al., 2007; Cao et al., 2016). Further, the numerical results in Takebayashi and 118	  

Egashira (2001) and Takebayashi and Okabe (2002) show that fine sediment 119	  

deposits around bar heads whilst coarse sediment is left in pools, which is contrary to 120	  

most of the experimental findings (Lisle et al., 1991; Lisle and Madej, 1992; Diplas, 121	  

1994; Lanzoni, 2000b) and the numerical results in Nelson et al. (2015a, b). 122	  

This paper presents a numerical study of alternate bars in straight channels. A 2D 123	  

shallow water hydro-sediment-morphodynamic model for non-uniform sediment 124	  

transport is presented and applied to investigate alternate bar formation, development 125	  

and sediment sorting. Bed load transport is presumed to be dominant over suspended 126	  

load, and thus the latter is neglected. The model is first tested against a flume 127	  

experiment with uniform sediment (Lanzoni, 2000a) to show the whole process of 128	  

alternate bar formation and migrating in a straight channel. Then it is applied to model 129	  

the processes in a flume experiment with non-uniform sediment (Lanzoni, 2000b). 130	  

According to whether all sediment fractions in the bed are set into motion and 131	  

transport, non-uniform sediment transport can be classified to two conditions, i.e., full 132	  
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transport and partial transport. The evaluation in this regard is focused on the 133	  

differential longitudinal and vertical sediment sorting under the conditions of full and 134	  

partial sediment transport, by which the inconsistent patterns of sediment sorting 135	  

observed in previous experimental and numerical studies are reconciled. Finally, 136	  

numerical tests with different aspect ratios are conducted and their influence on 137	  

alternate bar formation is evaluated. 138	  

 139	  

2. Mathematical model 140	  

2.1 Governing equations 141	  

The present model is essentially an extension of the recent 1D model (Qian et al., 142	  

2015) to two dimensions. Consider two-dimensional (2D) flow in an open channel with 143	  

rectangular cross-sections of constant width, and over an erodible bed comprising of 144	  

non-uniform sediment of N  size classes. The diameter of the k th size sediment is 145	  

denoted by kd  ( =k 1, 2, ..., N ). The model is based on the widely used three-layer 146	  

structure (e.g., Hirano, 1971), which consists of bed load layer, active layer and 147	  

substrate layer. The bed load layer is above the bed surface, in which the sediment 148	  

particles roll, slide and saltate. The active layer, a conceptual layer on the bed surface, 149	  

lies between the bed load layer and the substrate layer. The sediment in the active 150	  

layer is assumed to be distributed uniformly in the vertical and can exchange with the 151	  

upper and lower layers. The substrate layer, located below the active layer, may have 152	  

certain vertical structure and the sediment compostion can also vary in time. 153	  

In the context of computational river dynamics, it is essential to recognize that water 154	  
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flow, sediment transport, and riverbed may interact strongly with each other. 155	  

Specifically, as Figure 1 shows, sediment transport is dictated by water flow while the 156	  

flow may be modified by a high sediment concentration. The two aspects manifest the 157	  

two-way flow-sediment interaction. Sediment transport dictates bed deformation 158	  

(aggradation or degradation) by virtue of sediment deposition and entrainment, while 159	  

at the same time it is affected by bed conditions. In essence a two-way sediment-bed 160	  

interaction occurs. Finally, the bed evolution may have a significant effect on the flow 161	  

especially when the rate of bed evolution is considerable compared to that of the 162	  

change in flow depth (e.g., in extreme cases such as dam break floods over erodible 163	  

beds), yet the flow does not directly alter the bed (but indirectly via sediment 164	  

transport). Thus a one-way flow-bed interaction exists. In general, of particular 165	  

significance to a mathematical river model is to use the complete governing equations, 166	  

which fully take into account these physical interactions between the flow, sediment 167	  

and bed, thereby maximizing model applicability and minimizing its inaccuracy. 168	  

 169	  

 170	  

Figure 1. Flow-sediment-bed interactions in alluvial rivers 171	  
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 172	  

The present depth-averaged 2D governing equations for non-uniform sediment 173	  

transport are derived from the complete conservation laws in fluid dynamics, including 174	  

the mass and momentum conservation equations for sediment-laden flow, the 175	  

size-specific mass conservation equation for bed load transport, the total mass 176	  

conservation equation for bed load sediments in the bed (i.e., bed update equation), 177	  

and the size-specific mass conservation equation for bed load sediments in the active 178	  

layer. In general, the complete governing equations in a conservative form are 179	  
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where t  is the time; x , y  are the horizontal Cartesian coordinates; η  is the water 186	  

level above a datum; h  is the water depth; hz −=η  is the bed elevation; u , v  187	  

are the depth-averaged velocity components in the x - and y - directions and 188	  
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22 vuVt +=  is the total depth-averaged flow velocity; g  is the gravitational 189	  

acceleration; fxS , fyS  are the friction slopes; kc  is the size-specific depth-averaged 190	  

bed load concentration and ∑= kcC  is the total depth-averaged bed load 191	  

concentration; p  is the bed sediment porosity; wρ  and sρ  are the densities of 192	  

water and sediment respectively; CC sw ρρρ +−= )1(  is the density of the 193	  

water-sediment mixture; )1(0 pp sw −+= ρρρ  is the density of the saturated bed 194	  

material; kγ  is the size-specific direction angle of bed load transport (relative to x  195	  

axis); tstk VV=β  is an empirical coefficient representing the velocity of bed load 196	  

transport stV  relative to that of flow tV ; kE  is the size-specific sediment 197	  

entrainment flux and ∑= kT EE  is the total sediment entrainment flux; kD  is the 198	  

size-specific sediment deposition flux and ∑= kT DD  is the total sediment 199	  

deposition flux. 200	  

It should be noted that Eq. (4) is a depth-averaged equation for bed load transport, 201	  

which is utilized to resolve the depth-averaged bed load concentration kc  instead of 202	  

the mean bed load concentration bkc  within the bed load transport layer with a 203	  

thickness hhbk << . However, the two bed load concentrations can be transferred to 204	  

each other by the relation kbkbk hcch = . For non-uniform sediment transport, the 205	  

widely used active layer formulation proposed by Hirano (1971), i.e., Eq. (6), is 206	  

adopted here to resolve the change of bed surface sediment composition. In Eq. (6), 207	  

akf  is the fraction of the k th size sediment in the active layer; δ  is the thickness of 208	  

the active layer and 842d=δ  ( 84d  is the particle size at which 84% of the sediment is 209	  

finer) due to Hoey and Ferguson (1994); δξ −= z  is the elevation of the bottom 210	  
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boundary of the active layer, and Ikf  is the fraction of the k th size sediment at the 211	  

bottom boundary of the active layer. The complete set of the governing equations for 212	  

uniform bed load transport can be easily obtained if =N 1 in Eqs. (1-5). 213	  

The present model is fully coupled as a few source terms reflecting the feedback 214	  

effects of bed deformation and sediment transport on the flow are kept in the 215	  

governing equations (i.e., physically coupled, see Figure 1), and equally importantly 216	  

the whole set of the governing equations are numerically solved synchronously as 217	  

briefed in subsection 2.3 (i.e., numerically coupled). Specifically, the third and fourth 218	  

terms in the right-hand side of momentum Eq. (2) and Eq. (3) represent the effect of 219	  

spatial variation of sediment concentration, and the last (fifth) term reflects the 220	  

(apparent) momentum transfer due to sediment exchange between the flow and the 221	  

underlying erodible bed. These source terms result from a straightforward 222	  

reorganization of the original momentum conservation equations for water-sediment 223	  

mixture flow, which eliminates the variable density of the water-sediment mixture from 224	  

the left-hand sides of the equations using the continuity equations (i.e., Eqs. 1, 4, and 225	  

5). The reorganization expedites numerical solution using the established finite 226	  

volume schemes for shallow clear-water flows (Toro, 2001; Toro, 2009). The practice 227	  

was first implemented by Cao et al. (2004) and has been widely applied since then 228	  

(Simpson and Castelltort, 2006; Wu, 2007; Wu and Wang, 2008; Xia et al., 2010; Cao 229	  

et al., 2012; Qian et al., 2015; Cao et al., 2016). In fact, the equations involving these 230	  

terms have been presented in the Chinese textbook edited by Xie (1990) for 231	  

undergraduates and also in Wu (2007). Unfortunately, these source terms are usually 232	  
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ignored in traditional mathematical river models, which may lead to appreciable errors 233	  

for fluvial processes and even total collapse of the modelling for extreme cases with 234	  

very active sediment transport and rapid morphological evolution (e.g., dam break 235	  

floods over erodible beds). While their effects may be relatively minor for slow 236	  

morphological evolution, but to date, it remains hard to delimit quantitatively when the 237	  

effects of these terms are all negligible. Concurrently, keeping these source terms 238	  

does not incur appreciable computing cost, as compared to that in line with the 239	  

hyperbolic operator. Therefore, the full, rather than simplified (by neglecting the 240	  

source terms) set of the governing equations should be generally applied, which can 241	  

maximize model applicability and minimize its inaccuracy. More broadly, extended 242	  

versions of these equations have been applied for coastal processes (e.g., Xiao et al., 243	  

2010; Kim, 2015; Zhu and Dodd, 2015), watershed erosion processes (e.g., Kim et al., 244	  

2013), subaqueous sediment-laden flows (e.g., Hu and Cao, 2009; Hu et al., 2012) as 245	  

well as sharply stratified processes (e.g., Li et al., 2013; Cao et al., 2015; Zech et al., 246	  

2015).  247	  

Also, the present model is non-capacity based, which explicitly accounts for the 248	  

temporal and spatial dimensions required for sediment transport to adapt to its 249	  

capacity regime by virtue of the mass conservation equation (i.e., Eq. 4). In contrast, 250	  

Eq. (4) is left out in capacity models where the sediment transport rate or sediment 251	  

concentration is presumed to be always equal to the transport capacity determined by 252	  

local flow and sediment conditions (e.g., Nelson and Smith, 1989; Takebayashi and 253	  

Egashira, 2001; Takebayashi and Okabe, 2002; Defina, 2003; Nelson et al., 2015a, b; 254	  
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Stecca et al., 2015). Non-capacity transport is widely used for suspended load, whilst 255	  

bed load transport is intuitively believed to be in capacity or able to adapt to capacity 256	  

rapidly. Yet, recent years have witnessed the study of non-capacity bed load transport 257	  

(Wu, 2004; Cao et al., 2012; Pelosi and Parker, 2014; Cao et al., 2016). Succinctly, it 258	  

should be flagged out that a capacity model is only conditionally appropriate (as 259	  

opposed to non-capacity models that are generally valid), applicable when the effects 260	  

of the retarded adaptation of bed load transport are negligible. Equally importantly, it 261	  

remains hard to date to pinpoint when the effects of the retarded adaptation of bed 262	  

load transport are negligible. Therefore the present non-capacity model is applied 263	  

(Cao et al., 2016). 264	  

Finally, the present model is well-balanced numerically, which means the model is 265	  

capable of reproducing the exact solution under stationary flow conditions (Bermúdez 266	  

and Vázquez, 1994; Zhou et al., 2001). This feature is critical if accurate numerical 267	  

solution is to be sought. In order to satisfy the well-balanced property, the first step 268	  

here is to use water level η  in Eqs. (1-3) instead of water depth h . In this way, the 269	  

fluxes and source terms in the momentum equations, which contain the water level η , 270	  

can be mathematically balanced at the discrete level (Liang and Borthwick, 2009). In 271	  

fact, if the water level η  in Eqs. (1-3) is replaced by hz +=η , then the traditional 272	  

shallow water equations with the variable h  can be readily obtained. 273	  

Compared to most of the similar models for non-uniform sediment transport in alluvial 274	  

rivers, the present model is either physically advanced (e.g., compared to Hoey and 275	  

Ferguson, 1994; Takebayashi and Egashira, 2001; Takebayashi and Okabe, 2002; 276	  
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Wu, 2004; Nelson et al., 2015a, b; Stecca et al., 2015), i.e., fully coupled and 277	  

non-capacity based, or numerically improved (e.g., in comparison with Hoey and 278	  

Ferguson, 1994; Takebayashi and Egashira, 2001; Takebayashi and Okabe, 2002; 279	  

Wu, 2004; Wu and Wang, 2008; Nelson et al., 2015a, b; Stecca et al., 2015; Cao et al., 280	  

2016) due to the employment of well-balanced scheme. Thus the present model is 281	  

generally valid and applicable, even for cases with strong interactions between flow, 282	  

sediment transport and bed evolution. 283	  

 284	  

2.2 Model closure 285	  

Empirical relationships are required to close the governing equations. Firstly, the 286	  

Manning formula is used for the friction slopes with the Manning roughness n  287	  

34
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=                      (7) 288	  

The velocity of bed load transport stV  is usually appreciably lower than the flow 289	  

velocity tV  (Einstein, 1950; Chien and Wan, 1999; Greimann et al., 2008), so the 290	  

sediment-to-flow velocity ratio kβ  is introduced and estimated by the relation due to 291	  

Greimann et al. (2008) 292	  
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velocity or bed shear stress due to the influence of transverse bed slope and helical 296	  
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flow. Herein, the influence of helical flow is ignored because of the small curvature of 297	  

flow pattern induced by bar topography in a straight channel (e.g., Lanzoni, 2000a, b). 298	  

Therefore, an approach given by Sekine and Parker (1992) is applied to determine the 299	  

direction angle kγ  of bed load transport 300	  
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where ( )uvarctan=ε  is the angle of flow velocity; ( ) 4175.0 kck θθχ =  is the 302	  

weighing coefficient suggested by Sekine and Parker (1992), where cθ  is the critical 303	  

Shields parameter for sediment incipient motion and =cθ 0.047 is used for 304	  

consistency with that in the following formula of Meyer-Peter and Müller (1948). In Eq. 305	  

(9), if the bed slope effects are ignored, the direction of bed load transport coincides 306	  

with that of flow velocity, i.e., εγ =k . 307	  

Sediment entrainment due to turbulence and sediment deposition due to gravitational 308	  

action are two distinct mechanisms in the sediment exchange between the bed load 309	  

carrying flow and the underlying bed. Empirically, the sediment entrainment and 310	  

deposition fluxes are estimated by 311	  

ekkkk cE ωα=                                (10) 312	  

kkkk cD ωα=                                 (11) 313	  

where kω  is the size-specific settling velocity calculated by the formula of Zhang and 314	  

Xie (1993); kbkk cc=α  is an empirical coefficient physically representing the 315	  

difference between the mean bed load concentration bkc  in the bed load transport 316	  

layer and depth-averaged bed load concentration kc . According to mass 317	  
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conservation, bkkbkk hhcc ==α  can be readily derived where the thickness of bed 318	  

load layer bkh  is determined as ( )kkkbk ddh 2,9max θ=  (Hu et al., 2014). The 319	  

size-specific sediment concentration at capacity ekc  is calculated by 320	  

22 vuh

q
c

k

bk
ek

+
=

β
                           (12) 321	  

where bkq  is the unit-width size-specific bed load transport rate at capacity. In the 322	  

processes of the incipient motion and movement of non-uniform sediment, an 323	  

important mechanism exists, i.e., coarse grains are easier to be entrained than their 324	  

counterparts in uniform case because they have higher exposure chance to flow; On 325	  

the contrary, fine grains are more difficult to be entrained as they are more likely 326	  

sheltered by coarse grains. This is the so-called hiding and exposure effect. To date, 327	  

most of the studies on non-uniform sediment transport rate are based on introducing a 328	  

correction factor, which accounts for the hiding and exposure effect, to modify the 329	  

existing formulas for uniform sediment transport. In the present work, the sediment is 330	  

presumed to be only transported as bed load, and the original formula of Meyer-Peter 331	  

and Müller (1948) (MPM) for uniform bed load transport is modified and extended to 332	  

be applicable for non-uniform bed load transport by considering the hiding and 333	  

exposure effect, just similar to Bui and Rutschmann (2010) and Tritthart et al. (2011). 334	  

The original MPM formula is given as  335	  

( )
( ) 5.1

3
8

1
c

ws

b

gd
q

θµθ
ρρ

−=
−

                   (13) 336	  

where ( )[ ]gdu ws 12
* −= ρρθ  is the Shields parameter; =cθ 0.047 is the critical 337	  

Shields parameter for sediment incipient motion; 1≤µ  is the ripple factor which 338	  
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accounts for the effect of the bedforms on the bed load transport ( =µ 1 if no bedform 339	  

exists). An extension of the MPM formula for non-uniform bed load transport can be 340	  

obtained by expressing Eq. (13) for several size fractions and incorporating a hiding 341	  

and exposure factor kξ : 342	  

( )
( ) 5.1

3
8

1
ckkak

kws

bk f
gd

q
θξµθ

ρρ
−=

−
               (14) 343	  

The hiding and exposure factor kξ  is usually expressed as a function of 50ddk  or 344	  

mk dd , where 50d  and md  are the 50% sieve and arithmetic mean diameters of 345	  

bed material (e.g., Parker, 1990; Buffington and Montgomery, 1997; Wilcock and 346	  

Crowe, 2003). However, this method does not account for the influence of 347	  

bed-material gradation (Wu et al., 2000). Therefore, the factor kξ  in the present work 348	  

is determined following Wu et al. (2000) as a function of the hidden and exposed 349	  

probabilities hkp  and ekp , i.e., ( )mhkekk pp=ξ , where the exponent m  is 350	  

theoretically within -1 and 0 and calibrated to be -0.6 in Wu et al. (2000). In the 351	  

computation of the hidden and exposed probabilities, not only the influence of 352	  

sediment particle size but also that of bed-material gradation (i.e., the percentage of 353	  

each size sediment in the active layer) are considered. Specifically, the hidden and 354	  

exposed probabilities are defined as 355	  

∑
= +

=
N

l lk

l
alhk dd

dfp
1

                          (15a) 356	  

∑
= +

=−=
N

l lk

k
alhkek dd

dfpp
1

1                       (15b) 357	  

The key parameter Ikf  in the evolution of substrate sediment composition is 358	  

determined by a commonly used relationship (Hoey and Ferguson, 1994; 359	  
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Toro-Escobar et al., 1996), which reads  360	  

⎩
⎨
⎧

>∂∂−+

≤∂∂
=

0)1(
0

tfCc
tf

f
akk

sk
Ik ξφφ

ξ
                (16a, b) 361	  

where skf  is the fraction of the k th size sediment in the substrate layer and φ  is an 362	  

empirical weighting parameter. There have been two options about the value of the 363	  

parameter φ . The first one is 0≠φ . For example, the parameter φ  was suggested 364	  

to range between 0.61 and 0.86 as a function of sediment size in Toro-Escobar et al. 365	  

(1996). However, the other option is 0=φ , i.e., akIk ff =  when 0>∂∂ tξ  (Wu, 2004; 366	  

Wu and Wang, 2008). In this paper, 0=φ  is firstly applied for simulation and then 367	  

discussion is conducted on these two options. 368	  

 369	  

2.3 Numerical algorithm  370	  

The numerical algorithm employed in the present 2D model is, in principle, an 371	  

extension of that in the 1D well-balanced model proposed by Qian et al. (2015). Eqs. 372	  

(1-4) constitute a hyperbolic system, which can be solved together by a finite volume 373	  

SLIC scheme (Toro, 2009). Particularly, special treatments of wet-dry interfaces 374	  

together with a surface gradient method (SGM), which uses the water level η  instead 375	  

of water depth h  in the governing equations and data reconstructions, are 376	  

incorporated to seek well-balanced solutions. Detailed description and demonstration 377	  

of the well-balanced property of the present model can be referred to Qian et al. 378	  

(2015). Here, the numerical algorithm is just introduced simply. Firstly, Eqs. (1-4) are 379	  

written in a matrix form as 380	  
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fbyxt
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(18e) 385	  

where U  is a vector of conserved variables; F , G  are the convective flux vectors of 386	  

the flow in the x - and y - directions respectively; bS  is the source term related to 387	  

the bed slopes and fS  is the source term including the friction terms and other terms 388	  

representing the effects of sediment transport and bed evolution. Then an explicit 389	  

finite volume discretization of Eq. (17) gives:  390	  

( ) ( ) jbijijijiji
m
jiji t

y
t

x
t

,21,21,,21,21,
*
, SGGFFUU Δ+−

Δ
Δ

−−
Δ
Δ

−= −+−+    (19) 391	  

RK
fji

m
ji tSUU Δ+=+ *

,
1

,                         (20) 392	  

where tΔ  is the time step; xΔ , yΔ  are the spatial steps; the subscripts i , j  393	  

denote the spatial node indexes in the x - and y - directions respectively; the 394	  

superscript m  denotes the time step index; ji ,21+F , ji ,21−F , 21, +jiG  and 21, −jiG  are 395	  

the inter-cell numerical fluxes computed by a well-balanced version of second-order 396	  
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SLIC scheme (Qian et al., 2015); the bed slope source term jbi ,S  is discretized with a 397	  

centered difference scheme as  398	  
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where L
ji ,21+η , R

ji ,21−η , L
ji 21, +η  and R

ji 21, −η  are the reconstructed water levels at the cell 400	  

interfaces (Qian et al., 2015); the source term RK
fS  is computed by a second-order 401	  

Runge-Kutta (R-K) method: 402	  

( ) ( )[ ]2*
,

1*
,2

1
jifjif

RK
f USUSS +=                       (22) 403	  

*
,

1*
, jiji UU =                              (23) 404	  

( )1*,1*
,

2*
, jifjiji t USUU Δ+=                        (24) 405	  

Generally, an explicit finite volume method for the hyperbolic system should satisfy 406	  

the Courant–Friedrichs–Lewy (CFL) condition to ensure its stability, i.e., the Courant 407	  

number 1≤Cr  (Toro, 2009). However, the stability limit for the SLIC scheme, which 408	  

uses the FORCE method to calculate numerical fluxes, is a decreasing function of the 409	  

dimension parameter λ  ( =λ 1, 2, 3), i.e., λλ 12 −≤Cr  (Toro, 2009). For the 410	  

present 2D modelling,  411	  

87.0
2
3,max ,,,, ≈≤

⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛

Δ

+

Δ
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Δ=

y
ghv

x
ghu

tCr jijijiji             (25) 412	  

Two types of boundaries, i.e., open and closed boundaries, are involved in this work. 413	  

At an open boundary, such as the inlet or outlet of a channel, the method of 414	  

characteristics is used for subcritical flow conditions to obtain the updated values of 415	  
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flow variables, which however should be directly prescribed at the inlet and set to be 416	  

zero gradients at the outlet for supercritical flows. The depth-averaged sediment 417	  

concentration kc  at an open boundary, however, needs to be specified. At a closed 418	  

boundary, such as the side walls of a channel, a free-slip and non-permeable 419	  

condition is employed, i.e., LB ηη = , LB hh = , 0=Bnu , ττ LB uu =  and LkBk cc = , 420	  

where the subscripts B  and L  denote the positions of the closed boundary and the 421	  

adjacent inner cell, and the subscripts n  and τ  denote the direction normal and 422	  

tangential to the boundary (Liang and Borthwick, 2009).  423	  

The bed deformation and bed surface sediment composition are updated by the 424	  

discretizations of Eq. (5) and Eq. (6) respectively 425	  
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Finally, the sediment composition in the substrate layer is also updated following the 428	  

updating of the sediment composition in the active layer. In fact, the entire substrate 429	  

layer is further divided into several storage layers, with the thickness of each storage 430	  

layer being represented by sL . However, the thickness of the top storage layer is 431	  

variable in the range of sLL ≤  due to bed aggradation or degradation. In each 432	  

storage layer, the sediment is assumed to be well mixed. The updating procedure of 433	  

the substrate sediment composition can be classified into two cases (i.e., bed 434	  

aggradation and degradation), with a detailed description of the procedure given in 435	  

Qian et al. (2015). 436	  
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The treatments of wet-dry interfaces are of great importance in the numerical 437	  

modelling, and a special treatment is applied in the present model in order to satisfy 438	  

the well-balanced property. That is, if the water level in a wet cell ( i , j ) is lower than 439	  

the bed elevation of its adjacent dry cell ( 1+i , j ), then the bed elevation and water 440	  

level of this dry cell are both set equal to the water level of the wet cell temporarily 441	  

only in the flux calculation section, i.e., jijiji z ,,1,1 ηη == ++ . As a consequence, the 442	  

depth in the dry cell ( 1+i , j ) is still zero. Besides, to avoid the occurrence of very 443	  

small water depth, which can lead to instabilities, a small threshold depth ( 5100.1 −×  444	  

m) is introduced. If the computed water depth is lower than this small threshold depth, 445	  

then the computed depth, velocity and sediment concentration are all set to be zero. 446	  

 447	  

3. Case study 448	  

To evaluate the capability of the present model in modelling the alternate bar 449	  

formation, development and sediment sorting, several cases are numerically revisited, 450	  

including a flume experiment with uniform sediment transport (Lanzoni, 2000a), 451	  

another experiment with non-uniform sediment (Lanzoni, 2000b) and its varied case. 452	  

Particularly, special emphasis is attached on the longitudinal and vertical sediment 453	  

sorting over bar topography. The weighting parameter φ  in Eq. (16) is set to be zero 454	  

in the modelling except for subsection 3.4, in which 0=φ  and 65.0=φ  are both 455	  

applied and compared. Finally, numerical tests are conducted to study the influence of 456	  

the aspect ratio on bar formation and development. For all cases, a uniform mesh with 457	  

=Δx 0.15 m and =Δy 0.05 m is used, and the time step is specified by =Cr 0.6 458	  
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according to Eq. (25) along with empiricism, which always ensures stability. The 459	  

values of other common parameters are =wρ 1000 kg m-3, =sρ 2650 kg m-3 and 460	  

=g 9.8 m2 s-1. 461	  

 462	  

3.1 Alternate bars with uniform sediment transport 463	  

Lanzoni (2000a) conducted several experiments about alternate bar development 464	  

using uniform sediment in a straight rectangular channel, which was 50 m long, 1.5 m 465	  

wide and 1 m deep. The bed consisted of a single sediment with a geometric mean 466	  

diameter of 0.48 mm and a density of 2650 kg m-3. The initial sloping bed was almost 467	  

but not exactly plane, with some small bottom disturbances distributed randomly on 468	  

the bed, which triggered the formation of alternate bars. Steady and constant inflow 469	  

was maintained at the inlet of the flume and the water level at the downstream end 470	  

was controlled by an automatic tailgate. Sediment was recirculated during the 471	  

experiments, that is, the sediment exiting from the flume was transported to the inlet 472	  

for supplying. Each experiment was stopped when equilibrium conditions were 473	  

obtained, that is, the bed slope was equal to water surface slope and, on average, the 474	  

solid discharge and bar features reached nearly constant values.  475	  

One of the experiments, Run P1505, is reproduced here firstly and the related 476	  

experimental conditions are reported in Table 1. In the modelling, a single small bump 477	  

(0.6 m long, 0.75 m wide and 5 mm high) instead of random disturbances was set up 478	  

near the inlet, next to the left side wall and perpendicular to the flow direction. Similar 479	  

to Defina (2003), the length of the computational domain was extended from the initial 480	  
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50 m to 120 m so that a few formed bars were possible to attain an equilibrium state 481	  

before reaching the downstream end of the flume. Also, the sediment transport rates 482	  

at the inlet and outlet of the flume were assumed to be in equilibrium. The ripple factor 483	  

µ  in Eq. (14) was estimated to be 0.62 according to the total shear stress and its skin 484	  

friction portion given in Lanzoni (2000a). Meanwhile, the bed load transport rate 485	  

computed by the extended MPM formula (i.e., Eq. 14) was multiplied by a coefficient 486	  

of 0.85 in order to fit the measured value (i.e., 94.5 L h-1). 487	  

 488	  

Table 1. Summary of experimental conditions 489	  

Run Duration 

(h) 

Discharge 

(L s-1) 

Slope 

(%) 

Depth 

(cm) 

Velocity 

(m s-1) 

Transport 

rate (L h-1) 

Roughness 

(s m-1/3) 

P1505 28 30 0.452 4.4 0.45 94.5 0.018 

P2009 3 45 0.526 5.0 0.6 391.7 0.0157 

 490	  

The time evolution of bed configuration is shown in Figure 2, in which the bed 491	  

elevation in each point is plotted with respect to its initial value. The bar formation and 492	  

development mechanisms can be described as follows. First of all, the initial bump is 493	  

eroded quickly but it distorts the otherwise uniform flow pattern and gives rise to the 494	  

first bar downstream the bump. Then the first bar triggers a train of new bars 495	  

downstream. The formed bars migrate downstream gradually, increasing their lengths 496	  

and heights. Finally they approach an equilibrium state and the bar features (length, 497	  

height, celerity) tend to be stable or vary slowly. As shown in Figure 2, the channel 498	  
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bed exhibits a clear alternate pattern during the bar development, with recursive 499	  

scour/deposition sequences and diagonal fronts. This process is in accordance with 500	  

the experimental observations of Fujita and Muramoto (1985) and the numerical 501	  

findings of Defina (2003). 502	  

Figure 3 shows (a) the longitudinal bed profiles and (b) the difference between RHS 503	  

(right-hand-side) and LHS (left-hand-side) bed elevations during the equilibrium 504	  

phase of Run P1505 ( =t 28 h). Herein, the LHS and RHS denote the longitudinal 505	  

sections located 20 cm from the left and right side walls respectively. In Figure 3(b), to 506	  

allow for a straightforward comparison with the computed bar sequences, an extra 507	  

line is added, representing the measured signal shifted downstream for a distance of 508	  

42 m. The computed results in Figure 3 show a favorable comparison with the 509	  

experimental findings, though the numerical bars exhibit a more ordered pattern. For 510	  

quantitative comparison, the computed and measured equilibrium bar features are 511	  

listed in Table 2, where bar length denotes the wavelength of a bar unit; bar height is 512	  

defined as the difference between the maximum and minimum bed elevations within a 513	  

bar unit; and bar celerity is estimated by comparing the plots of bed profiles at 514	  

different times. The first three bars in Figure 3 approximately reach the equilibrium 515	  

state and thus are selected to estimate averaged bar features. It can be seen from 516	  

Table 2 and Figure 3 that the computed bar height is very similar to the measured, 517	  

whilst the bar length is notably larger and the celerity is smaller than the observed. Yet, 518	  

the computed bar length and celerity of Run P1505 are close to those simulated by 519	  

Defina (2003), in which the computed bar length is 14 m, the height is 8 cm and the 520	  
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celerity is 2.0 m h-1. 521	  

Several reasons might be responsible for the discrepancies between the experimental 522	  

and numerical results. First, the initial conditions are difficult to be set as the same as 523	  

in the experiments, especially the initial bed disturbance. Second, the boundary 524	  

conditions in the modelling are somewhat different from the experimental set-up. For 525	  

example, the sediment feeding at the inlet is assumed to be uniformly distributed 526	  

across the channel width in the modelling, but this is difficult to be satisfied during the 527	  

experiments. The otherwise non-uniform distribution of sediment at the inlet, however, 528	  

may act as an extra disturbance affecting the formation of alternate bars. Meanwhile, 529	  

the presumed equilibrium conditions at the upstream and downstream ends are just 530	  

approximations to the experimental conditions. Finally, the empirical relationships and 531	  

parameters for model closure may also inevitably bring about some discrepancies. 532	  

 533	  

 534	  
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Figure 2. The time evolution of bed configuration from plan views for Run P1505. 535	  

Transverse scale is enlarged in order to better visualize alternate patterns. 536	  

 537	  

 538	  

Figure 3. The longitudinal bed profiles ( bz ) and the difference between RHS and LHS 539	  

bed elevations ( bzΔ ) during the equilibrium phase of Run P1505 ( =t 28 h) 540	  

 541	  

Table 2. The computed and measured bar features 542	  

Run Length (m) Height (cm) Celerity (m h-1) 

P1505 10.0 / 15.0 6.0* / 5.7 2.8 / 1.8 

P2009 10.2 / 12.8 3.4 / 3.2 11.0 / 10.2 

The values before and after "/" are the measured and computed bar features 543	  

respectively; * the value of bar height in Run P1505 is given as 7.0 in Lanzoni (2000a) 544	  
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but modified here to be 6.0 according to the detailed data of bed profiles reported by 545	  

Lanzoni (2000a). 546	  

 547	  

3.2 Alternate bars with non-uniform sediment transport 548	  

Similar to the experiments using uniform sediment in Lanzoni (2000a), a series of 549	  

experiments about the alternate bar development due to non-uniform sediment 550	  

transport were also carried out by Lanzoni (2000b). The flume, control devices and 551	  

experimental procedures are all the same as those in Lanzoni (2000a). The sediment 552	  

mixture, composed of 67% fine sand and 33% coarse gravel, was strongly bimodal 553	  

and each fraction can be approximately treated as uniform sediment. The geometric 554	  

mean diameters of the sand and gravel were 0.2 mm and 2.0 mm respectively, and 555	  

thus the weighted mean diameter of the initial sediment mixture was calculated to be 556	  

nearly 0.8 mm. In the modelling, an initial single bump (0.6 m long, 0.75 m wide and 5 557	  

mm high) was introduced and the computational domain was extended to 120 m. 558	  

Equilibrium conditions for sediment transport were imposed at the upstream and 559	  

downstream ends of the flume. Run P2009 is chosen herein to study the bar 560	  

development mechanisms and characteristics over non-uniform sediment bed, and its 561	  

experimental conditions are listed in Table 1. The ripple factor was estimated to be 0.8 562	  

and the bed load transport rate computed by the extended MPM formula (i.e., Eq. 14) 563	  

was multiplied by 1.3 to fit the measured value (i.e., 391.7 L h-1). 564	  

Figure 4 shows (a) the longitudinal bed profiles and (b) the difference between RHS 565	  

and LHS bed elevations (20 cm from each wall) at the initial phase of Run P2009 ( =t566	  
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1 h). In accordance with the experimental observations, a regular sequence of 567	  

well-formed alternate bars are numerically reproduced quickly after the beginning of 568	  

the run ( =t 1 h). And both the computed bar shapes and amplitudes are in fairly 569	  

satisfactory agreement with the observed ones (Figure 4). Quantitatively, the first two 570	  

well-formed bars in Figure 4 are selected to estimate the bar features, and it is found 571	  

that the computed bar length is a little larger whilst the bar height and celerity are 572	  

somewhat smaller in comparison with the measured, but the differences are rather 573	  

limited (Table 2). On the whole, the present model reproduces the bar development 574	  

and features reasonably well. 575	  

 576	  

 577	  

Figure 4. The longitudinal bed profiles ( bz ) and the difference between RHS and LHS 578	  

bed elevations ( bzΔ ) at the initial phase of Run P2009 ( =t 1 h) 579	  
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 580	  

In modelling the alternate bar formation and development, the effect of transverse bed 581	  

slope (i.e., gravity effect) on the bed load transport direction has been accounted for in 582	  

previous studies (e.g., Struiksma and Crosato, 1989; Defina, 2003; Federici and 583	  

Seminara, 2003; Bernini et al., 2006; Crosato et al., 2011, 2012). In order to shed light 584	  

on this effect, the computed bar sequences with considering the effect of transverse 585	  

bed slope ( εγ ≠k ) or not ( εγ =k ) are compared. It is seen in Figure 5 that the height 586	  

of alternate bars is dampened if the bed slope effect on bed load transport is included, 587	  

and this damping effect is more pronounced for Run P1505 with larger bed 588	  

deformation and steeper bed slopes. However, the bar wavelength and celerity seem 589	  

to be weakly affected. The damping effect, due to the transverse down-slope pull of 590	  

sediment particles by gravity from bar heads, was also numerically resolved by Defina 591	  

(2003) and Bernini et al. (2006). 592	  

 593	  
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 594	  

Figure 5. The measured and computed bar topography (i.e., the difference between 595	  

RHS and LHS bed elevations) with considering the effect of transverse bed slope 596	  

( εγ ≠k ) or not ( εγ =k ) for (a) Run P1505 and (b) Run P2009 597	  

 598	  

3.3 Sediment sorting  599	  

Sediment sorting is one of the important issues on the study of alternate bars, which 600	  

includes longitudinal and transverse sorting due to selective transport of sediment 601	  

fractions over bar topography as well as vertical sorting resulting from bar migration 602	  

through scouring and filling. The last several decades have seen many investigations 603	  

on sediment sorting over bar topography. Lisle and Madej (1992) conducted field 604	  

observations and analysis on the Redwood Creek with a large in-channel supply of 605	  
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bed load. The results show that alternate bar topography induces strong variations in 606	  

bed shear stress and thus fine sediment is winnowed from zones of high stress such 607	  

as riffles or bar heads, whilst deposits as thin sheets in zones of low stress such as 608	  

pools. In addition to field observations, there have been some laboratory experiments 609	  

focusing on the sediment sorting during bar development. The experiments 610	  

conducted in a steep channel with mixed sediment by Lisle et al. (1991) show that 611	  

coarse particles accumulate on bar heads, which prevents downstream migration of 612	  

bars by inhibiting bar-head erosion and bed load transport over bars. Diplas (1994) 613	  

sampled the bed surface sediment at the head, middle, tail and pool of a bar unit, and 614	  

found that their diameters satisfy the relationship tailpoolmiddlehead dddd >> ≈ . The 615	  

phenomenon of bar head coarsening was also observed by Lanzoni (2000b), which 616	  

revealed that the longitudinal sorting of the bed surface sediment is dictated by two 617	  

factors, i.e., bed shear stress and gravity. The spatial variation of bed shear stress 618	  

leads to selective deposition of coarse particles toward bar heads whilst the gravity 619	  

tends to pull coarse particles downward to pools. However, the former mechanism 620	  

appears to prevail because of the relatively gentle slope of the bar topography. On the 621	  

contrary, the laboratory experiments performed by Takebayshi and Egashira (2001) 622	  

suggest that fine sediment deposits around bar heads whilst coarse sediment is left in 623	  

pools. Similarly, Blom et al. (2003) examined the sediment sorting on dune-covered 624	  

beds through flume experiments, and found that when a relatively large amount of 625	  

coarse sediment does not participate in the transport process (i.e., a condition of 626	  

partial transport), the vertical sediment shows a downward coarsening trend within the 627	  
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dunes and the surface sediment in pools is coarser than that on bar heads. Apart from 628	  

field observations (Lisle and Madej, 1992) and laboratory experiments (Lisle et al., 629	  

1991; Diplas, 1994; Lanzoni, 2000b; Takebayshi and Egashira, 2001; Takebayashi 630	  

and Okabe, 2002) as just briefed, a few numerical studies of sediment sorting over 631	  

bar topography are also available (Takebayashi and Egashira, 2001; Takebayashi 632	  

and Okabe, 2002; Nelson et al., 2015a, b). Unfortunately, previous experimental and 633	  

numerical studies to date have shown two inconsistent sediment sorting patterns, i.e., 634	  

a pattern of coarse-on-head and fine-in-pool (Lisle et al., 1991; Lisle and Madej, 1992; 635	  

Diplas, 1994; Lanzoni, 2000b; Nelson et al., 2015a, b) and the opposite, i.e., a pattern 636	  

of fine-on-head and coarse-in-pool (Takebayshi and Egashira, 2001; Takebayashi 637	  

and Okabe, 2002; Blom et al., 2003). The mechanisms behind the inconsistent sorting 638	  

patterns, however, have so far remained poorly understood. According to whether all 639	  

sediment fractions in the bed are set into motion and transport, non-uniform sediment 640	  

transport can be classified to two conditions, i.e., full transport and partial transport. In 641	  

this subsection, sediment sorting over bar topography is numerically studied as per 642	  

full and partial transport conditions. 643	  

 644	  

3.3.1 Full transport  645	  

For Run P2009 with high bed shear stress and a bimodal sediment mixture, a 646	  

condition of full transport is attained, under which both the two size fractions of the 647	  

bed sediment can take part in the transport process completely (Lanzoni, 2000b). As 648	  

Figure 6 shows, the computed surface sediment distribution from plan view exhibits a 649	  
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similar "bar-pool" sequence as the bed topography (Takebayashi and Egashira, 2001). 650	  

Particularly, the sediment in the deposition areas (e.g., bar heads) is usually coarse, 651	  

whereas fine sediment prevails in the scour areas (e.g., pools). This is the case for 652	  

both longitudinal and transverse sections. Typically, only longitudinal sediment sorting 653	  

is addressed further in detail. Figure 7 quantitatively shows the computed bed profiles 654	  

and surface mean sediment diameter on the LHS (20 cm from the left wall) for Run 655	  

P2009, where the bed elevation in each point is plotted with respect to its initial value 656	  

and the mean sediment diameter md  is defined as a weighted average of the 657	  

diameters of all sediment fractions by their percentages. It can be seen from Figure 7 658	  

that the longitudinal diameter profiles closely resemble the bed profiles in the shape, 659	  

and concurrently the mean sediment diameter on the bed surface increases 660	  

(decreases) with the increasing (decreasing) of the bed elevation roughly. Though the 661	  

first couple of bars are the largest in amplitude and length, the most appreciable 662	  

sediment sorting occurs around the second or the third couple of bars (Figures 6 & 7) 663	  

probably because the flow and sediment conditions near the first couple of bars are 664	  

still in adjusting and transition. Anyway, the sediment around the bar head is the 665	  

coarsest whilst it is the finest close to the pool within a bar unit (Figure 7). This 666	  

longitudinal sorting pattern agrees with the experimental findings reported by Lisle et 667	  

al. (1991), Lisle and Madej (1992), Diplas (1994) and Lanzoni (2000b) as well as the 668	  

numerical results in Nelson et al. (2015a, b). In fact, nearly all sediment fractions can 669	  

join in the transport just as Lisle et al. (1991), Lisle and Madej (1992), Diplas (1994) 670	  

and Nelson et al. (2015a, b) indicated. In Lanzoni (2000b), though there are also a few 671	  
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experimental runs under conditions of partial transport, only the sediment sorting for 672	  

Run P2009 with regard to full transport was measured and addressed. Thus it can be 673	  

inferred that the sorting pattern of coarse-on-head and fine-in-pool observed by 674	  

Lanzoni (2000b) represents the full transport condition. 675	  

In essence, the sediment incipient motion, transport and sorting are mainly dictated by 676	  

two factors, i.e., bed shear stress and gravity (Lanzoni and Tubino, 1999; Lanzoni, 677	  

2000b). When the shear stress is large enough to be dominant such as in Run P2009, 678	  

all sediment fractions are set into motion and fully transported, then the sediment 679	  

selective transport and the sorting process are mainly governed by bed shear stress. 680	  

As Figure 8 shows, the shear stress along the bar upstream face increases rapidly, so 681	  

a large amount of fine sediment and a relative small part of coarse sediment are 682	  

winnowed from the bed, consequently the bed surface sediment gets coarsening 683	  

gradually. In the region around the bar head, the shear stress starts to decrease and 684	  

then the coarse sediment in the flow deposits firstly whilst the fine sediment on the 685	  

bed surface keeps being winnowed, so the surface sediment near the bar head 686	  

continues coarsening. On the lee face of bar, the shear stress drops very rapidly and 687	  

thus a lot of fine sediment begins to deposit, which leads to bed sediment fining. 688	  

Finally, fine sediment keeps depositing in the pool area where the shear stress is still 689	  

at low values. 690	  

 691	  
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 692	  

Figure 6. The plan views of (a) bed topography and (b) surface mean sediment 693	  

diameter during the initial and final phases of Run P2009 694	  

 695	  
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 696	  

Figure 7. The bed profiles and surface mean sediment diameter on the LHS (20 cm 697	  

from the left wall) during the initial and final phases of Run P2009 (bed elevation is 698	  

plotted with respect to the initial value)  699	  

 700	  
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 701	  

Figure 8. The bed profiles and bed shear stress on the LHS (20 cm from the left wall) 702	  

during the initial and final phases of Run P2009 (bed elevation is plotted with respect 703	  

to the initial value) 704	  

 705	  

Figure 9 shows the distribution of the mean sediment diameter md  in the substrate 706	  

layer at three longitudinal sections (i.e., 20 cm from the left wall, 20 cm from the right 707	  

wall and the axis of the channel) for Run P2009 at =t 1 h. Vertically, a typical bar unit 708	  

can be divided into three layers from the bottom to top, i.e., immobile layer, fining layer 709	  

and coarsening layer (Figure 9a, b). The immobile layer is located in the bottom of 710	  

substrate, where the sediment cannot be disturbed and does not exchange with the 711	  

upper sediment. The fining layer lies between the immobile layer and coarsening layer, 712	  
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and is usually underneath the averaged bed level. When the fining layer comes to 713	  

form, the local bed elevation is low and the shear stress is small, so that fine sediment 714	  

is transported towards and then deposits in this layer, therefore the sediment is finer 715	  

than the initial sediment mixture. The uppermost layer is the coarsening layer, which 716	  

is usually above the averaged bed level. Because of the high bed elevation and large 717	  

shear stress during the formation of this layer, fine sediment is winnowed whilst 718	  

coarse sediment deposits on the bed, so the sediment in this layer keeps coarsening. 719	  

However, for the axis of the channel, only immobile layer and coarsening layer can be 720	  

observed clearly due to the small bed deformation (Figure 9c). 721	  

For a quantitative description of the sediment sorting, a non-dimensional parameter 722	  

10 −ddm  is introduced, with md  and 0d  denoting the final and initial mean 723	  

sediment diameter in the substrate layer, respectively. Apparently, 010 >−ddm  724	  

indicates sediment coarsening whilst 010 <−ddm  means sediment fining. The 725	  

computed and measured vertical distributions of the parameter 10 −ddm  are plotted 726	  

in Figure 10 for four different locations (i.e., pool, head, middle places of upstream 727	  

face and downstream face), which is sampled along the second bar unit on the LHS 728	  

for Run P2009. It can be seen from Figure 10 that the computed results generally 729	  

agree well with the measured data except for some local deviations. As shown in 730	  

Figure 10(a), the vertical sediment diameter in the pool keeps roughly equal to the 731	  

initial value except that the sediment approaching the bed surface exhibits a little 732	  

fining. For the remaining three locations, however, the substrate sediment shows a 733	  

trend of firstly fining and then coarsening from the bed bottom to top (Figure 10b, c, d). 734	  
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Generally, the present model reproduces the sediment sorting process in the 735	  

experiments of Lanzoni (2000b) fairly well. 736	  

 737	  

 738	  

Figure 9. The distribution of the mean sediment diameter in the substrate layer for 739	  

Run P2009 ( =t 1 h) 740	  

 741	  
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 742	  

Figure 10. The comparison of the computed (present model) and measured (Lanzoni, 743	  

2000b) vertical distributions of the quantity 10 −ddm  at four different locations 744	  

sampled along the second bar unit on the LHS at =t 1 h for Run P2009 745	  
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3.3.2 Partial transport 746	  

Besides experimental runs under full transport conditions like Run P2009, there are 747	  

also some runs under partial transport in line with low bed shear stress in Lanzoni 748	  

(2000b). However, in some runs where only fine fraction was transported while coarse 749	  

fraction kept still, no bars were observed to form except for ripples. In other runs under 750	  

conditions of partial transport, a great proportion of coarse sediment took part in the 751	  

transport with the increase of bed shear stress, while only the very big coarse 752	  

particles remained immobile. The bimodal sediment mixture in these runs, however, 753	  

can be approximately treated as full transport if two representative diameters are used 754	  

in the modelling. Moreover, no measurements about the sediment sorting in these 755	  

runs were conducted or addressed by Lanzoni (2000b). Therefore, to examine the 756	  

sediment sorting under the condition of partial transport, a varied case from Run 757	  

P2009 is designed in this subsection with a new sediment mixture, i.e., =1d 2 mm 758	  

(67%) and =2d 6 mm (33%), and accordingly the initial mean sediment diameter was 759	  

about 3.32 mm. Other hydraulic conditions and parameters were set to be the same 760	  

as Run P2009. In this case, the first sediment fraction ( =1d 2 mm) can be fully 761	  

mobilized, whereas the second one ( =2d 6 mm) is too coarse to participate into the 762	  

transport. 763	  

Figure 11 shows the bar-pool sequences and sediment sorting pattern from plan view 764	  

for this varied case. In this case, the sediment is usually fine in the deposition areas 765	  

but coarse in the scour areas (Figure 11). Typically, as per the longitudinal section 20 766	  

cm from the left wall, the bed surface sediment in the pool area of a bar unit is coarse 767	  
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whilst it is fine around the bar head (Figure 12), which is opposite to the longitudinal 768	  

surface sediment sorting under the condition of full transport (i.e., Figure 7). But this 769	  

sorting pattern of fine-on-head and coarse-in-pool is consistent with the observations 770	  

by Takebayshi and Egashira (2001) and Takebayashi and Okabe (2002), where the 771	  

shear stresses for coarse fractions were estimated to be below the threshold for 772	  

incipient motion, and also by Blom et al. (2003) on dunes, where partial transport 773	  

conditions were present in all experiments as the proportions of coarse fractions in the 774	  

bed load transport were appreciably smaller than those in the substrate. In this varied 775	  

case from Run P2009, both gravity and bed shear stress play important roles in the 776	  

processes of sediment transport and sorting. The coarse particles keep nearly 777	  

immobile throughout the case as gravity prevails, whilst the fine particles are 778	  

entrained from the pool surface due to bed shear stress and then deposit around the 779	  

bar heads. 780	  

The vertical sediment sorting in the substrate layer for the varied case from Run 781	  

P2009 is illustrated in Figure 13, which shows that the substrate sediment of a typical 782	  

bar unit is characterized by an immobile-coarse-fine structure from the bed bottom to 783	  

surface, which is also different from Figure 9. The thin coarsening layer, which is 784	  

above the immobile layer, is generated due to the accumulation of coarse particles by 785	  

gravity and also the winnowing of fine particles. Fine particles conversely begin to 786	  

deposit because of the variation of shear stress, and as a result, a fining sediment 787	  

layer develops and covers the coarsening layer. This kind of firstly coarsening and 788	  

then fining trend for alternate bars under partial transport conditions is very similar to 789	  
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that for dunes in Blom et al. (2003). 790	  

In summary, the present numerical study shows that different transport conditions of 791	  

non-uniform sediment (i.e., full versus partial transport) give rise to different or even 792	  

inconsistent sediment sorting patterns, which have been observed separately in 793	  

previous experimental and numerical studies. Therefore the long-standing 794	  

inconsistency on non-uniform sediment sorting over bar topography is reconciled. 795	  

 796	  

 797	  

Figure 11. The plan views of (a) bed topography and (b) surface mean sediment 798	  

diameter for the varied case from Run P2009 799	  
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 800	  

 801	  

Figure 12. The bed profiles and surface mean sediment diameter on the LHS (20 cm 802	  

from the left wall) for the varied case from Run P2009 (bed elevation is plotted with 803	  

respect to the initial value) 804	  

 805	  
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 806	  

Figure 13. The distribution of the mean sediment diameter in the substrate layer for 807	  

the varied case from Run P2009 ( =t 3 h) 808	  

 809	  

  810	  



	   47	  

3.4 Discussion on weighting parameter φ  811	  

In the simulation of alternate bar development due to non-uniform sediment transport, 812	  

it was found that the value of the empirical weighting parameter φ  in Eq. (16) has 813	  

great effects on the computed results especially the sediment sorting process. 814	  

According to Eq. (16), 0=φ  indicates that each sediment fraction at the bottom 815	  

boundary of the active layer is just equal to that in the active layer (Wu, 2004; Wu and 816	  

Wang, 2008), while 0≠φ  represents a linear weighted average of sediment fractions 817	  

in the flow and active layer (Toro-Escobar et al., 1996). To examine which option is 818	  

more applicable for the bar modelling, comparisons are made between results 819	  

computed with 0=φ  and 0≠φ  in the following. For simplicity, 65.0=φ  is used as 820	  

suggested by Toro-Escobar et al. (1996). 821	  

 822	  

3.4.1 Full transport 823	  

Firstly, the computed results with 0=φ  and 65.0=φ  are compared for Run P2009, 824	  

in which the sediment is under the condition of full transport. As shown in Figure 14, 825	  

the bed profiles computed with 0=φ  and 65.0=φ  are very similar in shape and 826	  

amplitude except for a small phase difference, and both the two longitudinal 827	  

distributions of sediment diameter follow the rule of coarse-on-head and fine-in-pool. 828	  

However, the mean sediment diameter in each pool computed with 0=φ  is always 829	  

finer than the initial one, but it is not the case for 65.0=φ  (Figure 14). With regard to 830	  

the vertical sediment sorting in the substrate layer shown in Figure 15, both the results 831	  

from 0=φ  and 65.0=φ  show a clear three-layer structure (i.e., immobile layer, 832	  
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fining layer and coarsening layer), but the sediment in the top coarsening layer 833	  

computed with 0=φ  tends to be coarser than that for 65.0=φ . 834	  

 835	  

 836	  

Figure 14. Computed bed profiles and surface mean sediment diameter with 0=φ  837	  

and 65.0=φ  on the LHS (20 cm from the left wall) for Run P2009 at =t 1 h  838	  

 839	  
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 840	  

Figure 15. Computed distribution of the mean sediment diameter in the substrate 841	  

layer with 0=φ  and 65.0=φ  for Run P2009 at =t 1 h 842	  

 843	  

3.4.2 Partial transport 844	  

For the condition of partial transport, the differences between computed results with 845	  

0=φ  and 65.0=φ  are also studied based on the varied case from Run P2009. 846	  

Figure 16 shows that the bar shapes, amplitudes and phases with 0=φ  and 847	  

65.0=φ  are all different with each other. Also, the sediment around bar heads with 848	  

0=φ  is always finer than the initial sediment mixture whilst it is the opposite for 849	  

65.0=φ . Theoretically, in this case fine sediment is winnowed from the pool area of a 850	  
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bar unit and then deposits around the bar head whilst coarse sediment keeps nearly 851	  

immobile, thus the mean sediment diameter on the head should be finer than the 852	  

initial diameter. That is to say, the longitudinal sediment sorting with 65.0=φ  is 853	  

unreasonable whilst that with 0=φ  is satisfactory (Figure 16). Vertically, a thin 854	  

coarsening sediment layer forms in the bed substrate with 0=φ  (Figure 17a), as 855	  

observed by Blom et al. (2003), which however does not exist if bars are simulated 856	  

with 65.0=φ  (Figure 17b).  857	  

In general, whether the weighting parameter φ  is set to be zero makes a great 858	  

difference to the modelling of alternate bar development due to non-uniform sediment 859	  

transport. Particularly, the simulated sediment sorting process with 65.0=φ  does 860	  

not agree with the experimental findings if partial transport condition prevails. In fact, 861	  

the coarse sediment rarely joins in the transport under the condition of partial 862	  

transport, thus the coarse fraction in the flow is nearly nonexistent (i.e., 0=Cck ) 863	  

and thus akIk ff )1( φ−=  can be derived according to Eq. (16). Theoretically, only 864	  

akIk ff =  (i.e., 0=φ ) can guarantee the mass conservation for bed sediments. That 865	  

explains why the computed results with 65.0=φ  are unreasonable under the 866	  

condition of partial transport. 867	  

 868	  
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 869	  

Figure 16. Computed bed profiles and surface mean sediment diameter with 0=φ  870	  

and 65.0=φ  on the LHS (20 cm from the left wall) for the varied case from Run 871	  

P2009 at =t 3 h 872	  

 873	  

 874	  

Figure 17. Computed distribution of the mean sediment diameter in the substrate 875	  

layer with 0=φ  and 65.0=φ  for the varied case from Run P2009 at =t 3 h 876	  
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3.5 Bar development with different aspect ratios 877	  

Theoretical studies (e.g., Colombini et al., 1987; Tubino, 1991; Lanzoni and Tubino, 878	  

1999; Siviglia et al., 2013) suggest that bar features depend on three non-dimensional 879	  

parameters, i.e., aspect ratio hB=β  ( B  is the channel width and h  is the 880	  

averaged flow depth), Shields parameter θ , and relative grain roughness height 881	  

hdds = . Qualitatively, no migrating bars can form in a narrow and deep channel with 882	  

a small aspect ratio. When the ratio exceeds a critical value cβ , migrating alternate 883	  

bars start to grow. For a too large aspect ratio, however, multiple-row bars or linguoid 884	  

bars instead of alternate bars appear. Chang et al. (1971) demonstrated 885	  

experimentally that migrating bars can form when aspect ratio exceeds 10, i.e., ≈cβ886	  

10. Moreover, linear stability theories show that this critical ratio is related to Shields 887	  

parameter θ  and relative grain roughness height sd , and some critical values given 888	  

in previous literatures are listed in Table 3. Generally, the critical aspect ratio varies 889	  

between 10 and 20 according to existing studies.  890	  

To give a further insight into the effect of this ratio using the present 2D model, a 891	  

series of numerical tests (Table 4) is conducted based on the flow and sediment 892	  

conditions of Run P2009 by only varying channel widths. Specifically, the flow depth, 893	  

velocity, bed slope, sediment composition and sediment transport rate in the 894	  

numerical cases are all set to be the same as Run P2009 whilst the flow discharge 895	  

varies in proportion to channel width (the unit-width discharge is kept unchanged). In 896	  

these tests, the Shields parameter θ  and relative grain roughness height sd  keep 897	  

the same, i.e., =θ 0.18, =sd 0.017, while the aspect ratio differs with each other. 898	  
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The present numerical tests (Table 4) show that under the condition of =θ 0.18 and 899	  

=sd 0.017, no migrating bars can occur in a straight channel if the aspect ratio 900	  

12<β . For the channel with the ratio 5012 ≤≤ β , alternate bars form and develop. 901	  

However, if the channel is too wide and the water is too shallow ( 50>β ), multiple-row 902	  

bars, instead of alternate bars, are spotted from the numerical solutions. Therefore 903	  

the critical aspect ratio for the formation of migrating alternate bars here is 904	  

approximately 12, which is consistent with the results of Siviglia et al. (2013) and 905	  

close to the estimations of Chang et al. (1971) and Federici and Seminara (2003). It 906	  

should be noted that the critical aspect ratio 12 may not be generally valid, as it will 907	  

vary with different values of Shields parameter θ  and relative grain roughness height 908	  

sd  (Table 3). Particularly, in Colombini et al. (1987), the critical ratio cβ  is found to 909	  

be greater for smaller values of sd  and closer values of θ  to 0.18. Additionally, a 910	  

natural river usually tends to be meandering if the aspect ratio is relatively large, 911	  

which however does not occur in the present numerical tests because the channel 912	  

banks are presumed to be straight, parallel and non-erodible. 913	  

Figure 18 shows the difference between LHS and RHS bed elevations (B/10 from 914	  

each wall) at =t 1 h for different aspect ratios, and the corresponding bar features are 915	  

listed in Table 4. It can be seen that there is a progressive growth in bar length with 916	  

the increase of the aspect ratio β , whilst the bar celerity is weakly sensitive to this 917	  

ratio as it only increases slightly. The bar height exhibits a rapid growth when the 918	  

aspect ratio increases but still has moderate values ( =β 12 ~ 30), because the 919	  

restriction of sidewalls to the lateral spread of turbulence is weakened and the wider 920	  
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channel allows the full development of bars. If this ratio continues increasing ( =β 30 921	  

~ 50), the bar height keeps nearly stable, probably because the effect of the sidewalls 922	  

on the bar development can be ignored. Similarly, Crickmore (1970) and Friedrich et 923	  

al. (2007) conducted experiments on the effect of flume width on the characteristics of 924	  

small bed forms such as dunes, and found that the height of the bed forms in a wide 925	  

flume is larger than that in a narrow flume. Thus a conclusion was drawn, i.e., the bed 926	  

form height will grow with the increase of channel width, which is similar to our 927	  

findings about bar development with moderate values of the aspect ratio ( =β 12 ~ 30). 928	  

Unfortunately, to the authors' knowledge, there have been few experimental or 929	  

numerical studies on the variation of alternate bar features with different aspect ratios. 930	  

In this sense, the present findings by numerical tests remain to be confirmed by 931	  

observations. 932	  

 933	  

  934	  
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 935	  

Table 3. Summary of critical values cβ  in previous studies 936	  

Literatures Shields 

parameter θ  

roughness 

height sd  

critical value 

cβ  

Chang et al. (1971) / / 10 

Colombini et al. (1987) 0.3 0.01 21 

Lanzoni and Tubino (1999) 0.07 0.01 17 

Lanzoni and Tubino (1999) 0.1 0.01 20 

Federici and Seminara (2003) 0.057 0.053 11.2 

Siviglia et al. (2013) 0.1 0.061 12 

 937	  

Table 4. Bar features in numerical cases with different width-to depth ratios 938	  

Case Aspect ratio Length 

(m) 

Height 

(cm) 

Celerity 

(m/h) 

Remarks 

P11 11 … … … no bars 

P12 12 10.0 0.5 9.5 alternate bars 

P15 15 10.2 2.0 9.9 alternate bars 

P20 20 11.3 2.8 10.0 alternate bars 

P30 (P2009) 30 12.8 3.2 10.2 alternate bars 

P40 40 14.2 3.2 10.5 alternate bars 

P50 50 15.0 3.1 10.6 alternate bars 

P55 55 … … … multiple-row bars 

 939	  
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 940	  

Figure 18. The difference between LHS and RHS bed elevations (B/10 from each wall) 941	  

at =t 1 h for different aspect ratios 942	  

 943	  

4. Conclusion 944	  

Alternate bar formation, development and sediment sorting in straight channels are 945	  

numerically investigated using a coupled, non-capacity and well-balanced 2D shallow 946	  

water hydro-sediment-morphodynamic model. The following findings can be drawn 947	  

from the numerical solutions: 948	  

(1) The whole process of alternate bar formation and development is well reproduced, 949	  

as indicated by the fairly satisfactory agreement for the bar features (i.e., bar length, 950	  

height and celerity) with currently available experimental data and numerical 951	  

solutions. 952	  

(2) The present numerical study facilitates new understanding of the longitudinal and 953	  
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vertical sediment sorting. Specifically, under the condition of full transport of 954	  

non-uniform sediment, the surface sediment on the bar head is coarser than in the 955	  

pool of a bar unit and the vertical sediment in the substrate layer shows an 956	  

immobile-fine-coarse structure from bottom to top. On the contrary, under the 957	  

condition of partial transport, the surface sediment is finer on the bar head but coarser 958	  

in the pool, and an immobile-coarse-fine structure is observed for the vertical 959	  

distribution of substrate sediment. This finding reconciles the long-standing 960	  

inconsistency between previous studies on non-uniform sediment sorting over 961	  

alternate bar topography. 962	  

(3) The value of the empirical weighting parameter φ  in Eq. (16), which estimates 963	  

the sediment composition at the bottom boundary of the active layer, has a 964	  

considerable effect on the sediment sorting. Only 0=φ  can guarantee the mass 965	  

conservation for bed sediments whilst 0≠φ  (e.g., 65.0=φ ) gives rise to unrealistic 966	  

results, especially when partial transport condition prevails. 967	  

(4) Numerical experiments with specified conditions (i.e., Shields parameter =θ 0.18 968	  

and roughness height =sd 0.017) show that migrating alternate bars can form and 969	  

develop in a straight channel with non-erodible banks when the aspect ratio ranges 970	  

between 12 and 50. In particular, with the increase of the aspect ratio, the bar length 971	  

grows gradually, while the bar height increases rapidly for moderate values of the 972	  

aspect ratio and then keeps nearly stable. The bar celerity, however, is weakly 973	  

sensitive to the variation of this ratio. 974	  

The present findings are qualitatively encouraging and physically meaningful. Yet, 975	  
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uncertainties are inevitable quantitatively, which may arise from the empirical 976	  

parameters in the model and computational conditions, such as the boundary 977	  

conditions and initial disturbances in space and time. Also, the Reynolds stresses 978	  

representing turbulent effects are ignored in the model, which however should be 979	  

included when the turbulent effects are considerable such as in acutely curved and 980	  

meandering channels. Importantly, more experimental investigations are warranted to 981	  

enhance the understanding of the alternate bars with heterogeneous sediment 982	  

compositions and to further confirm the present findings.  983	  
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List of Tables 1217	  

 1218	  

Table 1. Summary of experimental conditions  1219	  

Run Duration 

(h) 

Discharge 

(L s-1) 

Slope 

(%) 

Depth 

(cm) 

Velocity 

(m s-1) 

Transport 

rate (L h-1) 

Roughness 

(s m-1/3) 

P1505 28 30 0.452 4.4 0.45 94.5 0.018 

P2009 3 45 0.526 5.0 0.6 391.7 0.0157 

 1220	  

  1221	  
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Table 2. The computed and measured bar features 1223	  

Run Length (m) Height (cm) Celerity (m h-1) 

P1505 10.0 / 15.0 6.0* / 5.7 2.8 / 1.8 

P2009 10.2 / 12.8 3.4 / 3.2 11.0 / 10.2 

The values before and after " / " are the measured and computed bar features 1224	  

respectively; * the value of bar height in Run P1505 is given as 7.0 in Lanzoni (2000a) 1225	  

but modified here to be 6.0 according to the detailed data of bed profiles reported by 1226	  

Lanzoni (2000a). 1227	  

  1228	  
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 1230	  

Table 3. Summary of critical values cβ  in previous studies 1231	  

Literatures Shields 

parameter θ  

roughness 

height sd  

critical value 

cβ  

Chang et al. (1971) / / 10 

Colombini et al. (1987) 0.3 0.01 21 

Lanzoni and Tubino (1999) 0.07 0.01 17 

Lanzoni and Tubino (1999) 0.1 0.01 20 

Federici and Seminara (2003) 0.057 0.053 11.2 

Siviglia et al. (2013) 0.1 0.061 12 
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Table 4. Bar features in numerical cases with different width-to depth ratios 1235	  

Case Aspect ratio Length 

(m) 

Height 

(cm) 

Celerity 

(m/h) 

Remarks 

P11 11 … … … no bars 

P12 12 10.0 0.5 9.5 alternate bars 

P15 15 10.2 2.0 9.9 alternate bars 

P20 20 11.3 2.8 10.0 alternate bars 

P30 (P2009) 30 12.8 3.2 10.2 alternate bars 

P40 40 14.2 3.2 10.5 alternate bars 

P50 50 15.0 3.1 10.6 alternate bars 

P55 55 … … … multiple-row bars 
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during the initial and final phases of Run P2009 (bed elevation is plotted with respect 1263	  

to the initial value) 1264	  

 1265	  

Figure 9. The distribution of the mean sediment diameter in the substrate layer for 1266	  

Run P2009 ( =t 1 h) 1267	  

 1268	  

Figure 10. The comparison of the computed (present model) and measured (Lanzoni, 1269	  

2000b) vertical distributions of the quantity 10 −ddm  at four different locations 1270	  

sampled along the second bar unit on the LHS at =t 1 h for Run P2009 1271	  

 1272	  

Figure 11. The plan views of (a) bed topography and (b) surface mean sediment 1273	  

diameter for the varied case from Run P2009  1274	  

 1275	  

Figure 12. The bed profiles and surface mean sediment diameter on the LHS (20 cm 1276	  

from the left wall) for the varied case from Run P2009 (bed elevation is plotted with 1277	  

respect to the initial value) 1278	  

 1279	  

Figure 13. The distribution of the mean sediment diameter in the substrate layer for 1280	  

the varied case from Run P2009 ( =t 3 h) 1281	  
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 1282	  

Figure 14. Computed bed profiles and surface mean sediment diameter with 0=φ  1283	  

and 65.0=φ  on the LHS (20 cm from the left wall) for Run P2009 at =t 1 h  1284	  

 1285	  

Figure 15. Computed distribution of the mean sediment diameter in the substrate 1286	  

layer with 0=φ  and 65.0=φ  for Run P2009 at =t 1 h 1287	  

 1288	  

Figure 16. Computed bed profiles and surface mean sediment diameter with 0=φ  1289	  

and 65.0=φ  on the LHS (20 cm from the left wall) for the varied case from Run 1290	  

P2009 at =t 3 h 1291	  

 1292	  

Figure 17. Computed distribution of the mean sediment diameter in the substrate 1293	  

layer with 0=φ  and 65.0=φ  for the varied case from Run P2009 at =t 3 h 1294	  

 1295	  

Figure 18. The difference between LHS and RHS bed elevations (B/10 from each wall) 1296	  

at =t 1 h for different aspect ratios 1297	  

 1298	  


